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Summary. We study the planar motion and interaction of a pair of vortices in a viscous medium. The effect of viscosity is modelled
by considering the vortex motion as an Itô process and solving the associated Fokker-Planck equation which results in the appropriate
probability distribution. The nonlinear filtering strategy is developed using this distribution and the results compared to those gained
via particle filtering methods. We consider also the effect of unequal vortex strengths on the density evolution and establish a related
basic result.

Introduction

Ocean drifter observations for the prediction of ocean states and the corresponding optimal initial drifter placement has
been an area of research that has received much interest in recent times [1, 14]. The main focus of filtering and data
assimilation is to combine computational models with sensor data to predict the dynamics of large-scale evolving systems.
This data is usually sparse and contains noise and mathematical models are limited in accuracy due to model uncertainties.
But, when used together, the resulting prediction of the state of large-scale dynamical systems is superior to using either the
models or the data alone. The aim of this paper is to provide a clear understanding, through a simplified two point vortex
model, of how different drifter placement affect the performance of Lagrangian data assimilation, where the velocity of
the field that governs the motion of the drifters is part of the state vector that is being updated by the filtering algorithm.
We resolve the problem of predicting the state of two interacting point vortices in an unbounded plane moving in a viscous
fluid. The aim also being to demonstrate the wide ranging appilicability of particle filtering methods for non-linear systems
by comparing the results of the estimation gained through particle methods with the more traditional non-linear filtering
scheme. From a theoretical standing nonlinear filtering schemes are a perfect fit when considering state prediction of
large-scale fluid flows as data sets from sensors in the form of Lagrangian meters [14] and GPS data are widely available
and amenable to a filtering methodolgy. In the specific case of vortex motion in a viscous medium it has been shown that
this motion may be encapsulated within that of an associated stochastic process where the stochastic term is modified by
the viscosity [9].

Two Point Vortex Motion in a Viscous Medium

For two dimensional flows the vorticity transport equation corresponding to the Euler equation [8], [7] is given by:

∂ω

∂t
+ (u · ∇)ω = 0 with ∇2ψ = ω, (1)

where ω ≡ ωx3 is the vorticity component normal to the (x1, x2) plane and ψ is the stream function defined by

ux1 = − ∂ψ
∂x2

ux2 =
∂ψ

∂x1

If ω consists of isolated, well-separated vortices, then a reasonable approximation is to consider the vortices as singularities
or “point” vortices. Chorin [9] introduced the first random point vortex method to simulate viscous incompressible flows.
Later, Marchioro and Pulvirenti [10] considered a continuous-time random vortex method with Gaussian random walks
replaced by independent Brownian motions and proved a corresponding mean field type result. It was shown in [10] and
Agullo and Verga [2] that a stochastic vortex dynamics model approximates the evolution of vorticity with viscosity,

ẋit =
n∑

j,j 6=i

Γj
2π

(
xjt − xit

)⊥
|xjt − xit|2

+
√

2νξit and xi0 = xi, (2)

Here x represents the coordinates of the respective vortex centres and Γj the associated vortex strengths. ξi(t) ≡
(ξi1(t), ξi2(t)) are zero mean white noise processes and equation (2) shows that the velocity of each vortex is the sum
of two terms, namely, the fluid velocity at the vortex position and a diffusive (stochastic) perturbation proportional to the
fluid viscosity.
Lagrangian meters, such as ocean drifters and floats, provide a substantial part of ocean data which are used to recon-
struct mean large-scale currents, estimate the rate of relative dispersion and give insight into the formation, movement and
interactions of coherent structures such as point vortices and eddies.
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Based on the near-continuous data available from these instrumentation networks and to lower computational costs, we
would like to develop more practical techniques required to analyze and interpret the data for dispersion modeling.
Trajectories of a Lagrangian tracer contain quantitative information about the dynamics of the underlying flow [1]; a tracer
is advected according to

ẏit = J
n∑
j

Γj
2π

yit − xjt
|yit − xjt |2

+
√

2νηit and yi0 = yi. (3)

Where y represents the coordinates of the tracers being advected. The coupling between the dynamical model of the
vortices and the tracer allows us to extract maximal information about the vortices by tracking the tracer. We can also
correct the model variables on the fly using data from the tracers. The aim of this research while centred around comparing
the results obtained from a traditional non-linear filtering scheme to that of those obtained via particle methods is also
to yield some insight into the optimal number and initial placement of the tracers, eventually moving on to the natural
extension in that of non-passive sensors.

Analytic Expression for the Probability Distribution

The addition of white noise to the system means the system dynamics describe a Markov process. Applying a linear
coordinate transformation and using the Itô formula, the system can be expressed in terms of relative (xr, yr) and center
of mass (xc, yc) coordinates whereby the generator of the associated Markov process with τ = Γ1 + Γ2, and κi =

Γi

Γ1+Γ2
is given by:

L f = (ν(κ2
1 + κ2

2)(
∂2f

∂xc2
+
∂2f

∂yc2
) + (

τ

2π(xr2 + yr2)
(−yr ∂f

∂xr
+ xr

∂f

∂yr
))

+2ν(
∂2f

∂xr2 +
∂2f

∂yr2 ) + 2ν(κ2 − κ1)(
∂2f

∂xr∂xc
+

∂2f

∂yr∂yc
)) = (Lc + Lr + (κ2 − κ1)L1) · f

The probability density is governed by the Forward Kolmogorov Equation (FKE) with ∂P
∂t = L ∗P where L ∗ is the

adjoint operator. It is seen that with equal vortex strengths (κ1 = κ2) the generator becomes uncoupled with respect to the
relative and center of mass coordinates. The evolution equation for the density of (xc, yc) is the heat equation so we have
pc(xc, yc, t) = 1

πνte
−((xc)2+(yc)2)/(νt) and an exact expression for the evolution of (xr, yr) found in [2] is given by:

pr(xr, yr, t) =
1

4πνt

∫ ∫
dξdη e−(|x̄r|2+|ξ̄|2)/(4νt)I0(

r

2νt
)×1 +

∑
p∈Z

I−1
0 (

r

2νt
)eip tan−1(yr/xr)−ip tan−1(η/ξ)Iµp

(
|x̄r||ξ̄|

2νt
)

 pr(ξ, η, 0)

where x̄r ≡ (xr, yr) and ξ̄ ≡ (ξ, η) and I are the modified Bessel functions and pr(ξ, η, 0) is the initial density. For
the case of precise initial conditions the evolution is simply given by the associated Green’s function. Simulations for
increasing time shown below clearly depict the ’cannibalising’ or merging process. The plots shown in Figure (1) are
plotted over a coarse grid and show the rotation as well as the eventual merging of the vortices.

Unequal Vortex Strengths
The extension to the case of two co-rotating vortices that differ slightly in their intensity with respect to the associated
probability density is found to have no effect on the filtering scheme as presented here.
In the case that the vortex strengths are equal, κ2 = κ1, we have

L ∗p(x, z, t) = (L ∗c + L ∗r ) · p(x, z, t)

with unequal vortex strengths, κ2 − κ1 = ε, we have

L ∗p(x, z, t) = (L ∗c + L ∗r + εL ∗1 ) · p(x, z, t)

where ε is the difference in vortex strengths. Letting L0 = Lc + Lr and noting that L1 is a self adjoint operator, the
associated Fokker-Planck equation is given by

(L ∗0 + εL1) · (p0 + εp1 + ε2p2 + · · · ) =
∂(p0 + εp1 + · · · )

∂t
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(a) P at t=0.5 (b) P at t=1.5 (c) P at t=2 (d) P at t=2.5

(e) P at t=3.5 (f) P at t=5.0 (g) P at t=10.0 (h) P at t=15.0

Figure 1: Evolution of the Density

Where we have expressed p(x, z, t) with its asymptotic expansion. The associated initial condition is given by

p0(x, z, 0) + εp1(x, z, 0) + · · · = f(x, z)

which gives the following set of problems up to O(ε2)

∂p0

∂t
= L ∗0 p0; p0(x, z, 0) = f(x, z),

∂p1

∂t
= L ∗0 p1+L1p0; p1(x, z, 0) = 0,

∂p2

∂t
= L ∗0 p2+L1p1; p2(x, z, 0) = 0

Considering only up to the O(ε) correction term for p we seek the solution for p1. This is accomplished using the
Feynman-Kac formulation for the solution of a forced PDE [6]. The solution for p1 is thus given by

p1(x, z, t) = Ex,z[
∫ t

0

L1p0(x, z, t− s)ds] (4)

The symmetry of the problem yields that L1p0(x, z, t−s) is an odd function in z. The expectation in the above expression
is taken with respect to a density p̄ associated with the evolution equation ∂p̄(x,z,t)

∂t = L0p̄(x, z, t) which yields a solution
for p̄ that is even in z. It is found therefore that the first order correction and similarly all succeeding correction terms are
zero.

Nonlinear Filtering

Traditional Nonlinear Filtering Scheme
Nonlinear filtering methods are used to dynamically integrate the computational and measurement aspects of complex
motions for real-time applications. The range of subjects in which nonlinearity and noise play a significant role is enor-
mous. In this study, we are interested in the estimation problem defined by a the noisy system in that of the two point
vortex motion and the observations gleened from strategically placed Lagrangian tracers which are also subject to noisy
interference. Because of low viscosity vortices are long-lived structures and hence the estimation of the position of the
vortex centres is an appropriate study in the context of filtering.
Filtering deals with recursive estimation of a signal or state of a random dynamical system from noisy measurements.
When the signal and the observation model is linear and Gaussian, the filtering equation is linear as well and it is given
by the well-known Kalman-Bucy filter.
Otherwise the filter has a more complicated nonlinear structure. The signal that is represented by a Markov process cannot
be accessed or observed directly and is to be “filtered” from the trajectory of the observation process which is statistically
related to the signal. Suppose we make a forecast about the behavior at a future time of a complex system with some
uncertainties (randomness) and there is near-continuous data available from remote sensing instrumentation networks.
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As new information becomes available through observations, it is natural to ask how to best incorporate this new infor-
mation for the purposes of estimation and prediction.The optimal estimate is given by the conditional expectation and can
be generated by a recursive equation, known as the filter.
With Lagrangian tracers providing observations at discrete times the nonlinear filtering scheme [4] that specifies the
conditional pdf of the state z, p(z, t|F y

t ) is given by:

∂

∂t
p(z, t|F y

t ) = L ∗p(z, t|F y
t ), tk < t < tk+1, (5)

with the initial conditions at tk given by the updating equations

p(z, tk|FY
tk

) = Ck ψk(z) p(z, t|F y
tk−1

), (6)

where

ψk(z) = exp
{
−1

2
(yk − h(z, yk−1, tk))T R−1

k (yk − h(z, yk−1, tk))
}
,

Ck is a normalizing factor and FY
tk−1

the information on Y up to the instant in time right before tk. The equation (5) has
an explicit solution given by P (xr, yr, xc, yx, t) = pr(xr, yr, t)pc(xc, yc, t).

(a) Point Vortices at t=1 (b) Point Vortices at t=5

Figure 2: Evolution of the probability density calculated over a much finer grid without observation

Computationally Monte-Carlo Integration [11] is an ideal algorithm with fast convergence characteristics that enables us
to compute multidimentional definite integrals of the form,

I =
∫ b1

a1

dx1

∫ b2

a2

dx2 · · ·
∫ bn

an

dxnf(x1, x2, · · · , xn) ≡
∫
V

f(X)dX, (7)

where X = {x1, x2, · · · , xn}.
To obtain the distribution p(z, t|F y

tk−1
) at tk, initially the 4-D domain is discretized into a uniform mesh and the Monte-

Carlo scheme picks up and sums function values at random points inside the region. Dividing by a sufficiently large
sample size N and multiplying by the volume of the domain V , the estimate of the integral eventually takes form as,

QN ≡
V

N

N∑
i=1

f(Xi) (8)

All multidimensional integrals in the filtering scheme are calculated using this method.

Particle Filtering
Particle filtering is a recent form of nonlinear filtering that has received much attention in the past decade due to its ease
of applicability to highly nonlinear systems.
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Importance sampling Monte Carlo offers powerful approaches to approximating a Bayesian updating methodology in
sequential problems. A specific class of such an approach constitute the particle filters. The particles in these methods
refer to independent samples generated with the Monte Carlo method, and they include sequential Monte Carlo, ensemble
Kalman filter and interacting particle filters. The popularity of particle methods is attested to by the recent surge of
papers in this area (see for example, Arulampalam et al [3]). In all particle methods, we evolve the particles between
measurements by a set of random samples with associated weights and update the ensemble using Bayes’ rule at the
measurement time based on these samples and weights. This method has recently given rise to extensive mathematically
rigorous studies, see for instance [12, 13].
The central idea of particle filtering is based on the Importance Sampling technique, that is, we can calculate an expected
value

E[f(zk)] =
∫
f(zk)p(zk|y1:k)dzk =

∫
f(zk) p(y1:k|zk) p(zk)

p(y1:k) q(zk|y1:k)q(zk|y1:k)dzk

by using a known and simple proposal distribution q(·). This can be further simplified to

E[f(zk)] =
∫
f(zk)wk(zk)

p(y1:k) q(zk|y1:k)dzk

where wk(zk) = p(y1:k|zk) p(zk)
q(zk|y1:k) is defined as the filtering non-normalized weight at step k. Hence,

E[f(zk)] = Eq [wk(zk) f(zk)]
Eq [wk(zk)] = Eq[ŵk(zk) f(zk)], where ŵk(zk) = wk(zk)

Eq [wk(zk)]

These procedures rely on the simulation of samples or ensembles of the unknown quantities and the calculation of asso-
ciated weights for the ensemble members. Hence, Using Monte-Carlo sampling from the distribution q(zk|y1:k) we can
write

E[f(zk)] ≈
N∑
i=1

ŵk(zik) f(zik), where ŵk(zik) =
wk(zik)∑N
i=1 wk(zik)

Thus the basic ideas of particle filters are:

1. Represent the required posterior density function by a set of random samples with associated weights

2. Compute estimates based on these samples and weights

In principle, armed with these algorithms, we should be able to handle a large class of nonlinear filtering problems. The
key problem with this method is that for high dimensional systems, these stochastic algorithms are usually slow and
computational complexity grows too quickly with dimension. In extreme cases, after a sequence of updates the particle
system can collapse to a single point or to several particles with so much internal correlation that summary statistics
behave as if they are derived from a substantially smaller sample. To compensate, large numbers of particles are required
in realistic problems. Hence, the method is not always implementable in real time nonlinear applications when the state
space is too large. For this reason particle filters are often used in stride with some form of dimensional reduction.

Results and Conclusions

The results of the particle filtering scheme with one Lagrangian tracer providing the observations are shown in Figure (3)

(a) Estimate vs true (b) 3D Visualisation

Figure 3: Particle filter estimate of vortex motion with one tracer
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The particle filtering scheme approximates the true vortex positions well with the advantage that complicated calculations
of special functions are obviated.

(a) A single Tracer (b) Two Tracers

Figure 4: Performace using two tracers compared to a single tracer

Figure (4) depicts the performance that is noted when additional tracers are added into the estimation scheme with the
first figure depicting the use of a single tracer and the second showing the results obtained with two tracers. It is seen that
the the filter diverges on far fewer occasions when additional tracers are added.
With the successful implementation of particle filtering methods for a relatively simple fluid structure as has been pre-
sented in this study the opportunities for application of the methodology are many. Of particular interest is the accurate
depiction of much larger fluid interactions including ocean-atmosphere coupled system models. The use of Lagrangian
tracers in the state estimation of an idealized ocean model is presented in [14]. This study makes use of the Ensemble
Kalman Filter (En-KF) as a means of recursively generating a state estimate and concludes that a crucial component to
the analysis is that of the initial placement of the tracers. It is surmised that the current research will yield an effective
adaptation of particle filtering methods to the larger problem in that of coupled ocean-atmosphere state prediction with a
greater insight provided into the problem of optimal initial sensor placement.
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