
Math 213 - Test I Preparation
Test I will include similar problems to the following. In addition to these exercises please

make sure that you read Chp. 2, Sec. 1,2,3,4,5,6, Chp. 5, Sec 1,2 and Chp. 6, Sec. 1,2. Go
through all the Homework problems and the examples we discussed in class. Please make
sure to be familiar with the building and class before the test.

(1) Consider f : Z× Z→ Z given by f(k,m) = bkm2 + 1c. Determine whether f is

(a) one-to-one,

(b) onto.

(2) Consider f : R −→ R given by f(x) = x2 − 1. Determine the following sets:

(a) f(Z),

(b) f([0, 1]),

(c) f−1({x : −1 < x < 0})

(3) Prove that for any real number x one has bxc+ bx + 1
2c = b2xc.

(4) Prove that there is no real number x satisfying dxe+ dx + 1
2e = d2xe.

(5) Prove by induction that
∑n

k=1 k
3 = n2(n + 1)2/4.

(6) Express the following summation in a simple multiplication form (do not compute!).

2012∑
i=1

2012∑
j=1

(ij3).

(7) What is the 6th and 10th Fibonacci numbers?

(8) Prove that fn+1

fn
−→ 1+

√
5

2 , where fn is the nth Fibonacci number. You may suppose

that the limit exists, which is necessarily a non-zero number as fn+1/fn > 1.

(9) Consider the following recursion relation:

an+1 = 2an + 3, with initial condition a0 = 0.

(a) Compute a1, a2, a3, a4.

(b) Propose a conjecture for an.

(c) Prove your conjecture by using principle mathematical induction.

(10) (a) State Schröder-Bernstain Theorem.

(b) By part (a), prove that the sets (0, 1] and (0, 4]∪ (6, 7) have the same cardinality.
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(11) Is Q×Q×Q countable? How about Z+ ×R?

(12) Consider the matrix

A =

[
1 3
0 1

]
(a) Compute A2 and A3.

(b) Propose a conjecture for An.

(c) Prove your conjecture by using mathematical induction.

(13) Prove or give a counter example for each of the statement below:

(a) If A is a square matrix then AAt is symmetric.

(b) If A is a square matrix then A + At is symmetric.

(c) For square matrices A, B and C of same size we have

(ABC)t = CtBtCt.

(d) If A and B are 3× 3 matrices then AB = BA.

(14) Prove that 21 divides 4n+1 + 52n−1 for every positive integer n.

(15) Suppose P (n) is a propositional function such that
(a) P (1) is true,
(b) for any positive integer n if P (n) is true then P (n + 4) and P (n + 6) are true.

Determine the values of n for which P (n) is true (no proof required).

(16) Prove that whenever we pick n + 1 distinct integers from {1, 2, ..., 2n} then two of
them are necessarily coprime.

(17) In a league of 20 teams some pairs of teams play a single game. If each team plays
at least one game, show that there are two teams who play same number of games.

(18) Prove the following de Morgan’s Law

A−
n⋃

k=1

Bk =
n⋂

k=1

(A−Bk)

(a) by set theoretic techniques,

(b) by (strong) mathematical induction.
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(19) Consider

A =

 1 0 1
1 1 0
0 0 1

 and B =

 0 1 1
1 0 1
1 0 1


Compute A ∨B, A ∧B, A�B, and A ∧B[2].

(20) How many numbers must be selected from the set {1, 3, 5, 7, 9, 11, 13, 15} to guarantee
that there is a pair sum up to 16? You also need to show that with a fewer selection
this may not satisfied.

(21) What is the minimum number of students at a university to guarantee that there are
at least 100 students from the same state? (There are 50 states!).

(22) Let A = {a, b, c, ..., y, z}, N = {0, 1, 2, ..., 9}.

(a) How many one-to-one functions are there from A to N?

(b) How many one-to-one functions are there from N to A?

(23) Use mathematical induction, prove the following inequality: for any natural number
n ≥ 1

1 +
1

2
+

1

3
+ · · ·+ 1

2n
≤ 1

2
+ n.

(24) Find the least number of cables required to connect eight computers to four printers
to guarantee that for every choice of four of the eight computers, these four computers
can directly access four different printers. Justify your answer.


