
Math 453: Elementary Number Theory Spring 2012, Xiannan Li

Midterm 1 — February 27th, 2012

Name:

• This is a closed-book, closed-notes exam. No electronic aids are allowed.

• Read each question carefully. Proof questions should be written out with all the
details. You may use results proven in class, but you should explicitly cite the result being
used. Do not use results not proven in class.

• If you need extra room, use the back sides of each page. If you must use extra paper,
make sure to write your name on it and attach it to this exam. Do not unstaple or
detach pages from this exam.

Grading

1 /10 4 /10

2 /10 5 /10

3 /10 Bonus /10

Total /50



Problem 1. (10 points) Express the following system of linear congruences as one con-
gruence modulo 84 (express your answer as a number between 0 and 84).

3x ≡ 2 (mod 7)
5x ≡ 3 (mod 12)

Show all your work.
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Problem 2. (10 points)

(a) (5 points) What is the remainder of 52012 when divided by 7?

(b) (5 points) Without citing Wilson’s Theorem, show that if a natural number n satisfies
n > 1 and (n− 1)! ≡ −1 (mod n), then n must be prime.
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Problem 3. (10 points)

(a) (5 points) Let a, b, c ∈ Z be such that (a, b) = 1 and c|a + b. Show that (a, c) = 1 and
(b, c) = 1.

(b) (5 points) Show that the statement above is not always true if (a, b) > 1. (Give a
counterexample.)
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Problem 4. (10 points)

(a) (5 points) Let a be an odd natural number such that (a2 + 3)/2 is a prime number.
Show that a = 1. (Hint: what is a2 + 3 modulo 4?)

(b) (5 points) Let a, b ∈ Z and q ∈N with (a, q) = (b, q) = 1. Let ā and b̄ be multiplicative
inverses for a and b modulo q respectively. Show that āb̄ is a multiplicative inverse
for ab.
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Problem 5. (10 points) Let a ∈ Z and q ∈N, and let

S = {ja | 0 ≤ j ≤ (q− 1)} = {0, a, 2a, ..., (q− 1)a}.

(a) (5 points) If S is a complete residue system modulo q, show that (a, q) = 1.

(b) (5 points) If (a, q) = 1, show that S is a complete residue system (without citing any
results from class).
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Bonus Problem (10 points) How many primes, written as usual in base 10, are alternating
1s and 0s, beginning and ending with 1? For instance, the first few natural numbers of
this form are 101, 10101, 1010101, etc. (If desired, you may use the elementary fact that
1 + r + r2 + ... + rk = rk+1−1

r−1 without proof.)
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