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Abstract

Let (W;); be i.i.d. random variables with a continuous density p having support on a com-
pact subset S C R?. Subject to mild regularity conditions on the boundary of S we develop
the limit theory for the number of maximal points in (W;)i=; as well as for point measures
induced by the maximal points. Cumulant expansions show that the finite dimensional distri-
butions of the point measures induced by the maximal points converge to those of a Gaussian
field whose covariance kernel depends only on the behavior of p on the boundary of S. This

yields Gaussian limits for record values and Johnson-Mehl growth processes.

1 Introduction

1.1 Maximal points, records, and Johnson-Mehl growth processes

Let K ¢ R%, d =2,3,... be a cone with non-empty interior, apex at the origin, and not containing
lines. For subsets A,B C R? let A® B:={a+b, ac€ A, be B}. Given a locally finite point set
X CR% a point w € X is called K-mazimal or simply mazimal if (K ® w)NX =w. Thus w € X
is maximal iff the cone K @ w contains no other points in X. When K = (RT)%, (wy,...,wq) € X
is maximal if there is no other point (z1,...,24) € X with z; > w; for all 1 <i <d.

The mazimal layer M(X) := Mg (X) is the collection of maximal points in X. Similarly, points
w € X such that card{(K @ w) N X} = 2 define the second maximal layer and, more generally,

given k = 1,2, ... points w € X such that card{(K @ w) N X'} = k define the kth mazimal layer.
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Alternatively, the maximal layers may be defined iteratively, whereby one inductively defines layer
k + 1 to be the set of maximal points after the first k layers are removed.

Maximal layers and maximal points have been widely used in various scientific disciplines and
are of broad interest in computational geometry; see Preparata and Shamos [30] and Bentley et
al. [10]. Maximal points appear in pattern classification, multi-criteria decision analysis, networks,
data mining, analysis of linear programming, and statistical decision theory. When the cone K is
(R*)?, then the maximal layer features in economics where it is termed the Pareto set and where K
is termed the Pareto cone; for a relevant survey on Pareto optimality see Sholomov [32]. Books by
Ehrgott [18] and Pomerol and Barba-Romero [29] provide more recent accounts of the diverse uses
of maximal points; Chen et al. [12] contains a recent survey and references to the vast literature.

When K is either the positive quadrant or a right circular cone and X is a random point set,

M (X) has been extensively investigated in the following contexts:

(i) Record Values. Let (X;,Y;); be i.i.d. random vectors distributed in the planar set {(x,y) :
0<z<1, 0<y< f(x)}, where f is a non-decreasing non-negative function on [0,1]. Say that
(X;,Y;) corresponds to a record if Y; = max{Y;, X; < X;}. If K is the positive quadrant, then the
number of records in the sequence (X;,Y;)" ; coincides with the cardinality of My ((X],Y/)",),
where (X/,Y/) represents a ninety degree clockwise rotation of (X;,Y;). The number of records
has received considerable attention since the pioneering papers of Rényi [31] and Barndorff-Nielsen
and Sobel [6].

(ii) Johnson-Mehl Growth Processes. Let A C R%~! be a compact convex set with non-empty
interior. Consider the Johnson-Mehl growth model on A: seeds appear at random locations X; € A
at times H;, i = 1,2,... according to a spatial-temporal Poisson point process ¥ := {(X;, H;) €
A x [0,1]} with an intensity measure p(x,h), (x,h) € A x [0,1]. When a seed is born, it has initial
radius zero and then forms a cell within A by growing radially in all directions with a constant
speed v > 0. Whenever one growing cell touches another, it stops growing in that direction.

If a seed appears at X; and if X; belongs to any of the cells existing at the time H;, then the
seed is discarded. (More precisely, a point X € A is in the cell around X; at time T > H; if
[|X — X;|| <o(T — H;) and || X — X;|| < || X — Xj]| for all j #i.) Let K’ := K, denote the right
circular cone in R?~! x R~ with apex at the origin of R?, aperture v, and altitude the downward
vertical axis in R%. By aperture we mean 2tan~!(r/h), where r and h are the radius and height
of the cone, respectively. Clearly a seed is born at X; at time H; (and not discarded) iff the cone

K' @ (X;, H;) contains no other points from W. Thus, the number of seeds in the Johnson-Mehl



growth model coincides with the cardinality of the maximal layer Mg ((X;, H;)).

Let (W;);, be i.i.d. with values in a compact set S C R%. The purpose of this paper is twofold:
(i) develop laws of large numbers and central limit theorems for the number of maximal points in
(W)™, and (ii) establish convergence of the finite-dimensional distributions of the point measures
induced by Mg ((W;)™_) to those of a generalized Gaussian field. By the convergence of finite-
dimensional distributions of random signed measures (g, ), to those of a generalized Gaussian field
we mean the convergence in distribution of the integrals ([ fdu,), to the corresponding normal
random variables for all continuous test functions f. Henceforth we say that measures converge to
a Gaussian field if their finite dimensional distributions converge.

We allow (W;); to have an arbitrary continuous density p subject to the constraint that its
restriction to the boundary 95 is bounded away from zero. After re-scaling, the probability that
W; is maximal decays exponentially in the distance to 05, implying that the number of maximal
points exhibits surface order growth (in contrast with functionals exhibiting volume order growth
[8, 26, 27]). Subject to regularity of 0S, we show after re-scaling by a surface order growth term,
that both the mean and variance converge to constants depending on the behavior of p on 95.
Cumulant expansions and cluster measure methods show that the finite dimensional distributions
of the point measures induced by the maximal points converge to those of a Gaussian field whose
covariance kernel depends explicitly on the restriction of p to 0S.

Roughly speaking, our approach involves representing the number of K-maximal points in
(Wi)iey as asum Y 1 mg (Wi, (W;)—,), where for any point set X > w, mg (w, X) is one or zero

according to whether w is K-maximal or not, i.e.,

m(w, X) = mg(w, X) := 1 ifKown¥=uw,
0 otherwise.

By using an appropriate coordinate system, we will without loss of generality assume that
W, := (X, hi) € R x RT and it is easily seen that my decays exponentially in h, the distance
to the boundary. General methods for establishing the limit theory for such sums are given in
[8, 27, 28]. In such an approach, boundary effects are negligible and the sums exhibit volume
order growth. However in the context of maximal points, boundary effects play a central role and
therefore the methods of [8, 27, 28] do not apply and need to be modified.

By using the exponential decay of my with respect to distance to the boundary and by using
simple geometry of cones, we will see that if mg ((x, h), X) is non-zero then mg ((x, h), X) effectively

depends on points (y,1) € X where z and y are close. Thus, non-zero my enjoy a weak spatial



dependence, which roughly means that myg depends only upon nearby points in a well defined
neighborhood in R?~!. Such a property yields local coupling of mg on binomial point sets by m g
on homogeneous Poisson point sets. The weak spatial dependence, together with the coupling,
shows that the limiting mean and covariance kernel are respectively weighted averages of the one

and two point correlation function for myg on homogeneous Poisson point sets.

1.2 Terminology

For all w := (wy,...,wq) € R? and all r > 0, B,,(r) denotes the ball of radius 7 centered at w. ||w||
denotes the Euclidean norm of w € R? and the origin of R is denoted by 0.

Consider a compact subset S in (R*)?, d > 2, given by {w € R%: g(w) > 0}, where g : R — R
is a given differentiable function. 9S := {w € (R*)? : g(w) = 0} is the boundary of S in the
positive orthant. We will make the following standing assumption about g: The partial derivatives
of g are negative and bounded away from zero in a vicinity of 3S. In particular this implies that
dS is a differentiable hypersurface in (R*)¢ which is transversally intersected at a single point
by any line parallel to a vector in the positive orthant. Differentiability and compactness imply
uniform continuity of Vg and thus the following condition:

(C1) There is a decreasing function j(r) = o(1), r — 0, such that for any w,w’ in some fixed
open vicinity of S we have

IVg(w) = Vg(w')[| < j([lw — w'l}).

The next condition restricts the mutual positions of S and K. In essence, it says that the cone
K is nowhere tangent to 0S. Formally, letting T,, denote the tangent hyperplane to w € 95 we
require:

(C2) There exists a constant C7 such that the intersection of K with any hyperplane parallel

to some T,,, w € 35, and distant one from the origin, is contained in Bo(Ch).

Equivalently, (C2) requires that the closure of the image of 9S under the spherical Gauss
mapping (which sends each point w € 9S to the unit inward normal at this point) is contained
in the intersection of the unit sphere and the normal cone K*, i.e., the cone of vectors having
nonnegative scalar product with any vector in K. In case K C (R*)4, (C2) is satisfied trivially
since all partial derivatives of g are negative and bounded away from zero on 95.

Fix V := (d~'/2,...,d""/?) € R% Let H be the hyperplane {(ws, ..., wq) : Z?:l w; = 1} and
let H' be the half space {(w1,...,wq) : Z?zl w; < 1}. Let my : H — H denote projection onto



the hyperplane H in the direction V. Fix a d — 1 dimensional Euclidean coordinate system on H,
so that the origin of H, here denoted 0’, is the image of 0 under 7.

We assume without loss of generality that S C H'. Parameterize points w € S by w := (x, h),
where h denotes the distance between w and 9S in the direction V and x = myw.

Points on the half-line (0’ + h(—V))n>0 are denoted by (0, k), h > 0. Let Hy := mg(9S) be
the image of the projection of 0S onto H; clearly gy : S — Hj is a diffeomorphism. For all
x € Hp let S* be the half-space containing 0 and bounded by the tangent hyperplane T{, o) to 05.

Notation: For any A C R%, C(A) denotes the continuous functions on A. For f € C(A) and p
a signed measure on A put (f,p) := [ fdp and let || f||o be the sup norm. When f € C(A4) and
A is compact, t; denotes the modulus of continuity of f. For any p : RY — Rt and A\ > 0, Prp
denotes a Poisson point process on R? with intensity Ap and 75@ denotes an independent copy of
Prp. We put P := P, for brevity. Let dz denote Lebesgue measure and |A| the Lebesgue measure

of A C R?. C denotes a finite constant whose value may change at each occurrence.

2 Main Results

2.1 General limit theory

Let (X;, h;); be i.i.d. random vectors with a continuous density p on S which is bounded away
from zero on 0S. Fix S and K satisfying conditions (C1) and (C2). The point measure on H

induced by the maximal points in (X, h;)"; is
on =y muc (X, h), (X5, h5)721)0x,,
i=1

where J, denotes the point mass at z. Put 7, := o, — E[0,].
For all x € Hy consider the average one point correlation function for the maximal points in
PNS*% e,
M(x) := Mg s(x) := /00 E [mk((0’,h),P N S*)]dh. (2.1)
0

Here and elsewhere, when w ¢ X we write mg(w, X) instead of mg(w, X U w). One expects
that if S were a hyperplane, then (o,), should grow like ~ Cn(d’l)/dfp(d’l)/d(x)dm, where
p(x) := p(z,0) is the restriction of p to 9S. For more general 95, we might expect that (0,), is an
average over Hy of M (z)p(?=1)/4(x) where the factor M (z) counts maximal points in a half-space

domain with boundary the tangent hyperplane T{; oy. This is exactly what happens, as shown by



Theorem 2.1 For all f € C(Hy) we have

lim n~ @ V/4(f ) = f(@)M(z)p 9=V (z)dx  a.s. (2.2)

n—oo Ho

To establish second order asymptotics and Gaussian limits for (oy,)n, we need some additional
notation. For all x € Hy and all w,w’ € S® define the two point correlation function for the

maximal points in P N S*
co(ryw,w') ==K [m(w, PNSTUw)m(w,PNSTUw) —m(w,PNS")ym(w,P N Sﬁ)}
as well as the average two point correlation function

Cla)=Csta) = [ [ N / " el (00, 1), (3, 1) dhdldy. (2.3)

The next result shows in the large n limit that the variance is an average (over Hp) of the product
of the scaled local density p(?~1)/4(x) and the sum of the correlation functions for maximal points
in the half-space domain with boundary the tangent hyperplane T\, o),z € Ho. Additionally, for
all fi1,..., fm € C(Hp) the random vector <<f1,n_(d_1)/2d6n>, s <fmn_(d_1)/2d5n>> converges in

distribution to a multivariate normal as n — oo:
Theorem 2.2 For all f € C(Hy) we have

lim n= @Y/ 9Var[(f,7,)] = ) (M (x) + C(x)p= Y/ (z)dz > 0 (2.4)

n— oo H,

and as n — oo, the measures (n*(d’l)/zdﬁn)n converge to a mean zero Gaussian field with covari-

ance kernel

(f,9) — . F(@)g(x)(M () + C(a)p\ "/ (2)dw, f.g € C(Ho).

In the special case when K is the positive quadrant or a right circular cone we provide appli-

cations of Theorems 2.1 and 2.2 in sections 2.2 and 2.3, respectively.

Remarks. (i) Related results. Barbour and Xia [4, 5] use Stein’s method to show that when
(X3, hi))i, are i.i.d. uniform on planar sets and K = (RT)2, then the number of maximal points
satisfies a central limit theorem (CLT). They find rates of convergence to the standard normal with

respect to the bounded Wasserstein distance [4] and the Kolmogorov distance [5]. They establish



exact growth rates for Var[(f,0,)] when f = 1, but do not determine limiting means, variances, or
distributions of the point measures (o,,),. Their work adds to Bai et al. [2], which for K = (R*)?2
establishes variance asymptotics and CLTs when (X, h;) are uniform on convex polygonal regions,
and Baryshnikov [7], who proves a CLT under general conditions on 9.5, but still in the setting of
homogeneous point sets.

(ii) kth mazimal layer. For all w € X and k = 1,2,... let m®*) (w, X) be 1 or 0 according to
whether K @ w contains exactly k points from X. Points w € X such that m(¥) (w,X) =1 define
the kth maximal layer. Theorems 2.1 and 2.2 hold for the point measures defined by the kth
maximal layer, with correspondingly different correlation functions M and C.

(iii)) A scalar CLT. Putting f = 1 in Theorem 2.2 shows that the number N(n) of maximal

points in (X, h;)"_, satisfies
N(n) —E[N(n)]

D 2
n(d—1)/2d — N(0,07)

where N(0,02) denotes a mean zero normal random variable with variance o2 := |, 1, (M(z) +
C(x))pl= D/ (z)da.

(iv) TSP limits. Apart from the factors M(z) and M (z) + C(z), respectively, the integrals
in the surface order asymptotics (2.2) and (2.4) are identical to those arising in the volume or-
der asymptotics for the Euclidean travelling salesman problem as well as in related problems in
Euclidean combinatorial optimization [9, 38]. M and C' arise out of the non-translation invariant
geometry of maximal points. When 0S is a hyperplane, as is the case for Johnson-Mehl growth
processes, then M (x) and C(x) reduce to constants (cf. Corollary 2.3 below).

(v) Evaluation of one point correlation functional M. One can express M (x), x € Hp, in terms
of the barrier function of the normal cone K* (see [36] for a discussion of barrier functions and
their applications). For v € K* let b(v) := {w € K : (v,w) < 1}|.

For example, if K := (R1)9, then b(vy,...,vq) = (d!Hlevi))_l. Further, if K is the quadratic
cone and wy is the volume of the unit ball in R%, then

d
K= {w: (f—j)? >3 (% w2 0},

a;

U1 2 O}a

7710

d
K* ={v:a}vi > E aiv?
i=2

and

J —d/2
b(v) = d rwg 1L a; x (a?v% — Z a?vf) .

=2



Obviously, b is a differentiable function in the interior of K* which tends to infinity at the
boundary of K*; further b is homogeneous of order —d, i.e., b(Av) = A~%b(v). It enters the formula

for M(x) as
b(dg)~*/*
ldg|

where dg is the gradient vector of g at the point w = (z,0). This follows after simple computations

M(zx)=d'T'(d") (2.5)

from (2.1) and from the obvious relation

E [m((0, k), P N S)] = exp (—b ((dj?h))) .

This allows one to express (2.2) in coordinate-free fashion as

ar(@ ) [ a0y (dg) 1 (‘”) , (2.6)
8 dg

where w is the Lebesgue volume form and w/dg is the Gelfand-Leray area form on 95, defined as
an exterior (d — 1)-form 7 such that n A dg = w.

(vi) Ewvaluation of two point correlation functional C. The evaluation of Ck g(x) is a bit more
involved than that of Mk s(x), = € Hy. However, Ck s(z) sometimes reduces to integrals which

can be numerically evaluated. For example, let S denote the triangle
T:={weR" xR :w; +wy <1} (2.7)

and let K = (RT)2. Then Hy = S and for all z € Hy we have S* = {w € R? : w; +wy < 1}. We

first evaluate
/00 /00 E [m((O', h),PNT U (y,0))m((y,1),PNT U0, k) —m((0',h), PN T)m((y,1),P N T)] dhdl.
o Jo

The integrand vanishes when the right triangles with apexes at w := (0’,h) and w’ := (y,!)
do not overlap. We denote the region where these triangles overlap but are not contained within
one another as E, and the region where one of the triangles contains another as F and E’. For
(w,w') € E or (w,w') € E' we have E [m((0’,h),PNT U (y,1))m((y,1),PNT U0, h))] =0 as
one of the terms in the products is identically zero. Denote by A,, the area of the union of the two
triangles with apexes at w and w’, and by A and A’ the area of each of them, individually.

Hence, for all x € Hy we have

C(R+)2,T((ZZ) = C(R*)Q,T = /

(w,w")EE4

(exp(—A,) —exp(—A — A")) dhdldy72/ exp(—A—A")dhdldy,
B

where the pre-factor 2 in the last integral is due to the symmetry between w and w’.
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Figure 1: New coordinates a,b and ¢ are shown (so that, for example, h = v/2/2(a + ¢))

Introducing new coordinates (as shown in Figure 1), reduces these integrals to

2

Crpr = V2 /O  (expla2/2) — 1) ( / ” exp(—a? /2)d:1:> da

,\/ﬁ/ exp(faz/Q)/ (a — ¢) exp(—c?/2)dcda.
0 0
Numerical evaluation results in Cg+)2 p = —.5438824616. .. (the correlation between points

being maximal is, clearly, negative). An easy computation gives for all x € Hy Mg+ r(z) =

Mgty r = fooo e’ dh = \/7/2, whence
Mg+yer 4+ Creyzp i= 0> = 342344464 . . .. (2.8)

(vii) Homogeneous cones. The cone K is homogeneous when the group of linear transformations
preserving K acts transitively on the interior of K. Trivial examples are the orthants and quadratic
cones. More generally, products of homogeneous cones are homogeneous. There are many further
examples; the theory of homogeneous cones initiated in [37] has reached a mature state with
a classification of the homogeneous cones available and with numerous applications in complex
analysis and nonlinear optimization [36]. Here we add the following simple comment: If K is
homogeneous, then the ratio rx := C'(z)/M (z) is independent of . Therefore one has a remarkable
invariance: For any domain S and density p satisfying the conditions of Theorems 2.1 and 2.2, the

limiting ratio of the variance and mean of the number of mazimal points tends to rx + 1. (This



proportionality is implicit in [2] in the 2-dimensional case, where all cones are linearly equivalent

to the Pareto cone and thus homogeneous.)

2.2 Record values in a random sample

When K is the positive quadrant, then the number of record values in an i.i.d. sample coincides
with the number of maximal points in a clockwise rotation of the sample (cf. Section 1.1). Thus,
letting K = (RT)?2, consider a sample (X;,Y;)"; of i.i.d. random variables having a density p with

support the planar region
Si={(z,y):0<x <1, 0<y < F(a)},

where we assume F'(1) =0 and F’ exists, is negative, and is bounded away from zero and —oo.
The point measure o}, on [0, 1] induced by the maximal points in (X;,¥;), is
ol =Y mey (X5, Vi), (X5, Y5)7=1)dx,
i=1

Simple modifications of the limit (2.2) yield for all f € C([0,1])

lim ’fj? = / 1 / h F@)E [mgesy2 (07, 1), PAS@FEDN o2 (@, F(2)) (14(F' (2))?) !/ *dhdz a.s.
e e (2.9)

A right triangle in (R*)? with legs on the coordinate axes, hypotenuse distant h from the origin,
and having slope # (x < 0) has altitude h(1 4 x?)'/2 and base length equal to h(1 + x2)1/2/|x|.
Therefore for all z € [0, 1]

E [me(0,h),P N SEF@N] —exp <_§W> '

It follows that the right hand side of (2.9) becomes

boree h2 1+ (F'(2))%\ 1/ i 2\1/2
/0 /O (@) exp <—2|F,($)|) P2z F@)(1 + (F'(2))2)2dhdz.  (2.10)

+(F'(2)?)

Put u = h2e(x) where 6(1’) = %1 F@)| Then the above integral equals

1t oxb (—) =1/ —1/2 1/2 ro\241/2
5[ 1@ e () R el@) 2 A Pl 1+ (P (@)) duda
= 5TG) | @) A ) 1+ (@) e
T\1/2 ! ' 1/2 1/2
=G [ @I @) e Pa)da.

10



The last formula is consistent with (2.6), as one can choose for g = y — F(x),
W de Ndy
dg dy+ F'(x)dzx
on 0S.

The following limits for the maximal layer point measures in the planar set S are thus special

cases of Theorems 2.1 and 2.2.

Corollary 2.1 For all f € C([0,1]) we have

lim Y27, 0%) = (5)V2 / F@)(F ()2 (2, F(a))dz a.s. (2.11)
0

n—oo

and there is C' : [0,1] — R such that (n=Y/*G,), converges to a mean zero Gaussian field with

covariance kernel:

1 172 .
o) [ @) ((GIF@) "+ 0w ) o e, fgccon). (212

We may extend (2.11) and (2.12) to higher dimensional solids as follows. Let F': R¥~! — R be
such that F(0) > 0, F' is continuously differentiable with partials which are negative and bounded
away from zero and —co and let D := {x € R¥~!: F(z) > 0}.

It is easy to see that for all z € D we have

-1

_ d/2
hd &L oF OF
(z,F(%))\] — _ 2 d—1
E [m(RJr)d((O/’ h),PNS )] = exp ¥ (1 + ;:1(59%) > ’H¢_1 (3501)

Thus the analog of (2.10) becomes:

>0 hd L oF ., i 4 OF
/D/O f(z)exp - 1—&—;(8%) ‘H. -

=1 3x2
e o d 1 d—1, 0F 2\ Y? | yd—1 oF
Simplifying via the substitution u = h®e(z) where e(x) := 5 (1 +2 o1 (5;) ) ’Hi:l e,

-1

A1 g 1/2
d—1)/d 2
Pl =D/ (g F(x)) (1 + ;(8%) ) dhdz.

)

we obtain:

Corollary 2.2 For all f € C(D) we have
1/d
p V(g F(x))dx a.s. (2.13)

n—oo =1 O,

lim =0/ 0l) = (d)/ AT / f(@) \ml oF
D

and there is C : D — R such that (n=(d=1/2d7 ), converges to a mean zero Gaussian field with

covariance kernel:
(f,g)H/Df(fv)g(z) [(dl)l/ddlf(dl)

1d

e} oF + C(x)

i=1 81‘2

PV (g F(2))de.  (2.14)

11



Remarks. (i) The limits (2.11) and (2.13) generalize Devroye [17], who restricts attention to
uniform densities on planar regions S (p = 1) and who does not attempt to prove a.s. convergence.

(ii) The CLTs (2.12) and (2.14) generalize Bai et al. [1, 2] who restrict attention to uniform
samples in convex planar polygonal regions. When d = 2 and S is the triangle T defined by (2.7)
then for all z € [0,1], (7|F'(z)|/2)"/? + C(z) = 2Y2(Mg+y2 7 + Creye,r) = 2202, where by
(2.8) we have 2 := 0.342344464.... The covariance kernel of (2.12) thus reduces to

(f.9) =220 /01 f(@)g(@)p'? (2,1 - z)da,

generalizing Theorem 3 of [2].

2.3 Johnson-Mehl growth processes

Let S := {(w1,...,wq) € (RT)? : Z?:l w; < 1} and recall that V := (d=Y/2,....d"1/?). Let
K':= K be the right circular cone with apex at 0, aperture v, and axis coinciding with (¢tV');>o.
Let (X, h;); be i.i.d. random vectors with a joint density p on S. The half-spaces S*, x € Hy,
all coincide with {(wq, ..., wq) : Z?:l w; < 1}. The functionals mg/((0’, k), P N S*) are invariant

with respect to x € Hy and moreover for all x € Hy,
E [m ((0',h), P N S")] = exp(=|K'(h)]),

where K'(h) := K (h) stands for the right circular cone with altitude h and aperture v. Since
|K'(h)| = |K'(1)|h? we have for all z € Hy

MK,S — MK,S(JJ) _ /000 eXp(—|K/(h)|)dh _ F(ld/d) ‘K/(1)|*1/d — % (wdd—lvd*1>71/d

where the last equality follows from (2.5).

Likewise, there is a constant Ck g such that for all z € Hy we have Ck s(x) = Ck g. Translating
S and H so that Hy contains 0 and then rotating about 0, it follows that the measures (o), can be
viewed as those arising from a Johnson-Mehl growth process. The following law of large numbers
and central limit theorem thus specify the surface order asymptotics for spatial birth growth models

with non-homogenous time and space arrivals.
Corollary 2.3 For all f € C(Hp) we have

lim =@ V/4(f 5. = Mk.s f(@)p=V/(2)dz a.s. (2.15)
Hyp

n—oo

12



and as n — oo, the measures (n_(d_l)ﬂdﬁn)n converge to a mean zero Gaussian field with covari-

ance kernel

(f,9) = (Mks +Ck.s) . F(@)g(@)p! D/ (z)dx, f,g € C(Ho). (2.16)

Remarks. (i) Johnson-Mehl growth models have received considerable attention in recent years
with mathematical contributions from Chiu and Quine [14, 15], Chiu and Lee [13], Holst, Quine
and Robinson [19], and Penrose [25]. Mgller [22, 23] obtains first and second order characteristics
for Johnson-Mehl growth models involving Poisson points with a uniform distribution on R¢. Much
of the literature assumes that the density p for ¥ is homogeneous in space and sometimes in time,
long recognized as somewhat restrictive [21]. Corollary 2.3 loosens these restrictions.

(ii) When d = 2 and K = (RT)?, (2.8) yields that the factor (Mg+)27 + C(r+)2,r) in (2.16) is
o3 1= 0.342344464+.

(iii) If attention is restricted to p such that [o p(x)dz = 1, then by Hélder’s inequality the

limiting mean and variance are mazximized when p is uniform on 0S.

3 Auxiliary Results

Throughout for all x € Hy, 7 > 0, and h > 0, we make use of the scaling identity
E[m((0',h), P, N S*)] = E [m((0, th/d), PN ST (3.1)

We also note that conditions (C1) and (C2) imply that there is a constant o > 0 such that for
all w:= (x,h) € S the slices Sy, := (K & w) NS, have volume |S,,| satisfying

athd < |S,| < ahd. (3.2)

We provide three basic lemmas describing the geometry of the cones and slices. The first follows

immediately from conditions (C1) and (C2) and the definition of the constant C; in condition (C2).

Lemma 3.1 Let w := (z,h). There exists a constant vy defined in terms of Cy such that if w,w" €

Sw, then ||w —w'|| < ~h.

For all w € R%, let S% denote the translate of S% such that 9(S%) contains (7w, 0). For all

w € R? and x € Hy, consider the truncated cone with apex at w and base coincident with 9(S%):
Ky = (K ®ow)nS,.

J— N x
When mgw = x we write K, for K.
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Lemma 3.2 Let w:= (x,h) € S, h < Rn~'/%. Then for Rn="? small enough,
18,1 /40y AK 17y | < CREj(CLRn ™Y,

Proof. Denote the base of the cone K, by K NT(, ). Let wy € 9(S,) and let w' := wy 4tV
be the projection of w; onto O(HZ) in the direction of V. We upper bound the distance between
K% N T4,0) and 0(Sy) by upper bounding ¢. Note that g(w’) = Vg(ws)(w" — (x,0)) for some ws
on the line joining w’ to (x,0) (this follows from a Taylor expansion at (z,0) as g(x,0) = 0). By
conditions (C1) and (C?2) it follows that

lg(w')| < CLRn~Y4j(Cy Rn~1%). (3.3)

On the other hand, by considering the half-line L given by (w1 + sV)s>0, and using Taylor expan-

sions again, it follows that there is w’’ € L such that
g(w') = Vg(w") -tV =1tV - [Vg(w1) + {Vg(w") — Vg(w1)}]. (3.4)

Combining (3.3) and (3.4) it follows that

l9(w)]
YE V Wgon) + Ve(w) - Vg(wn)]]!

Since |V - Vg(wi)| > a > 0 by hypothesis, it follows that t < CyRn~"4j(CiRn="%)(a —
§(C1yRn~Y4))=1 Thus t < CRn~Y%j(CyRn~"/%). Therefore, since |S,AK,| is bounded by
the product of ¢ and the d — 1 dimensional Lebesgue measure of (K @ w) N T(,,0), we obtain

|SuwAKy| < C(Rn~ Y R~ 4G(CL RV ) < CRI ™! j(CLR” 1Y),

Replacing w by n'/%w and scaling gives the claimed bound. O

Given w € n'/?S, the volumes of the truncated cones K% and K,

w

will be nearly the same if

||z —y|| is small. The next lemma, whose proof is similar to that of Lemma 3.2, makes this precise.

Lemma 3.3 Let w:= (v,h) € S and (y,1) € S, where h < Rn=Y/4 | < Rn=Y and ||z — y|| <
Rn=Y4. Then for Rn="% small enough

/dy 1/d

1
(K™Y — K08 | < CRYj(C1Rn~ YY),

nl/dy

Proof. Let wo := (x,0). Denote the base of K by KY NT(, ). Let w; denote an arbitrary

point in the base of K¥ and let w; + tV denote its projection (in the direction V') onto the base
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of Ky, namely onto K N1, ). We upper bound the distance between the two bases Ky, NT(, o)
and K NT{, 0y by upper bounding ¢. We do this as follows.
We have
Vg((y,0))(wy —wp) =0 and Vg(wp)(wy +tV —wp) = 0.

Subtracting yields
(Vy((y,0)) = Vg(wo)) (w1 — wo) + Vg(wo) - tV = 0.
It follows that

1(Vg((y; 0)) = Vg(wo))|| [[(w1 = wo)l
[IVg(wo)l '

Since the denominator is bounded away from 0 by assumption, it follows that ¢ < CRn~/?j(CyRn~1/%).

[tV] <

Now proceeding exactly as in Lemma 3.2 we obtain the desired bound.

4 Proof of Theorem 2.1

Let W; := (Xi,hi), i = 1,2,... For all X ¢ R? and a > 0, let aX := {ax : = € X}. Since

k(x,X) = mg(ax,aX) for all scalars a > 0, we may rewrite o, as

On :meK (nY/ W, nY4(W; )i—1)0x, -

=1

For all A > 0 define the Poisson version of o,, by

Sy = Z mK(Al/dWi, )\l/d'PAp)(SXi. (41)
Wi€Pxp

We first prove Theorem 2.1 for the Poisson averages (E[(f,sn)])n, then for the averages
(E[(f,0n)])n via the estimate |E [(f, s,)] — E[(f, 0n)]| = O(n~/%), and then conclude a.s. conver-

gence.

Step 1. We prove convergence of the Poisson averages (E [(f, $,)])n, i-e., show for all f € C(Hy):

E[(f, sn)]
Jim =T f P74 (1) d. (4.2)

For all A > 0, we put my(w, X) := mK(/\l/dw,/\l/dX). We have for all f € C(Hp)

h(z)
E[(f,5n)] = /H f(@) / E [ (2 h), Pop)np(e, h)dhd,
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where h(z) := sup{h : (z,h) € S} for all z € Hy. Letting h' := n!/?h, dividing by n(¢=1/4 and

taking limits gives

nt/ ()
lim EL{F, 5n)] = lim f(a:)/ E [m((n'/%z, n"), n* P, ,)|p (x, h/nfl/d> dh/dz, (4.3)
0

n— oo n(d_l)/d n—o° Jg,

provided that the limit exists.

Roughly speaking, the integrand in (4.3) should behave like E [m((0', k), P, ) NS*)] for n large.
To make this rigorous and thereby obtain (4.2), we make four approximations to the integral in
(4.3), each with an error tending to zero as n — oco. Fix f € C(Hp) and choose R := R(n, p, f,j) 1

oo such that as n — oo
Ri*2 (tp(Rn_l/d) +t;(Rn~Y9) +j(Rn_1/d)) — 0. (4.4)

The approximations are as follows:

(i) By slice regularity (3.2), E[mg((n'/%z,h"),n'/?P,,)] decays exponentially fast in (h')<.
Thus replacing the upper limit for all z € Hy with R, we introduce an error converging to 0 as
n — oo.

(ii) For all « € Hy, approximate p(x, h'n~'/%), |h'| < R, by p(z) := p(x,0). Since |m| < 1, the
approximation error in (4.3) is at most |Hy|- || f||e - Rt,(Rn~'/%), which by (4.4), tends to zero as

n — oo. Thus (4.3) becomes

E[(f, sn r
e i [ f@) / E [muc (' %, W), 0/ 4P, Yp(a)dh dz.  (4.5)
0
iii) For all z € Hy, replace the Poisson point process n'/?P,, in (4.5) by the homogeneous
P

Poisson point process P,(,). To establish the approximation we need a lemma which exploits the

locally determined nature of my.
Lemma 4.1 Let w:= (x,h), h < Rn~Y. Then
|E [my (W, Prp)] — E [ (w, Prpiey N S)]| < CRYM,(Rn~1/?).

Proof. By definition m,, (w, P,,) is non-zero only when n'/¢S,,\P,,, = 0. Thus E [m,(w, P,,)] =
exp (— fnl/dsw p(un’l/d)du). Since h < Rn~'/? n1/48, has volume bounded by CR?. Replacing
p(un~t/4) by p(x) changes the integral by at most CR%,(Rn~'/?). Since for all 0 < A, B < 1 we
have |[e™4 — e P| < C|A — B|, Lemma 4.1 follows. |
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Thus, replacing nl/dP,m by nl/d(Pnp(w) ns) L Poa) Nn'/2S in (4.5) results in an approximation
error of at most C|Ho| - || f||oo R 't,(Rn~Y/) — 0 by (4.4). Thus (4.5) becomes

E[{f, 5n f

lim ELf sn)] _ lim f@) [ Emg((n" b)), Py N n/S9)]p(z)dh dz. (4.6)
e e M N ; ,

(iv) We replace n/?S in (4.6) by n'/4S*. By Lemma 3.2, for n large and for all (z,h’) €

Hy x [0, R], the error in approximating the volume of the slice
S(nl/diz?,h’) = (K @ (nl/d‘r,hl)) ﬂnl/dS,

by the volume of the truncated cone K @ (n'/%x,h') N n'/4S* is bounded by CR%j(C1Rn~/4).
Thus the total approximation error arising in (4.6) is bounded by C|Hp| - ||f]|e R¥T'j(C1 Rn=1/4),

which by (4.4) goes to zero as n — oco. Therefore

E[(f,sn .

R
/ E[mK((nl/dx,h/),Pp(g:)ﬂnl/dsﬁ)]dh' de.  (4.7)
0

Finally, by translation invariance, we have E [m ((n'/?z, 1'), P,)in'/45%)] = E [mg ((0', h), P

()

S?)] where h denotes distance to 9(S*). For all z € Hy the inside integral in (4.7) is bounded
and converges as n — 0o to [ E [m((0',h), Py N S®)]dh, which equals [ E [mg((0',h),P N
S%)]p~1/4(x)dh by (3.1). The dominated convergence theorem and the definition of M (z) yield
(4.2), concluding Step 1.

Step 2. For all f € C(Hp) we establish the bound
[E[(f,50)] = E[(f,00)]| = O(n~"%). (4.8)

Forallw € S, let pu(w) := [y, p(u)du. Foralls > 0and f € C(Hy) let By(s) := f#(w)q f(w)p(w)dw.
Then

1
E[(f,00)] = n / (1= ()" f (w)p(w)dw = n / (1 - 2)"'dBy(x)

s
by Fubini’s theorem. Similarly

E[{f,sn)] = n/ol e "*dBy(x) ~ Cfn(d_l)/d, (4.9)

where the asymptotics are those given by Step 1. By is monotone, non-decreasing and Karamata’s

Tauberian theorem (e.g. Theorem 2.3 in [33]) gives By (x) ~ Cyz'/? as z — 0. Notice
1
B o) = Ellfsalll = [ (€7 = (1 =)y (o)
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1
< n/ (e—na: _ enln(l_w))dBf((E)
0

1
§Cn2/0 e " 2?dBy(x)

1/n 1
= COn? / e " 2?dB(z) +/ e " 22dBs(z)| < On~ Y4
0 1/n
since By(z) ~ Cyz'/?. This gives (4.8). O
Step 3. We now show a.s. convergence
lim ) f PV () dx a.s (4.10)
oo pld—1)/d — - ’

Let A(n) :={w e S: pw) < q(n):= C(log n/n)}. Let a,, = fA(n) p(w)dw. The smoothness
of S and the boundedness of p away from zero imply there is a constant C' such that for n large
C~'(logn/n)'/4 < a, < C(logn/n)*/?®. Let 02 be the measure induced by the maximal points in
{(X4, hi)? 1} N A(n). If C is large enough then by the regularity of S and since the probability of
a point being maximal falls off exponentially with the dth power of the distance to the boundary,
the probability that points in S\ A(n) contribute to o, is O(n~2). By Borel-Cantelli, it suffices

to show

lim . m) / f(z PV () dx a.s. (4.11)

n— oo n (d— 1)/d
By re-labelling the sample points, we may assume that Xi,..., Xy is an enumeration of the
points in {(X;)’,} N A(n), where N is an independent binomial with parameters n and a,.

Conditioning on N gives for all € > 0

Pl|{f.o0) —E[{f,00)]] > entd=D/]

2na,

< 3" Pl{f,08) ~E[(f. o)) > ent® V4 N =k + PN > 2na,). (4.12)
k=1
The last term decays exponentially in n by binomial tail estimates. Consider the first term. When

= k, we write aA ' instead of O’ to denote dependence on k. On the event N = k, k < 2na,,

we write
k

<f’ a;?,k> _E[<f7 O-;?,k>] = Zdz

i=1

where d; :=dj;, 1 <1 <k, are the martingale differences
di :=E[(f,on) | Tl —E[fom) | Fizal,
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where F; is the sigma algebra generated by X7, ..., X;. The first term in (4.12) is thus bounded by

k

>

=1

2nay,

>op
k=1

If the (d;); were uniformly bounded, then we could use the Azuma-Hoeffding inequality. Since the

> 6n(d_1)/d] .

(d;); are not uniformly bounded, we use the following variant [11], valid for all scalars a;, @ > 1:

k e .
1z (3225_1a%> ( suplldillee) 3 Plldil >l (413
Note that

di = E[(f,on) | Fil = E[f, 004 | Fil = E[(f 004 — (fonea) | Fil,

where 0’;?’ ki is defined as a;i x except X; is replaced by an independent copy X;. We obtain
high probability bounds for |d;| as follows. For any 1 < ¢ < k, consider the event E; that the
inverted cone —K @ X; contains less than C'(d) logn points from the collection X1, ..., Xj. If C(d)
is large enough, then P[ES] < n~%. Let Ej := ﬂle E; and note that P[E¢] < n~3. Since |d;| is
bounded by the number of points in the union of the inverted cones —K @& X; and —K @& X/, it
follows that on Fj we have |d;| < C(d)logn for all 1 < i < k. It follows for all 1 < i < k that
P[d; > C(d)logn] < n~3. Putting a; := C(d)logn, t:=en{@D/4 and applying (4.13) gives

> Plifon) —E[f,om)] > en D/ < o0

for all choices of € and therefore, by Borel-Cantelli we deduce (4.11), completing Step 3.

5 Proof of Variance Convergence

We establish variance asymptotics for the Poissonized integrals ((f,sx))x, i.e., we show for all

f € C(Hp)
A—00

lim A~/ dVar[(f, 5,)] = . (@) [M (z) + C(x)]p' Y/ (z)dz > 0. (5.1)

Let w := (z,h) and w’ := (y,I) € S. Then h € [0,h(z)] and [ € [0,h(y)]. Recall that
ma(w, X) = mg (A%, \1/4X). For all e : R? — RT define the two point correlation function for

the maximal points in AY/4Py, by

So(w,w') =E [my(w, Pre U )my(w', Pre Uw) — mx(w, Pxe)ma(w', Pae)| -
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For any f € C(Hy), we have
lim A~/ 9Var[(f, 5,)] =

A—00

h(z) ph(y)
= Jim x0T w N gl () )y +
Hoy JHy Jo 0 ’

A—00

h(x)
+ Jlim A~(d=1/d /H /0 E [m3(w, Pry)] Ao(z, h) f2(z)dzdh
0
= Ll + L27

provided that L; and L, exist. Now mi = m, and thus Theorem 2.1 yields

Ly= [ f(a)M(x)p =Y/ z)da. (5.2)
Hy

We evaluate L; as follows. Let b’ := A/4h, ! := AV and 3y := A/%y. Then dh =
AVddp'dl = X\"V4dl | and dy = A~(4=1/ddy’ . Therefore

Nh(@) AV h(y)
L1 = lim / / / / (... ] dhdl'dy'de (5.3)
A—=oo J gy JAV/dH, Jo 0

where here and henceforth,
[ )= QoW T 1), (' ) plae AT ply ATV VATV f ) f(y' A9,

Exactly as in the proof of Theorem 2.1, our goal is to replace A!/ d77>\p in the definition of ¢f ,
by Py N A/48®  This is done by making six modifications to (5.3). All modifications involve an
error which tends to zero as A — oco. Recall the definition of R := R(\,p, f,7) in (4.4).

(i) Replace the integration domains [0, \'/?h(z)] and [0, A\'/¢h(z)] on the A’ and I’ variables

respectively by [0, R)].

(ii) Modify the integration domain on the y’ variable. Note that the integrand in (5.3) vanishes
if slices with apexes at A'/%z and 1/ are disjoint. Since b’ and I’ are now both less than R, Lemma
3.1 implies that given & € Hy, we can restrict the integration domain for 3’ to D(z) := {y’ €

MVAHy : |y — AY4z| < yR}. Thus, together with approximation (i) this yields

R /R
L = lim / / / / [...]dhdl'dy dx. (5.4)
A—=oo JH, JD() Jo Jo
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(iii) Replace p(x, ' A='/%) by p(z). Since all factors in the integrand of (5.4) are bounded and
since |D(z)| < C(yR)?, this results in a total error of at most C||p||oo|| f||% | Ho|(YR) 4Rt ,(RA~/),
which by (4.4) goes to zero as A — oc. Likewise, for all ' € D(z) we have [y’ A\™1/4—z| < yRA™Y/,
and thus replacing p(y’ A\~ I’A=1/4) by p(z) also results in an error tending to zero. Similar es-

timates hold for f(-). Thus

R R
L, = lim / / / / & OV, 1), (1)) p2 () 2 () dh'dll dy dr. (5.5)
Ho JD(z)Jo Jo ’

A—00
(iv) Replace the Poisson point process /\1/d73,\p by the homogeneous process P,y N \V/dg.
Define for all 7 > 0 the two point correlation function for the maximal points in AY/?(Py, N S) by
Ao(w,w’) :=FE [m,\(w,PkT NS Uw )my(w,Prxr NS Uw) — my(w, Pry NS)my(w', Prr NS)] .
By (4.4) it suffices to show for all x € Hy, y' € D(z), b’/ € [0, R], and I’ € [0, R] that
4 (N, 1), (1)) = 5 (N, ), (3 )| = ORI, (RA11). (5.6)

Note that if neither (\'/%z, h') nor (y/,1) is contained in the slice defined by the other point

then cifg)((Al/dx, h'), (y',1')) equals
plx)dw —/
s

exp (—/ p(m)dw) — exp (—/
S(Al/dm,h/)ﬂs(yl,l/> s

otherwise cig) ((AY42, "), (y,1')) equals simply the second term in (5.7). Similarly c’;’Q(()\l/dx, hy, (', 1))

p(m)dw) ) (5.7)

(AL dg nty (')

is given by (5.7) with p(z) replaced by p(wA=1/%).

If w € Six1/ag pry NSy ) then by Lemma 3.1 we have [w — (AY/42,0)] < yA/, that is [wA=1/¢ —
(z,0)| < yRA~Y/? and therefore replacing p(z) by p(wA~'/?) changes the integrands in (5.7) by at
most t,(RA~Y/4). Since e~ —e~B| < C|A— B| and since for 1/, 1’ € [0, R] the integration domains
in (5.7) have a volume bounded by C'R?, the bound (5.6) follows. Therefore

R R
L1 = lim / / / / SOV, 1), (o 1)p () @) AW dldy' de. (5.8
Ho JD(z)Jo Jo ’

A—00

(v) Recalling w := (z,h) and w’ := (y,1), replace cig)(()\l/dm‘, R, (v, 1) with
E [m((A\Y 2, 1), P ooy DAY ST UMDy m((y/ 1), P ey N AYEST U N D)
7m(()‘1/dxa h/)7 Pp(.L) N )\l/dsw) m((y,a l/)7 75p(.L) N )\l/dsw)]
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By Lemmas 3.2 and 3.3, Cauchy Schwarz, the boundedness of m, and the triangle inequality, we

may replace each of the four constituent m functionals in the definition of c’;\(,g) ((AYez, b)), (', 1)

with an error O(R?%j(Cy RA~Y/4)). For example, by Lemma 3.2 we can replace E [m((AYz, 1), Py, N AY4S)]
by E [m((AYz, 1), P,y N A/ 4S)] with error O(R%j(Cy RA~1/?)). Thus the total integrated er-

ror arising in (5.8) is bounded by C|Ho| - ||p||% - ||f||2, R4T2j(C1Rn~1/9), which tends to zero by

(4.4).

Next, for all x € Hy, 7 € (0,00) and w,w’ € S* consider a generalization of ¢a(x; w,w’):
s (z;w,w') = E [m(w, Py N ST Uwm(w', Py N ST Uw) —m(w, Pr N S¥)m(w', Py N ST)].

Noting that m((AY4z, h'), P,y N AY4ST) 24 m((AYz, h), Py N S®) where h is the distance to
9(5), and similarly for m((y',1'), Py N AY4S®), Ly becomes

R R
Lo=jim [ [ [ W ), )@ @ dhdidy ds. (59)
Ho JD(z)Jo Jo

A—00

(vi) Enlarge the integration domains. Since the integrand vanishes for ¢/’ satisfying |y’ — A"/ x| >
¥R we may enlarge the 3y integration domain to R?~!. As in step (i) we may also enlarge the

integration domain on the A’ and I’ variables to [0, 00). Combining gives

A—00

L, = lim / / / / A (s N2, h), (1)) p? () £2(2)dhdldy' da. (5.10)
Hy JRA-1 J0 0

By the translation invariance of Eg(m) (z;-,-), we may replace M/dz by 0’. Finally, we use the

relation
E [m((0', k), Py N S%)Ym((y',1), Pr N S%)] = E [m((0', k), P 1 S¥ym((y'7~ Y4, 17/ ), P N ST)]
and the definition of the correlation function C(z) (see (2.3)) to obtain
Li= | f@)C(@)p "™ (z)da.
Ho
Combining with (5.2) yields the equality in (5.1).

To complete the proof of (5.1), we need to show that the limiting variance is strictly positive.

It suffices to show M (z) + C(z) is bounded away from zero uniformly in z € Hy. We have

M(z)+C(z) = /OooEm((O',h),’P N S*)dh + /000 /Rdil /000 co(z; (0', h), (y,1))dldydh .= I + I1.
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For all h > 0, let
A0 ) = {w e R x [0,00) : w ¢ (K@ (0',h))NS", (0',h) ¢ (K ®w)N S},
Integral II, when evaluated over [0,00) x A(0',h) and [0,00) x A°(0’, h) gives

// Em((0/, h), PAS®Uw)m(w, PASTU’, b)) —Em((0', h), PAS®)E m(w, PAST)dldydh
o Jan

72/ / Em((0',h),P N ST)Em(w,P N S*)dldydh
0 we(K&(0,h)NS®)
= IIl + IIQ,
since Em((0', h), P N S* Uw)m(w,P N ST U (0, h)) vanishes on A°(0', h).
Notice that

111:/ / (exp(—|K & (0/,h) UK & wn S7|) — exp(—|K & (0',h) N S| — |K & w N §%|)) didydh,
o Ja(or

which is positive and bounded away from zero uniformly in x.

On the other hand, combining I and I, gives (with w = (y,1))

[4 10— / exp(—|K @ (0'h) N S%|)dh—
0

2/00/ exp(—|K @ (0'h) N S7| — |K & w N S°|)didydh
0 JweK®(0',h)NST
> /Oo exp(—|K & (0'h) A S%|)dh — 2 /OO K @ (0'h) N 7| exp(—|K @ (0'h) N S%[)dh.
Since |Ké (0'h) N S*| = s(x,d)h? for some so(x, d) > 0, it follows that
I+ 11 > (s(x,d)"Y0(1/d) — 20(1/d 4+ 1)] = (s(z,d)) VT (1/d)(1 - 2/d) > 0

for all d > 2.
Combining, we see that I + Iy + Il is positive and bounded away from zero uniformly in

x € Hy. This establishes the proof of (5.1).

6 Convergence to a Gaussian Field (Poisson points)

We employ cumulant expansions and cluster measures to prove a Poissonized version of Theorem
2.2. Our method of proof follows that of Theorem 2.2 of [8]; since we work with measures having
surface order growth rates, the methods need to be modified. For sake of completeness we provide

all details.
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6.1 Cumulant measures

We show for all test functions f € C(Hyp) that the Laplace transform of A\~ (4=1/Qd) (£ 5, converges

as A — oo to the Laplace transform of a normal mean zero random variable with variance

ofi= | F@M@)+ C@)p V@) da.

This implies that the finite dimensional distributions of the random field (f, )f(dfl)/(zd)@\), fe

C(Hyp), converge to those of a mean zero Gaussian field with covariance kernel

(F.9) = [ H@g@() + C@lp D/ ).
We will use the method of cumulants to show for all f € C(Hy) that

lim E exp (A_(d_l)/2d<—f,§,\)) = exp B . ) [M(x) + C(z))pl =V (2)dx | . (6.1)

Formally expand (6.1) in a power series in f as follows:

e > \—k(d=1)/2d((_ fyk prk
E exp ()\ (d 1)/2d<7f7§)\>) :1+Z ]i'( f) >\>,
k=1 :

(6.2)

where f* : HY — R, k =1,2,...is given by f¥(x1,...,2x) = f(z1) - f(wx),and 2; € Hp, 1 <1i < k.
MY is a measure on HE, the kth moment measure.
We have
AMS = bx(x1, ..., ) - T pay)d(AN V), (6.3)

where the Radon-Nikodym derivative by(z1, ..., zx) is given by
ba(xy, ..., zp) i= / E [I}_,mx(wi, Pxy)] dhidhs...dhy,, (6.4)
h1>0,...,hi >0

where for all i = 1, ..., k, w; = (z;, h;), where m(w;, P»,) is short for m(w;, P, U {w;}¥_,), and
where m(w;, P»,) denotes the centered version m(w;, Px,) — E [m(w;, Px,)]. By the boundedness
of m, the mixed moment on the right hand side of (6.4) is finite. Likewise, the kth summand in
(6.2) is finite.

The logarithm of the Laplace functional gives

e —k(d—1)/2d/(_ £\k k —l(d=1)/2d/(_ £\l I
IOg 1+Z)‘ <( f) 7M)\> A <( f)vc)\>
k=1

Il ;

k!

1M

the measures cl>\ are cumulant measures. Regardless of the validity of (6.2), all cumulants clA7 l=

1,2, ... admit the representation

A= > (V- A

Ty,..., T
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where for I C {1,2,...} M{ denotes a copy of the moment measure M!'! on the product space H{
and where T, ..., T), ranges over all unordered partitions of the set {1,2,...,{} (p. 30 of [20]). More

generally, c{ is the cumulant measure on H{ with the representation
T -1 T T,
A= X ooyl

where 77, ...,T, ranges over all unordered partitions of the set 7. The first cumulant measure
coincides with the expectation measure and the second cumulant measure coincides with the co-
variance measure. The cumulants cf\, [ =1,2,... all exist since m is bounded. In what follows we
use the standard fact that if the cumulants ¢} of a random variable Z vanish in the large A limit
for I > 3, then Z) tends to a normal distribution (see e.g. [34]).

We will sometimes shorten notation and write M*,b and ¢! instead of M /’\“, by and cl)\, respec-

tively.

6.2 Cluster measures

Since ¢}, coincides with the expectation measure, we have (f, c}) = 0 for all f € C(Hy). Concerning

&, (5.1) yields A~@D/A(f2 2) =A@ D/0Var[(f,03)] = [ £2(@)[M(z) + C(@)|pl=/4(z)da.
Thus, to prove (6.1), it will be enough to show for allk > 3 and all f € C(Hy) that A=*d=1/2d( ¢k Ay —
0 as A — oo.

A cluster measure Uf’T on Hy x HY for non-empty disjoint S, 7 C {1,2,...} is defined by
UL (A x B) = M{UT(A x B) — M3 (A)M{ (B)

for all Borel A and B in Hﬁg and HI', respectively.

Let S7 and S be a partition of S and let 77 and T5 be a partition of 7. A product of a cluster
measure U;\gl’Tl on H()gl X Hgl with products of moment measures on H()g2 X HgQ will be called a
(S,T) semi-cluster measure.

For each non-trivial partition (S,7T) of {1,...,k}, Lemma 5.1 of [8] yields the following semi-

cluster representation for the kth cumulant c”:
* = > al(S1,T), (82, To))US " M M2, (6.5)
(81,71),(S2,T2)

where the sum ranges over all partitions of {1,2,...,k} consisting of pairings (S1,7T1), (S, T2),
where 51,55 C S and Ty, T> C T, and where a((S1,T1), (S2,T2)) are integer valued prefactors.

The following bound is critical for showing that )\*k(d’l)/Qd(fk, c’/{} — 0 for k>3 as A\ — oc.
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Lemma 6.1 The functions by cluster exponentially, that is given integral 1,5 > 1, there are

positive constants A;; and Cj; such that uniformly in all choices of x1,...,x; and y1,...,y

oA (21,5 oy Y1y ooy Y1) — OA(T 1, ooy T)DA(YL, s )| < Ay exp(—Cj169N), (6.6)
where § := min;< < |T; — yp| is the separation between the sets (x;)_, and (yp)ézl.

Proof. For all wy,...,wi € Hy x RT, let By (wy,...,wy) :=E [Hlem,\(wi,’]?,\p)}. By definition
of by we have

b,\((El, ...,.’Ek) = / B)\((xl, hl), ceey (xk, hk))dhldhk
hi,...,h x>0

To show (6.6) we first establish some properties of Bj.

We consider two sets {w,...,w} and {w],...,w;} separated by 6. For all 1 < i < k, let
w; = (x;, h;) and similarly w} := (2}, h}),1 <14 <. We distinguish two cases:

(a) all hy,..., hg, by, ..., h] are less than §. Then the cones K,,,,1 <14 < k, and Ky, 1 <i <1,
do not intersect and so the factors m(w;, P»,) and m(w}, P»,) are independent and therefore the
difference between B (wy, ..., wy, w, ...w;) and By (w1, ..., w) By (w], ...w)) is zero.

(b) if one of the heights hq, ..., bk, b}, ..., h] (say hq) is greater than §, then both By (w1, ..., wk, wi, ...w))
and B (w1, ..., wg) By (w], ..., w]) decay exponentially in §7.

Now we show (6.6). Given a j-tuple (x1,...,2;) and an l-tuple (y1,...,4:) at a separation J,
we split the integration domain (RT)* x (R*)! into two sub-domains, namely [0,]*! and its

complement. In the first domain hq, ..., hg, b, ..., h] are all less than ¢ and by (a) we have
Ba((z1,h1), oy (g, hie), (W1, 01, o, (U5, 1)) = Ba((@1, h1), oy (T, B ) ) BA((y1, hh),s ooy (95, 1)) = 0
and so (6.6) clearly holds. In the second subdomain, we use for all & > 1
Byr((x1,h1),y ooy (T, b)) < Ag exp(—Cp I?Sa’i( |hi|?)
which upper bounds the left-hand side of (6.6) by
oo
/5 Ay, exp(—Cls?)d(vol({max hy, ..., hi, B}, ..., h)}) < 5) < Cexp(—CoIN).

This proves Lemma 6.1. O

The next lemma, whose proof is similar to that of Lemma 5.3 of [8], shows the desired con-

vergence of /\_k(d_l)/Qd(fk,cg“\) to zero as A — oo,k > 3, and thus shows that \~(4=D/2d(f 3,)

converges to a mean zero normal random variable with variance JJ%.
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Lemma 6.2 For all f € C(Hy) and for all k = 2,3, ... we have
)\—k(d—l)/2d<fk’cl)c\> -0 (Hf”l;o)\(Q—k)(d—l)/Qd) _

Proof. We need to estimate

N\ ~k(d=1)/2d . f(@y)o fzp)deh (21, ... 1)
0

Given z := (71, ...,x;) € HE, let Dy(x) denote the distance to the diagonal Ay, of HE.

Let II(k) be all partitions of {1,2,...,k} into exactly two subsets S and T. Let d stand for
Euclidean distance in R¥. For all such partitions consider the subset (S, T) of Hﬁg x HI having
the property that = € o(S,T) implies d(xg,z7) > Dy (z)/k, where xg is the projection of x in Hy
and x7 is the projection of z in HI. Since for every z := (x1,...,7;) € HE, there is a splitting
v:=v(x) and y := y(z) of v such that d(v,y) > Dy(z)/k, it follows that HY is the finite union of
the sets o(S,T), (S,T) € II(k). The key to the proof of Lemma 6.2 is to evaluate the cumulant
% over each o(S,T). We then use Lemma 6.1 and adjust our choice of semi-clusters there to the
particular choice of (S,T).

By the semi-cluster representation (6.5), the cumulant measure dck (1, ..., z1) on o(S,T) is a
linear combination of (S,T") semi-cluster measures of the form

> al(S1, 1), (S2. To))US T M M™,
(51,T1),(S2,T2)
where the sum ranges over all partitions of {1,2,...,k} consisting of pairings (S1,7T1), (S, T2),
where 51,5, C S and T1,T> C T, and where a((S1,T1), (S2,T2)) are integer valued prefactors.

Let v and y denote elements of H()g b and Hg !, respectively. Let © and § denote elements of H()g !

and Hg ! respectively and let ©¢ denotes the complement of © with respect to v and likewise with

y¢. The integral of f against a (S,T) semi-cluster measure has the form
arare [ ) o (M OUS T 6. 0MP )
o(S,T)
Letting ux(0,9) := ba(0,9) — ba(Z)bx(7), and recalling (6.3), the above is bounded by
AT/ / ) b )er (2, 90 (5) L p(a)d(Aay). (6.7)
o(S,T

Decompose the product measure TT¥_, p(z;)d(A\'/%z;) into two measures, one supported by the

diagonal Ay and the other not. Off the diagonal, the integral (6.7) is bounded by

CHfHI;O)\fk(dfl)/Qd\/O exp(fCtd)(t)\l/d)dfldt _ O()\fk(dfl)/%l)\(dfl)/d)’
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since uy decays exponentially with the distance to the diagonal (Lemma 6.1) and the mixed mo-
ments by are uniformly bounded. Integrating over the diagonal Ay and using boundedness of the
integrand we obtain the same bound. We thus bound (6.7) by C||f||% A ~F(d=1)/2d . \([d=1)/d " Gince
this estimate holds for all o(S,T), (S,T) € II(k), and since HY is the finite union of sets o (S, T),
Lemma 6.2 holds. O

7 de-Poissonization: Conclusion of Proof of Theorem 2.2

Sections five and six establish Theorem 2.2 for the Poisson measures (s,),. It remains to show
that the same results hold for the binomial measures (o).

Proof of (2.4). Recall that A(n) == {w € S : p(w) < ¢q(n) = C(logn/n)} and a, :=
fA(n) p(w)dw. Note that C~'(logn/n)'/¢ < a, < C(logn/n)'/?. Let R, := card{(X;, h;)", N
A(n)} and R, := card{P,, N A(n)}. Denote by e(r) := ef(r) the expected value of the functional
(f - 1(A(n)),0n) conditioned on {R(n) = r}, and by v(r) the variance of this functional. The

conditional variance formula implies that
Var[(f,0;)] = Varle(R,)] + E [v(R,)] and Var[(f,s;)] = Var[e(R},)] + E [v(R},)].

We prove (2.4) by showing that the terms E [v(R,,)] and E [v(R),)] are dominant and that their
ratio tends to one as n — oo. We first show that Var[e(R,)] and Var[e(R!,)] are both o(n(4=1)/d).
For all s > 0, recall that By(s) := [,

pu(w)<s

w=rf (1- “(I"))T_l F(w)p(uw)dw = - Oq(”’ (- ) 4By (s).

[07% A(n anp, anp, (079

f(w)p(w)dw. By Fubini’s theorem, for all r = 1,2, ...

Algebra yields

Ay i=e(r+1)—e(r) = 1/0[1(n) (1 - S) - (1 - :)TldBf(s).

Gnp Qnp Qp

Setting u = rs/a, and applying By(s) ~ Cfsl/d we see that

A= [Tl -0 ()

Since sup,. [, ’(1 —4) —u(l- E)T_l‘ (%)é_l du < C, it follows that |A,| < Cr~! (Ubn/r)%71 )

T

When r € I, := (na, — C(logn)(na,)*/?,na, + C(logn)(na,)/?), then

IA,] < C(na,)~'n'~7 < A= C(logn)~ /%
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Write e(R,) = e(1) + Zf;g(e(j) —e(j — 1)) and observe that e(R,,) differs from the constant
e(1) + L5 (e(j) — e — 1) by at most

> (e(d) — e — 1)

JE€EJIn
where J,, := (min(E [R,], R,,), max(E[R,], Ry)). Thus
Varle(Ro)] S E | Y (e(f) —e(i =1)| <E | > (e(f) —elj = )lr,er, | +o(1),
J€Tn J€Tn

by Cauchy-Schwarz and since P[R,, € I¢] can be made smaller than any negative power of n.
For j € J, and R, € I, we have (e(j) —e(j — 1)) < A. Since the length of J,, is bounded by
IR, — ER,|, it follows that Var[e(R,)] < Var[R,]A? + o(1) < C(logn)~/dpld-1)/d,

We now show the ratio E [v(R,,)]/E [v(R],)] is asymptotically one, as n — oco. Let p,, =
P[R, = r] and p,, := P[R], = r]. Stirling’s formula implies that for |r — a,n| < n”, where
0<p<1/2,

. pn T

lim —— =1 7.1
n—o0 pl, . (0

uniformly. Now, for |r — an,n| > n®, where 8 > (d — 1)/2d, both py, and p], ,. are exponentially

small. Write

E [U(RW)] = Z U(r)pn,r + Z U(T)pn,r-

|[r—ann|<nf |[r—ann|>nbf
The second sum is negligible since 0 < v(r) < r? and p,,, is exponentially small. Consider the
terms in the first sum. By (7.1), we have p,, = p), (1 + o(1)) uniformly for all |r — a,| < n” and
since the terms in the first sum are positive it follows that

Eo(R)] _

A E D] (7.2)

Now from section five we know Var[(f, s)] has asymptotic growth Cn(¢=1/d ¢ > 0. Tt follows
that I [v(R!,)] has the same growth, since Var[e(R/,)] = O((logn)~'/4n(d=1)/4) Thus by (7.2) and
the growth bounds Var[e(R,,)] = O((logn)~/n(d=1/d) it follows that

L Varl(fo )]
wetoo Varl(f,s)] ~

that is (2.4) follows. O

We conclude the proof of Theorem 2.2 by showing that for all f € C(Hy)

lim dTv(n_(d_l)/2d<f7 6n>, n_(d_l)/2d<fv §n>) = 07

n—oo
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where dry denotes total variation distance. Since n=(@=D/24|E[(f,s,)] — E[(f,0,)]| — 0 by (4.8)
and since n—(4=1)/ 2d(f 5,) converges to a distribution assigning small measure to small intervals,

Theorem 2.2 follows at once from

Lemma 7.1 For all f € C(Hp) we have

drv({f,on), (f,sn)) < Cay. (7.3)

Proof. We follow the proof of Lemma 3.1 in [4], which establishes (7.3) for d = 2. Recall that

o is the measure induced by the maximal points in {(X;, h;)}, N A(n) and similarly let s be
the measure induced by the maximal points in P,, N A(n). If C is large enough in the definition
of A(n), then the probability that points in S\ A(n) contribute to o, or s, is O(n=2). It follows

that for all f € C(Hy)

drv ((f,sn), (f,50)) = O(n™?) and drv ((f,0n), (f,00)) = O(n?).

Thus we only need to show dry ({f, o), (f,s2)) = O(ay).

Let N be the number of points from Xj,..., X,, belonging to A(n). Conditional on N = r,
(f, o) is distributed as (f, &) where &7 is the point measure induced by considering the maximal
points among r points placed randomly according to the restriction of p to A(n). The same is true
for (f,s:) conditional on the cardinality of {P,, N A(n)} taking the value r.

Hence, with Bi(n,p) standing for a binomial random variable with parameters n and p and

Po(a) standing for a Poisson random variable with parameter a we have for all f € C(Hy)

n
1
E a? = Cay,,
na7l .
i=1

drv ({f, U;?>, (f, sﬁ)) < Cdry (Bi(n,ay), Po(nay)) < C

where the penultimate inequality follows by standard Poisson approximation bounds (see e.g.

Barbour, Holst, and Janson ((1.23) of [3]). This is the desired estimate (7.3). O
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