
Math 453: Elementary Number Theory Spring 2012, Xiannan Li

Midterm 2 — April 11th, 2012

Name:

• This is a closed-book, closed-notes exam. No electronic aids are allowed.

• Read each question carefully. Proof questions should be written out with all the
details. You may use results proven in class, but you should explicitly cite the result being
used. Do not use results not proven in class.

• If you need extra room, use the back sides of each page. If you must use extra paper,
make sure to write your name on it and attach it to this exam. Do not unstaple or
detach pages from this exam.

Grading

1 /10 4 /10

2 /10 5 /10

3 /10 Total /50



Problem 1. (10 points) Recall that φ(n) is Euler’s function, d(n) is the divisor function,
σ(n) is the sum of divisors function, and µ(n) is the Mobius function. Calculate the fol-
lowing.

(a) φ(450)

(b) σ(450)

(c) d(450)

(d) µ(450)

(e) ∑d|450 µ
(

450
d

)
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Problem 2. (10 points)

(a) What is the value of the Legendre symbol
( 20

127

)
?

(b) Prove that if an odd prime q divides x2 + 2y2 for x, y ∈ Z and (x, y) = 1, then q ≡
1 (mod 8) or q ≡ 3 (mod 8).
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Problem 3. (10 points)

(a) Let p ≡ 1 (mod 4) be prime and let a be a quadratic residue mod p. Show that −a is
also a quadratic residue modulo p.

(b) Let p be an odd prime and let a be a quadratic residue mod p. Show that if −a is also
a quadratic residue modulo p, then p ≡ 1 (mod 4).
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Problem 4. (10 points)

(a) (5 points) Prove that the function σ(n) is multiplicative (you can cite results from class,
but not this exact result).

(b) (5 points) Let
g(n) = ∑

d|n
µ(d)σ

(n
d

)
What is g(2012)?
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Problem 5. (10 points)

(a) (5 points) Let p ≥ 7 be a prime number. Show that at least one of 2, 5, and 10 is a
quadratic residue modulo p.

(b) (5 points) Is it possible for exactly two of 2, 5, and 10 to be quadratic residues modulo
p in part (a) above? (Prove your assertions.)
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