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Abstract. Given an element x of a partial order P, a set S c P is said to be a curser for x if S v x meets
every maximal chain of P and x is incomparable to every element of S. The cutset number of P is the
minimum m such that every element of P has a cutset of size at most m. Let w(m, h) be the maximum
width of a poset with height h and cutset number m. We determine the order of growth of w(m, h) for
fixed m or fixed h: w(m, h) E O(hLm”J) for fixed m and w(m, h) E @(m”) for tixed h.
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1. Introduction
Let P denote a finite partially ordered set (poset). An antichain [chain] of P is a
collection of pairwise incomparable [pairwise comparable] elements. The width
[height] of P, written w(P)[h(P)], is the size of largest antichain [chain] in P.
(Standard usage takes the “height” of a poset to be one less than what we define
here as the height h(P), due to the interest in classical ranked posets. Unfortunately,
there is no standard notation for the size of the largest chain, which is the quantity
of interest here.)
Given x E P, a cutset for x is a collection S c P -x such that x is incomparable
to every element of S and every maximal chain of P meets S u {xl. A poset has the
m-cutset property if every element has a cutset of size at most m. The cutset number
of P is the minimum m such that P has the m-cutset property. This concept of
cutset is due to Bell and Ginsburg [l] and has been investigated in [2-5,7]; a
comprehensive view appears in [3]. Note that a cutset need not be an antichain;
Rival and Zaguia [6] characterized those posets in which every element has an
antichain cutset.
For fixed m > 1, Sauer and Woodrow [7] gave examples of posets with m-cutset
property and arbitrarily large width. Ginsburg, Rival, and Sands [4] showed,
l
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however, that a poset with finite height is finite if every element has a finite cutset.
These two results suggest the following extremal problem: determine w(m, h), the
maximum width of a poset with height h and cutset number m. In this paper, we
determine the order of growth of w(m, h) for arbitrary fixed m or fixed h, along with
the exact value of w(m, 2). We also discuss a generalization to graphs.
A poset with cutset number zero must be a chain, so ~(0, h) = 1. It is an easy
exercise appearing initially in [7] that the 1-cutset property forbids antichains of size
three, so w( 1, h) = 2. Using different approaches, it was shown by both El-Zahar
and Sauer [2] and Ginsburg, Sands, and West [ 51 that ~(2, h) = h + 2. A pigeonhole argument in [5] provided the general upper bound
w(m, h) < [(h2 + h - l)h”-2

- I]/@ - 1) for m, h > 1.

In particular, for fixed m this implies w(in, h) E O(h”- ‘). In Section 3, we improve
this to w(m, h) E O(h Lm12’). The recursive construction in Section 2 shows that this
is the correct order of growth, proving w(m, h) E @(hLmi2J).
Another construction in Section 2 establishes w(m, h) > I-m/h + 1jh. For fixed h,
this yields w(m, h) E Cl(m”). The fact that this is the correct order of growth as a
function of m is shown in Section 4, where the argument is phrased for the
analogous (more general) graph problem. Let G be a simple graph and u a vertex
of G. A vertex subset S c V(G) - u is said to be a cutset for v in G if S u v meets
every maximal clique in G and no neighbor of u appears in S. The curser number of
G is the minimum m such that every vertex of G has a cutset of size at most m. Let
@(m, h) be the collection of simple graphs having cutset number m and no clique
with more than h vertices. We seek the value of a(m, h) = max{a(G) : G E Q(m, h)},
where a(G) is the size of the largest independent set of vertices of G. In addition to
several bounds analogous to those for w(m, h), our main result is a(m, h) G
(m + l)h, which implies that both w(m, h) and a(m, h) are in O(m”) for fixed h.
Of course, it remains to determine asymptotic behavior for fixed m or h and the
correct order of growth when m and h both grow, such as when m = h. For fixed
m or h, our explicit constructions have the correct order of growth, but we have not
obtained the leading constant. It is known ([2,4]) that ~(2, h) = h + 2. Our widest
posets with cutset number 3 and height h have width 2h + 2. We prove that
w(m, 2) = L(m +- 2)2/4J. Our widest posets with cutset number m and height 3 have
width slightly more than (m + 3)3/27. We conjecture that both constructions are
optimal. For m = h, our upper bounds are factorial, but our constructions are only
exponential. Again we believe our constructions are stronger than our upper
bounds and that perhaps log(w(m, m)) E O(m).

2. Construction of Wide Partial Orders
In this section we construct wide posets with height h and cutset number m. We
begin with a general construction of a family of posets that seems to contain the
optimal posets. These posets are constructed recursively, with several parameters
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involved in the construction. Appropriate choice of the parameters yields the
optimal posets for small m or h.
In contrast to the idea of a cutset for a particular element of a poset P, a curser
of P is a collection of elements that intersects every maximal chain in P. To
distinguish the idea of a minimum cutset from the cutset number defined above, we
use the term cutsize to denote the minimum size of a cutset of P. Note that a poset
with cutset number m has cutsize at most m + 1.
CONSTRUCTION
2.1. We recursively construct a family of posets, where
Q(m, h, p) will be a poset with cutset number m, height h, and cutsize p. We also let
w(m, h, p) denote the width of Q(m, h,p) and let Q(m, h) be the poset among
{Q(m, h,p): 0 <p <m + l} that has the maximum
width, with w’(m, h) =
NQ(m,WI = maxi s p c ,,,+ I {w(m, h, p)}. Setting p = 0 or h = 0 yields the empty
poset with width 0. We start the construction with Q(0, h) being a single chain and
Q(m, 1) being an antichain of size m + 1, which are optimal.
We choose Q(m, h, p) from a collection of posets indexed by parameters 1, c and
constructed recursively. The parameters satisfy 1 < I < h and c > 1. To construct one
of these posets, begin with the disjoint union of p basic chains of size 1. Of the basic
chains, we designate [p/21 to have their top element as root; the remaining Lp/2J
chains have their bottom element as root. The set of these p roots will be a cutset
meeting every maximal chain of the final poset. In each chain we index the levels
(elements) by 1, . . . , I from the root, whether that is up to down or down to up.
We next augment the basic chains by p copies of Q(m - p + 1, h - f, c), which we
call fringe posets. Each basic chain with maximal root is placed above one fringe
poset, and each basic chain with minimal root is placed below one fringe poset. This
determines all relations for the elements of the fringe posets.
Finally, we add posets that join the components; we call these webbing. If
x1 > * . * > x, is a basic chain with maximal root and y1 < * * * < y, is a basic chain
with minimal root, then for 2 < i < I- 1 we add a copy P of Q(m -p, h - I- 1)
placed so that x~>P>~,+,-~,
and for i E (1, r} we add a copy P’ of
Q(m-p+1-c,h-I-1)placedsothatx,~P’~y,+,~,.Ifc~m-p+1,then
P’ is empty (and P is empty if p = m + 1). If I= 1, then the webbing poset between
maximal and minimal roots is Q(m -p + 2 - 2c, h - I - l), which is empty if
2c>m-p+2.

This completes

the construction

of the parametrized poset. Its width is
W(I,c)=pw(m-p+l,h-I,c)+b*/4JW’,
where W’=(1-2)w’(m-p,hI-1)+2w’(m-p+l-c,h-l-1)
if I>1 and W’=w’(m-p+2-2c,h-2)
if I = 1. We complete the determination of Q(m, h, p) by choosing the values of I
and c that maximize lV(l, c).
0
First we show that the resulting posets have the desired properties.
LEMMA

2.2. The poset Q(m, h, p) constructed above has height h, cutsize p, and
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cutset number (at most) m, where we consider only values of 1, c such that I < h - 1
and Lp/2 J - 1 + [p/2+ < m, or I= h - 1 and c < m + 2 - p.
Proof. The height of the fringe and the height and placement of the webbing
guarantee that the height is h. Since every maximal chain ends at least one of the
p roots, the roots cut all maximal chains. Taking one maximal chain from each root

to its fringe shows that no smaller set will cut all maximal chains, so the cutsize
is p.
If I = h - 1, then there is no webbing, and the fringe posets are antichains of size
c. The chain elements have cutsets of size p - 1, and the fringe elements have
cutsets of size c - 1 +p - 1, so the cutset number is c +p - 2, which we have
required to be at most m.
For 1~ h - 1, the verification of cutset number m is inductive. The poset
Q(m, h, p) has three types of elements; those in the fringe, the webbing, and the
chains. A maximal chain joins a root to its fringe, or it joins a maximal and a
minimal root through webbing. For a fringe element x, we cut the chains through
its fringe poset with m -p + 1 elements, by induction. All other chains use some
other root, so inclusion of the p - 1 other roots completes a cutset of size m for x.
Any webbing element w is incomparable to all but two roots x, y, so inclusion of
the other roots cuts all maximal chains except those from x to y and from x or y
to its fringe. Let P’ be the webbing poset containing w. If I> 1 and P’ is not
attached to a root, then the chains from x to y pass through P’ or through the
element of the x-chain below the attachment of P’ or though the element of the
y-chain above the attachment of P’. These chains will all be cut by a cutset for w
in P’ together with the two chain elements described, which also cut any chain from
x or y to its fringe. By induction, we have used at most m - p + p - 2 + 2 elements.
If I > 1 and P’ is attached to a root, then there is no appropriate chain element
for the other attachment, and instead we must use c elements from that fringe
poset. If I = 1, this happens at both ends. This is the reason for choosing a different
cutset number for the webbing posets that are attached to roots.
If x is a root element, let S be the set of roots of the same type as x (maximal
or minimal). Then S meets all maximal chains except the chains from roots of the
other type to their fringe posets. When I< h - 1, x is comparable to all such roots,
so we need rp/21- 1 + Lp/2Jc or Lp/2J - 1 + [p/2+ elements for the cutset. If xi
with i > 1 is a non-root chain element, then the factor of c is unnecessary, because
the chain elements at level I+ 2 - i in the basic chains of the other type will cut all
chains involving the roots of the other type that do not pass through xi. Hence it
0
is necessary and sufficient to have Lp/2J - 1 + [p/2+ < m.
The construction above may seem somewhat artificial, but it includes the optimal
posets for small m and h and the best known posets in general. We have considered
generalizations with more parameters, but they have not yielded wider posets. For
example, instead of p chains we could use p trees (hence the name “roots”), with
parameters for branching at each of I- 1 levels, a fringe poset for each leaf, and
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webbing from every element of level i in a tree with maximal root to every element
of level I + 1 - i in a tree with minimal root. Such a more general construction is
suggested by the properties of the optimal poset that are obtained in the next
section. We have found that optimizing the branching parameters in this recursive
construction sets them to 1. The reason for this is that when the branching is
nontrivial the tree elements require large cutsets. The constraint on c and p in the
construction above, which arises from the cutset for a root, is a vestige of this
phenomenon.
When m = 2, we can set p = 2, I = h - 2, and c = 1 to obtain the optimal
“ladder” poset appearing in [2,4,7]. In this case, the webbing posets consist of
single elements, and the fringe posets consist of a single element covering (or
covered by) an unrelated pair. When m = 3, the best recursive results come from
p = 2, I < h - 2, and c = 1 or 2, in which case the width is 2h + 2. With I = h - 2
and c = 1, the webbing posets are unrelated pairs, and the fringes are single
elements covering (or covered by) unrelated triplets.
In general, for fixed m and large h, the widest posets we know are obtained from
this construction by using p = 2, 1 = LU/m J - 2, and c = 1 in the last step of the
recurrence. As we move toward tied h and larbe m, the optimal values of these
parameters in the last step of the recursive construction change: 1 decreases to 1, p
increases to approximately 2m/h, and c, which seems to affect only lower order
terms, slowly grows to h - 1.
It should be noted that fine-tuning the parameters affects only the constant on the
leading order term or lower order terms. It is easy to obtain w(m, h) E Cl(hL”/‘J) for
fixed m and w(m, h) E O(mh) for tixed h without being very careful about the
parameters. The construction in 2.1 is a unified optimization that includes the
best-known posets for all values of m, h. Our aim in seeking such a description is
to shed some light on what might happen when both m and h grow. As we shall see,
the parameter choices described below give the correct order of maximum width for
fixed m and then for fixed h.
THEOREM

2.3. For m > 1 and h > 1.

w(m h) ,2( 2h/m)“” + o(h”/*)
9
’ (m + 1)[2h/(m + l)](“-

‘)I* + o(h(“- ‘)I*)

if m is even.
if m is odd.

Proof. We choose p = 2 and c = 1 always in the recursive construction for
Q(m, h). The choice of c = 1 produces two simplifications. First, w(m - 1,
h - I, 1) = w(m - 1, h - I - l), because cutsize 1 requires that a single element be
related to all others. Second, c = 1 causes all the webbing posets to be the same.
The result is to eliminate all parameters except I and establish the recursive bound
w(m, h) 2 2w(m - 1, h - I- 1) + Iw(m - 2, h - I - 1). Since p = 2 and c = 1, the
constraint in the recursive construction is satisfied, and this poset has the desired
cutset property.
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To obtain the bound claimed, set I = Lh/rm/2]J - 1. By laborious calculation, it
can be verified inductively that w(m, h) satisfies the bound.
0
This bound is good for fixed m. Let us next consider the situation for fixed h. The
growth n(mh) can be achieved very simply using disjoint trees. This exploits the
idea that the leaves of a tree form a large antichain, yet a single element (the root)
will meet every maximal chain in that tree. So, a collection of disjoint trees should
have large width without requiring large cutsets. Trees can arise in the general
construction if we always choose I = 1 and forget to include the webbing; note that
if c>m -p + 1 there is no webbing. Nevertheless, for h > 2 the trees are not
actually optimal. We present the trees only to obtain the correct order of growth
quickly; in fact, for fixed h it seems that the webbing only improves lower order
terms. This result will also be useful in proving the upper bound for fixed m.
2.4. w(m, h) 2 L(m/h + 1) J”, and any tree poset with the m-cutset
property and height h has width at most [m/(h - 1) + llh-‘.
Proof. Let the poset P(p,, . . . ,p,,) be the disjoint union of p, posets, each of
which is a tree with h levels. There are p1 roots, and the number of elements
covering each element of level i - 1 is pi. The height of the poset is h, and the leaves
from all the component trees constitute a maximum antichain of size lIpi.
For any element x E P(pl , . . . , ph), the unique minimum cutset for x consists of
the root of each component not containing x and all the immediate siblings of all
the elements (including x) on the unique maximal chain from x to the root of its
component. This cutset has at most Z (pi - 1) elements. The product of numbers
with fixed sum is maximized when they are equal, so we choose pi = Lm/h + 1J, and
the result follows.
On the other hand, if we require P to be a tree, then the minimum cutset for any
element consists of the siblings of the elements on the chain from it to the root. This
means that maximizing width subject to having the m-cutset property will result in
any pair of siblings having the same number of children. Hence the maximum width
of P is max IIf= zpi such that Xf= 2 (pi - 1) = m. We maximize this by choosing
0
p, = Lm/(h - 1) + 1J.
THEOREM

Note that the maximum width in this construction actually occurs when the p, are
ceilings and floors of m/h + 1 with sum m + h, having a product somewhere
between Lm/h + 1Jh and L(m/h + 1)“J. In particular, for h = 2 the larger value is
always achieved. Here there is no room for webbing and the trees are in fact
optimal. For h = 3 the trees are asymptotically optimal but not truly optimal. We
will prove these results in the next section.
3. Properties

of Optimal

Posets

When more than one poset is under consideration, it is helpful to say that a cutset
for x in P is a P-cutset for x. If a poset has cutset number m and height h, we call
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it an optimal poset if its width is w(m, h). In this section we develop some properties
that can be assumed for optimal posets when proving upper bounds on w(m, h), and
we will apply these for fixed m or h. All our arguments in this area are based on the
result of El-Zahar and Sauer [2]. They defined a simple poset to be one in which the
number of maximal chains equals the width. They proved [2] that for any m, h there
is an optimal poset that is simple. We note several useful properties of a simple
poset P: (1) if A is a maximum antichain in P, then any element at or above an
element of A is covered by at most one element, while those at or below A cover
at most one element. (2) no element is both less than a pair of incomparable
elements and greater than a pair of incomparable elements. (3) (maximal) chains
with distinct endpoints cannot intersect. When we invoke any of these properties,
we shall say “by simplicity.”
LEMMA 3.1. A simple poset with no isolated elements has a minimum cutset R that
consists of extreme elements and is disjoint from some maximum antichain A.
Proof. Let P be a simple poset with a maximum antichain A and a minimum
cutset R. If F contains a non-extreme element z, we modify R to reduce the number
of non-extreme elements. Note that z must be related to some member of A. If z is
in A or above some member of A, then simplicity implies there is only one maximal
element of P related to z; call this y. Every maximal chain through z contains y, so
replacing z in R with y yields a minimum cutset with fewer non-extreme elements.
Similarly, if z is below A, we replace z in R with a minimal element.
For the second statement, suppose that A is a maximum antichain having the
smallest intersection with R. If x E A n R, then simplicity implies that in fact there
is only one maximal chain through x. If we replace x in R with the other end of the
chain, then we still cut every maximal chain and reduce IA n RI.
cl
Given a simple poset P with no isolated elements, let R be a minimum cutset and
A a maximum antichain disjoint from it. We partition P into roots R, webbing W,
fringe F, and trees T, using the fact that every maximal chain in P contains one or
two roots. Let F be the set of non-roots w such that every maximal chain through
w contains only one root, and for z E R let F(z) be the set of elements in F that are
comparable to z. If x, y E R, let W(x, v) be the set of non-roots w such that every
maximal chain through w contains x and y, and let W = u W(x, y). Note that
Fn W = 0, and that the sets W(x, y) are by definition disjoint, although the sets
F(z) may intersect. Let T be the remaining non-roots. By construction, R, W, F, T
partition P. We use the term proper to denote a simple P with no isolated elements,
having roots R and antichain A as in the Lemma and partition R, W, F, T as
defined here, with p = [RI. W e will show that T consists of disjoint trees rooted at
the root elements, which follows from the more important fact that the maximum
antichain is found wholly in F u W.
LEMMA

3.2. Given a proper P, the maximum antichain A is contained in Fu W,
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and the set T consists of disjoint trees T(z), where z E R and every element of T(z) is
between z and A. Furthermore, there is no cover relation between elements that come
from distinct sets of the form z v T(z) for z E R.
Proof. By simplicity, every w E A belongs to exactly one maximal chain. If that
chain joins two roots, then w E W; otherwise, w E F. If w E T, then there is a maximal
chain C through w that has two roots, since w 4 F. Since C must pass through A,
we can let z be the root on C such that w is between z and A, and put w E T(z). By
simplicity, all maximal chains through w yield the same root z. For each z E R, the
elements we have placed in T(z) are between z and A; by simplicity, they form a tree

rooted at z, and the trees are disjoint.
Note that every element between z and an element of T(z) is also in T(z). Since
also A n (T(z) u z) = a, there can be no cover relation between a down-tree or root
and an up-tree or root, because this would create a maximal chain disjoint from A.
0

The proof in [ 51 that ~(2, h) < h + 2 does not use simplicity; instead it introduces
a weakened version of the 2-cutset property and shows that the potentially wider
posets with that property still satisfy the desired bound on width. Although we make
use of simplicity here, there is still one step in the proof of the bound that forces
us to prove a technically stronger result than w(m, h) E O(hL”‘2J), using an analogous
technical weakening of the cutset property.
We say that an antichain A E P has the modified m-cutset property if for each x E A
there is a set S(x) of elements incomparable to x that has size at most m and intersects
every maximal chain passing through A - x. We say that a poset P has the modtjied
m-cutset property if some maximum antichain in P has the modified m-cutset
property, which is equivalent to saying that the elements of some maximum antichain
have P-cutsets of size at most m. For extra leverage, we combine this concept with
the result of [2] that optimal posets must be simple. Let g(m, h) be the maximum
width of a simple poset having height h and satisfying the modified m-cutset
property. By [2], w(m, h) < g(m, h), and we seek an upper bound on g(m, h). The next
lemma will be used repeatedly in discussing the cutset properties of subposets.
LEMMA

3.3. Suppose that P has the m-cutsetproperty and that Q and Q‘ are disjoint
subposets of P, each consisting of the union of a collection of maximal chains of P. If
Q’ has cutsize p, then Q has the m -p-cutset property. The same statement can be
made about the modtjied m-cutset property if P is simple.
Proof. Any P-cutset for w E Q must contain a Q-cutset for Q (since the maximal
chains in Q are maximal chains in P that cannot be cut by anything outside Q), plus
at least p additional elements. For the alternative statement, the fact that P is simple
implies that any subposet of P consisting of maximal chains is also simple. Also, the
elements in Q of a maximum antichain in P that has the m-cutset property form a
maximum antichain in Q. The preceding argument
elements have Q-cutsets of size m -p.

then guarantees that these
0
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LEMMA 3.4. In a simple poset of height h with the modified m-cutset property, a
maximal element is related to fewer than e” minimal elements. Similarly, a minimal
element is related to fewer than em maximal elements.
Proof. If x is a maximal element and Y is the set of minimal elements related to
it, choose a maximal chain from x to each y E Y, and let Q be the union of these
chains. By simplicity, Q is a tree rooted at X, and by Lemma 3.3 Q has the modified
m-cutset property. A tree with the modified m-cutset property also has the m-cutset
property, because the leaves form the maximum antichain and their ancestors have
cutsets no larger. By Theorem 2.4, a tree with the m-cutset property and height h
has width at most (m/(h - 1) + l)h-‘, so this limits the minimal elements related
to x.
0
LEMMA 3.5. For a proper P, each fringe poset F(z) is nonempty. Furthermore, for
any set of k roots, there is a set of disjoint maximal chains from these roots to their
fringes.
Proof. A non-root that is an extremal element lies on no chain with two roots,
so it belongs to F. If a root z is related to no extreme non-root, then we can delete
it, so the minimality of R implies the first statement.
Now, create two bipartite graphs: one between the maximal roots and minimal
non-roots, the other between the minimal roots and maximal non-roots. Connect a
root and a non-root by an edge in this graph if there is a maximal chain in P with
them as endpoints. We claim that each of these graphs has a complete matching of
the roots into the non-roots. If not, then by Hall’s Marriage Condition there is a set
S of roots of one type, say maximal roots, such that all maximal chains from S to
minimal non-roots are covered by at most ISI - 1 minimal non-roots. Replacing S
by these minimal non-roots contradicts the minimality of R. Hence there is a
complete matching of the roots, and the chains corresponding to distinct edges in
this matching are disjoint by simplicity, because they have distinct endpoints.
Cl
All of the statements we prove inductively can be made precise by changing “height
h” to “height at most h” if we do not know that the poset P is ranked, which in
this setting means that all maximal chains have the same size. The resulting bounds
on w(m, h) or g(m, h) would be the same. Although we do not need to know that
there exist optimal posets that are ranked in order to obtain the bounds of this
section, it is nevertheless convenient to know this, and it will be helpful in any more
precise pursuit of the optimal posets, so we include a proof.
LEMMA 3.6. If P is a simple poset with the modified m-cutset property, then there
is a ranked simple poset with the modified m-cutset property having the same width
and height as P.
Proof. Let h be the height of P. The proof is by induction on the number of
elements not on h-chains. If x is such an element, let k be the maximum size of a
chain containing x. Obtain P’ from P by replacing x with a chain C of h - k + 1
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elements (one of which is called x) whose comparabilities outside C in P’ are the
same as for x in P. Observe that P’ is simple whether x is above or below a
maximum antichain in P, and that w(P’) = w(P). Since P’ has fewer elements not
on h-chains than P, it suffices to show that P’ has the modified m-cutset property.
If S is a cutset for x in P, then S is a cutset for each new element in P’. Finally,
a cutset for any y in P is also a cutset for y in P’.
0
Henceforth, we assume for convenience that our proper posets are ranked, but
again this is relevant only to saying that a subposet has a particular height h rather
than at most that height.
LEMMA

3.7. Given a proper P in which A has the modified m-cutset property, let
F’(z) = F(z) u T(z), and let W’(x, y) be W(x, y) together with the elements of T
related to elements of W(x, y), where x, y, z E R. If W(x, y) is nonempty, then
W’(x, y) has height h - 2 and has the modtjied (m -p + 2)-cutset property. Similarly, F’(z) has height h - 1 and has the modtjied (m -p + r)-cutset property, where
r is the number of roots of P of the same type (maximal or minimal) as z.
Proof By Lemma 3.5, there are p disjoint chains from roots to fringes. The
posets F’(z) vz and IV’(x, y) u {x, y} are unions of maximal chains in P and avoid
at least p - r or p - 2 of the chains just guaranteed, respectively. Hence Lemma 3.3

guarantees the desired cutset properties for these posets. Since the pertinent roots
belong to any maximal chain of P through F’(z) or W(x, y), they cannot lie in a
cutset for an element of these posets, and the desired cutset property holds also for
F’(z) and w’(x, y).
0
The next result is a technical lemma that will be applied in the difficult case of the
main result.
LEMMA 3.8. Let Q be a poset formed by taking a number of disjoint “webbing”
posets V,, . . . , V4 and adding a k-chain X and an l-chain Y such that the maximal
elements of each Vi are covered by an element of X and the minimal elements of each
V, cover an element of Y. Suppose also that distinct webbing posets have distinct
attachment pairs in X, Y. If some maximal antichain of Q has the modiJied m-cutset
property and intersects each V,, then q < 1 + m min{k, l}.
Proof By symmetry, it suffices to show q < 1 + mk. We can refer to particular
webbing posets by their attachments to X and Y, as in V(x, y). Let A be a maximal
antichain of Q that has the modified m-cutset property and intersects each Vi. Let
x be the maximum element of X and let N = (y E Y: V(x, y) # a}. If N = 0, then
we have q = 0 if k = 1 and q < 1 + m(k - 1) if k > 1 (by induction). Hence we may
choose z = max N. Choose u E V(x, z) n A, and let S be a minimum cutset for v.
Since S cannot contain x or any element of N, S must contain an element of each
V(x, y) such that y E N. For k = 1, this implies q - 1 G m. For k > 1, S must
contain at least one more element to cut a maximal chain containing

X, which
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implies INI - 1 < m - 1. Let M c Y be the set of y E Y such that V(x’, y) # 0 for
some x’ < x. If Q’ is the subposet of Q obtained by deleting x and lJ, EN { V(x, y)}
and any element of Y that is above every element of M, then Q’ux is a union of
maximal chains of Q, which implies that Q’ nA has the modified (m - l)-cutset
property. Hence we can apply induction to Q’ to obtain q < m + 1 +
0
(m - l)(k - 1).
THEOREM 3.9. g(m, h) < ~h~~‘*~, where c = em*.
Proof. By induction on m + h. For h = 1 we have w(m, 1) = g(m, 1) = m + 1 < c,
and for h = 0 we have w(m, 0) = g(m, 0) = 0. We also have ~(0, h) = g(0, h) = 1
and w( 1, h) = g( 1, h) = 2. We assume that m > 2 and h > 2. By [ 2) and the lemmas
above, we may assume that P is a proper poset with height h and A is a maximum
antichain with the modified m-cutset property.
Suppose first that P has no pair of roots, one maximal and one minimal, that
together cover all maximal chains. This case can be eliminated fairly quickly. The
subposet Q consisting of all elements between a maximal element x and a minimal
element y is a union of maximal chains and by hypothesis is disjoint from a
maximal chain Q’. By Lemma 3.3, Q has the modified m - 1-cutset property.
Furthermore,
since all its chains contain {x, y}, its width is bounded by
g(m - 1, h - 2). The poset P is completely covered by posets of this sort in which
one of the extremes is a root. By Lemma 3.4, each root is involved in at most
em such posets. Finally, the number of roots is at most m + 1. Although these
bounds cannot be achieved simultaneously, we nevertheless obtain w(P) 6
(m + l)e”g(m - 1, h - 2) < (m + l)em+(“- i)*(h - 2)L”‘- I)‘*’ < chLm’*J, by induction on m. The slack here explains why, in Construction 2.1 for fixed m and large
h, the asymptotically best selection of parameters has p = 2.
Henceforth we may assume that P has a maximal root x and minimal root y that
cover all maximal chains. We can still cover P by 2e” subposets of height h - 2, but
we cannot guarantee the m - 1-cutset property for the poset of elements between x
and y. With R = {x, JJ}, define the fringes F = F(x) u F(y), webbing W = W(x, y),
and forest T = T(x) u T(y) as described earlier. As before, we know that the
distinguished maximum antichain A is contained in F u W. Since the fringes are
nonempty, there is a maximal chain missing F’(x) and another missing F’(y), so
Lemma 3.3 implies that these have the modified m - 1-cutset property and have
width bounded by g(m - 1, h - 1). However, we have only guaranteed w(W) <
g(m, h - 2). This would lead to a recursive bound of O(hm) as obtained in [5]. To
improve the analysis for this case, we consider subposets of W.
Since T n A = 0, simplicity implies that for w E W, every maximal chain through
w contains the same elements of T, call them C(w). Let V(w) = {w’ E W:
C(w’) = C(w)}; this partitions W into disjoint subposets. Since all maximal chains
through I’(w) agree on C(w), we may assume that the minimum P-cutsets for
elements of V(w) agree outside V(w). Obeying this assumption, select a minimum
P-cutset for each webbing element. Let W, denote the webbing elements for which
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the minimum P-cutset contains an element of F. Let W, denote the webbing
elements for which the minimum P-cutset contains no fringe element. Note that W,
and W, each consists of the union of some of the subposets V(w). Define W, and
W; so that W: consists of the elements of Wi together with the elements of T that
are related to elements of Wi. Note that W; has height h - 2. We obtain the desired
bound on IAl by bounding its intersection with W, and W, separately.
Let W,nA={(a,,..
. , uk }, which by simplicity means that w( W, ) = k. Let Si be
a P-cutset for a, with at most m elements. By the definition of W;, every maximal
chain in W; passes through W, and in fact through W, n A. Every such chain C is
cut by Si, since C u (x, y} is a maximal chain in P and x, y cannot belong to Si.
Since Si has an element in F, ai thus has a W;-cutset S; = Si - F with at most m - 1
elements. Thus k < g(m - 1, h - 2).
Now consider W,. Recall that it is the union of some of the subposets V(w);
we bound their width and multiplicity.
Let u = min T(x) n C(w) and u =
max T(y) n C(w). Since the fringes are nonempty, there is a maximal chain through
u to F(x) and a maximal chain through u to F(y) that are not cut by any element
of V(w). Therefore, a P-cutset for any z E V(w) uses at least two elements outside
V(w). Also, in a P-cutset for w, the chains through V(w) must be cut by an element
of V(w). Finally, we note that V(w) n A is a maximum antichain in V(w), by
simplicity.
Hence V(w) has the modified (m - 2)-cutset property,
and
w( V(w)) <g(m - 2, h - 2). It remains only to show that the number of these
subposets is linear in h.
The posets V(w) for w E W, lie between elements of T(x) and T(y). Let
T2 = Tn W;, T,(x) = Win T(x), T2(y) = W2n T(y). We claim that T2(x) and
T,(y) have the (m - 2)-cutset property. If u E T,, choose an element w E W, related
to U, and let S be the minimum P-cutset for w. Because S n F = a for w E W, and
every element of T is related to some element of F, we conclude that S must cut
every maximal chain in T. (This also implies that T2 contains no leaf of T.) Since
both fringes are nonempty, we thus have a set of at most m - 1 elements cutting
every chain in T(x) and a similar set for T(y). Since these are trees, we may assume
these sets are antichains. For any subtree, we can raise and coalesce elements of S
as necessary to maintain an antichain of at most m - 1 elements cutting all chains.
This implies that the cutset number of Tz(x) or T&) is at most m - 2. Each of
these posets has height at most h - 2 (leaving out fringes and leaves of T). A tree
with height at most h - 2 and cutset number at most m - 2 has width at most
[(m -2)&h - 3) + llhd3 < em-*.
Since every V(w) for w E W, is attached to T,(x) and T,(y), we can count them
by considering the chains in T2 to which they are attached. More precisely, let C, D
be maximal chains in T*(x) and T,(y), and let U(C, D) be the set of V(w) for
w E W, whose attachment points are contained in Cv D. Let x’ be the minimal
element of C that is an attachment point of a subposet in U(C, D), and let y’ be the
maximal element of D that is such an attachment point. Let Q be the subposet of
P consisting of the x’, x chain C’, the y, y/-chain D’, and all the webbing posets

WIDE

F’OSETS

127

V(w) whose attachment points are in C’ u D’. Then every maximal chain of Q is a
maximal chain of P, which means that Q has the m-cutset property. By Lemma 3.8,
this means that there are at most 1 + m(h - 2) webbing posets in Q. Given the
bounds on the width of T,(x) and T,(y), this implies w(W,) < e2(m-2)[ 1 +
m(h - 2)k(m - 2, h - 2).
Putting the pieces together, we have w(P) < 2g(m - 1, h - 1) + g(m - 1, h - 2)
+ e3@”- *)[ 1 + m(h - 2)lg((m - 2, h - 2). By induction on m, this is at most
3cm_ , (j - l)Lh - I)/*_1 + e*(m - *j&C, _ *(h - 2)L”/*J - 1 < ~,hLm/zJ.
q
The argument made for W, in the proof is the reason for introducing the modified
m-cutset property. If we begin with P satisfying the m-cutset property, it is difficult
to show that W; satisfies the (m - I)-cutset property, because we do not have a
good way to construct cutsets for the elements of W; n T.
We close this section by applying the structure of optimal posets to make a few
remarks on w(m, h) for small h. It is quite easy to obtain the optimal posets when
h = 2, but already for h = 3 serious obstacles arise to an exact solution.
THEOREM 3.10. w(m, 2) = L(m + 2)*/4_).
Proof. Given the construction in Theorem 2.4, it suffices to prove the upper
bound. Choose an optimal ranked proper P, with R being the set of p roots.
Because h = 2, there is no room for webbing elements between roots. Also, there
are no cover relations between roots, by Lemma 3.2. Finally, the fringe posets have
height 1 and therefore are antichains. From these three statements we conclude that
P consists of p disjoint trees of height 2. The minimum cutset size for any root is
p - 1, and for a leaf in the ith tree it is ci - 1 + p - 1, where ci is the number of
leaves in the ith tree. We may assume c, > 1 since P is ranked, and thus w(P) = X c,.
To maximize width and satisfy all constraints, we choose c, = m + 2 -p for all i.
Thus w(P) = p(m + 2 - p), which is maximized by choosing p = L(m + 2)/2 J and
yields w(m, 2) < L(m + 2)2/4J.
Cl
Now let us consider h = 3. We believe that w(m, 3) = m3/27 + m2/3 + 4m/3. The
difficulty in establishing the leading constant lies in the question of whether the
roots in optimal posets have disjoint fringes, i.e., we have decomposed T and W
into disjoint subposets associated with particular roots or pairs of roots. In
Construction 2.1, we specified disjoint fringe posets, and it seems natural to guess
that the optimal posets will have disjoint fringes F(z). It follows from simplicity that
the fringe posets are disjoint as far from the root as A, but it seems very difficult to
prove that fringe posets in some optimal P are disjoint. This difficulty is illustrated
by the fact that for h = 3 there are posets in which every pair of fringe posets
intersect that are asymptotically as wide as the widest posets we know of.
EXAMPLES 3.11. When h = 3 and m = 0 mod 3, the poset consisting of m/3 + 1
disjoint trees of height 3 in which every non-leaf has m/3 + 1 children has cutset
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number m and width (m + 3)3/27. This has m/3 + 1 roots and disjoint fringes.
However, the poset consisting of m/3 + 1 maximal elements, m/3 + 1 minimal
elements, and an antichain of size m/3 + 1 between each pair of extreme elements
has the same cutset number and width. The roots of this poset are its set of
maximal elements or its set of minimal elements. Like the other example, this
example has no webbing, but its non-root extreme elements (called false roots)
belong to every fringe.
It is remarkable that the posets from these two very different classes have the
same width. It is even more remarkable that the recursive Construction 2.1 leads to
another class, much different from both of these, that is wider than these but only
in the linear term. For simplicity, suppose m is a multiple of 3. In the recursive
construction, we choose c = 2 and p = 2m/3, which satisfies the constraint given for
the construction. We also use I= 1. The fringe posets have cutsize 2, height 2, and
cutset number m -p + 1 = m/3 + 1. Thus they are pairs of trees having m/3 + 1
leaves. The webbing consists of antichains with cutset number m -p + 2 - 2c,
so their size is m -p - 1 = m/3 - 1. The width of the resulting poset is
2p(m/3 + 1) + b2/4](m/3 - 1) = m3/27 + m*/3 + 4m/3. The optimal tree posets use
p = m/3 + 1 and k = m/3 + 1 (k is analogous to c), which yields width m3/27 +
m*/3 + 3m/3 + 1. The posets have the same width for m = 3, but the poset with
webbing is wider for larger multiples of 3.
cl
Let us consider an optimal poset to see how trees, false roots, and webbing can
arise, using the terminology and notation developed in this section. If P is an
optimal ranked proper poset with root set R and maximum antichain A disjoint
from R, let M denote the middle level of P, and let N denote the set of extreme
elements (N = P - M). The webbing W consists of disjoint antichains between
pairs of roots. Also, since the three-element chain through any webbing element is
a maximal chain between roots, we have W c A.
Since there is no cover relation involving an up-tree or root and a down-tree or
root, the three-element chains through Ware the only chains between roots. Hence
P - (R u W) = F, i.e., T is empty. Each F(z) has height 2 and can be viewed as a
bipartite graph between its elements in M and its elements in N. The graph of F(z)
cannot contain a path of length 3, because the endpoints of the central edge would
form a 3-chain in P with z, and the element of this chain in A would violate
simplicity. Hence each F(z) is a forest of rooted trees of height 2. The trees in F(z)
have their leaves in N nA or in M n A. By simplicity, the trees in F(z) with leaves
in N n A are disjoint from all other fringes and together form trees with roots in R.
Other trees in F(z) have their leaves in Mn A; the leaves are related to a false root
in F(z) n N. Although the leaves appear in only one fringe, an extreme element can
be a false root related to many roots. Let V(z) denote the false roots related to
z E R, with V = lJ V(z). Note that F(z) = { z } is
. p ossible if V(z) is nonempty.
For y E V(z), let W(y, z) E A be the antichain between y and z. By inverting the
relationship between z and W(y, z), if necessary, we may assume for any false root
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y that # {z : y E V(z)} > 2. By prying apart the fringes in the second example above
and inverting them, we can convert it into the first example. The difficulty is
showing that this can be done in general without increasing the cutset number.
Among the posets with no false roots, which is equivalent to having disjoint fringes,
we know that the maximum width is m3/27 + O(m5’*). We have omitted this proof,
because it is of questionable value without a proof that the use of intersecting
fringes cannot asymptotically increase the width.
4. Simple Graphs and the Upper Bound for Fixed h
As described in the introduction, a set S s V(G) - (v} is a cutset for a vertex u if
S vu meets every maximal clique in G and N(u) n S = (21, and the cutset number of
G is the minimum m such that every vertex of G has a cutset of size at most m. We
study a(m, h) = max{a(G) : G E Q(m, h)}, where a(G) is the independence number of
G and @(m, h) is the collection of simple graphs having cutset number m and clique
number at most h.
By restricting O(m, h) to comparability
graphs, we obtain w(m, h) < a(m, h).
Many of the earlier arguments about w(m, h) generalize to shed some light on
a(m, h). We begin by adapting an argument from [5] to obtain an analogue for
a(m, h) of the pigeonhole bound mentioned in the introduction. As in [5] for posets,
we weaken the concept of the m-cutset property for graphs in a way that may allow
larger independent sets but nevertheless yields a recursive upper bound on a(m, h).
Let Y(h) be the collection of graphs with no (h + l)-clique. For any G E Y(h), let
a,,,(G) be the maximum size of an independent set A in G such that for every u E A
there is a set S, of at most m non-neighbors of u such that S, vu intersects every
maximal clique of G that intersects A. Note that the restriction on S, is weaker than
being a cutset for u and that the condition is applied only to vertices of A. Also, any
single vertex is such a set A in any graph. Let a*(m, h) = max{a,(G): G E Y(h)}.
Since every vertex of any graph in @(m, h) has a cutset of size at most m, graphs in
Q(m, h) that maximize independence number show a(m, h) < a*(m, h). We also have
a*(O, h) 6 1.
Ginsburg, Sands, and West [5] proved the following recursive bound for comparability graphs, but the argument holds in general.
LEMMA

4.1. a*(m, h) < ha*(m - 1, h) + 1.
ProojI Let r = a*(m, h), and let G be a graph in Y(h) with a,,,(G) = r, Let
{u,, . . . , u,} be an independent set establishing this, with S,, . . . , S, the corre-

sponding sets for the vertices. Let Q be a maximal clique containing u,. Since Q has
at most h elements and must intersect each of {S, , . . . , S, _, }, there is some vertex
u E Q belonging to at least (r - 1)/h of the sets. Without loss of generality, we may
assume u E S, if and only if i < t, where t 2 (r - 1)/h. Let S: = Si - u for 1 < i 6 t.
Now IS:I<rn-1
for each i~{l,...,
t}, and every maximal clique containing ui
must intersect each Sj for each j # i in { 1, . . . , t}. Hence a *(m - 1, h) >
t 2 (a*(m, h) - 1)/h, as claimed.
0
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From the lemma, we may conclude that a(m, h) = O(h”‘) for fixed m. In fact, this is
the correct order of growth, as shown next by a recursive construction.
THEOREM
4.2. a(m, h) >ja(m - 1, h -j + 1) for all h >j 2 1 and m 2 1. In
particular, cc(m,h) 2 (Lh/mJ + 1)” f or m, h 2 1, yielding a(m, h) E O(h”) for jixed
m.
Proof. Let G be a graph in Q(m - 1, h -j + 1) with maximum independence
number (i.e. a(G) = a(m - 1, h -i + 1)). Consider i disjoint copies G,, GZ, . . . , G,
of G and a j-clique Q = {u, , . . . ,
Connect every vertex of Gi to every vertex vk
such that k # i. The resulting graph H has an independent set formed by taking the
j copies of the maximum independent set in G. Since there are no edges between
copies of G, it is clear that H has clique number at most h. Finally, to construct a
cutset for o in H with v E G,, we use the cutset for u in Gi together with z+. On the
other hand, a vertex ui E Q meets every maximal clique except those restricted to
V(G,) u(Q - Ui), and for these it suthces to use an arbitrary vertex v E G, and the
cutset for u in Gi. In each case, the cutset has size at most m.
For the explicit value, it suffices to take j = Lb/m J + 1 at each state in the
recurrence. (Of course, this can be improved slightly by taking i = [h/ml + 1 for r
of the recursive steps, where h = r mod m.) The upper and lower bounds now imply
a(m, h) E O(h”) for fixed m.
0
Uj}.

Let us now consider fixed h. The preceding section established a(m, h) 2
w(m, h) 2 (Lm/h + 1J)h, which implies a(m, h) E n(m”) for fixed h. Our main result
implies that this is the true order of growth for fixed h; we show in general that
a(m, h) < (m + l)h. The proof requires two preliminary steps of independent interest, but these are quite short, so we do not separate them.
THEOREM
4.3. a(m, h) < (m + I)“,
and therefore
a(m, h) E O(mh) and
w(m, h) E C9(mh) for fixed h.
Proof. If G is a simple graph and x is a vertex of G let cc(x) be the number of
maximal cliques of G containing x. Define c(G) = max{co(x) : x E V(G)} and
c(m, h) = max{c(G) : G E @(m, h)}. Al so, let N(x) denote the set of vertices adjacent
to x in G (called the neighborhood of x), and let N*(x) = N(x) u {x}. Let G[x]
denote the subgraph of G induced by N*(x).
Step 1. a(m, h) < (m + l)c(m, h). To see this, note that any graph G in @(m, h)
has the m-cutset property and therefore has a set of m + 1 vertices that meets every
maximal clique. Each vertex of this set is contained in at most c(m, h) maximal
cliques of G. Also, a(G) is bounded by the number of maximal cliques in G, since
no maximal clique contains two elements of an independent set. Hence
a(G) < (m + l)c(m, h).
Step 2. If G E O(m, h) and x E V(G), then G[x] E @(m, h). To see this, suppose
that w E N(x) and S is a minimum cutset for w in G. Set A4 = S n N(x); it suffices
to show that A4 is a cutset for w in G[x]. This follows because every maximal clique
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in G[x] contains x, and hence every maximal clique of G[x] is also a maximal clique
of G.
Step 3. c(m, h) <(m + l)“- ‘. Note that by Step 1 and the constructions of
Section 2, this will complete the proof. For the bound on c(m, h), we use induction
on h. The basis h = 1 simply states that the vertices of an edgeless graph appear in
at most one clique. For the induction step, suppose G E @(m, h) and x is any vertex
of G. Let G’ = G[x]. By Step 2, G’ E cD(m, h). Let y be any vertex of N(X), and let
H = G’[y] E @(m, h). Finally, let H’ be the graph obtained from H by contracting
the edge xy.
Both x and y are elements of every maximal clique of H. Therefore,
H’ E Q(m, h - 1). This implies that the contracted vertex z = xy belongs to at most
c(m, II - 1) maximal cliques of H’. Tracing back to G’, we have y in at most
c(m, h - 1) maximal cliques of G’. Because y was chosen arbitrarily, this bound
holds for every vertex of G’ other than x.
Because G’ E +I, h), there is a set of m + 1 vertices in N(x) that meet every
maximal clique of G’. Each vertex in this set belongs to at most c(m, h - 1)
maximal cliques of G’. Since the maximal cliques of G’ are precisely the maximal
cliques of G that contain x, we have +(x) < (m + l)c(m, h - 1). Since x and G were
0
arbitrary, we have c(m, k) < (m + l)c(m, h - 1).
For fixed h, we already have a comparability graph construction that comes within
a constant factor of the upper bound. These are the graphs generated by the tree
posets, yielding a(m, h) 2 h -“m” + o(m”). We close this section with a recursive
construction that has a larger leading coefficient than h --Ir for fixed h than any
comparability graphs we know. Note that the recursive clique construction of
Theorem 4.3 for fixed m has larger order of growth in h than any known
comparability graphs. Both that construction and the construction we use for tied
h are special cases of a general recursive graph construction we call the shadow
construction S.

Given two graphs H,, H2 and a positive integer k, let S(H,, k, Hz) be the graph
G consisting of one copy of H, and disjoint copies {Gi} of H, for each k-clique of
H, , together with an edge from each vertex of Gi to each vertex of the corresponding clique, for each i. We think of G, as the “shadow” of the ith k-clique. A clique
is maximal in G if and only if it is a maximal clique in H, or consists of a k-clique
of H, together with a maximal clique in the corresponding copy of Hz. Hence
w(S(H1, k, Hz) = max(w(H,), k + o(H,)}. Furthermore, if every vertex of H, belongs to at least two k-cliques, then every maximum independent set of the resulting
graph consists of a maximal independent set from each copy of Hz. The construction in Theorem 4.4 uses H, = Kj, k = j - 1, and H, an optimal graph in
Q(m - 1, h -j + 1).
THEOREM 4.4. For h 2 1 and m 2 0, a(m, h) 2 ( 5/4)L(h- ‘)“j(rn + h)/l~]~.
Proof. We construct a family of graphs G(m, h). For h > 2, the graph is
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constructed recursively, using the shadow construction with H, being a composition
of the five-cycle with independent sets of size k. In particular, let Fk be the
five-partite graph with partite sets A’,, . . . , A’, of size k, such that vertices are
adjacent if and only if the indices of their partite sets are cyclically consecutive.
Then for a suitably chosen k we construct G(m, h) = S(F,, 2, G(m + 2 - 4k, h - 2)).
We begin by choosing G(m, 1) to be an independent set of m + 1 vertices and
G(m, 2) to be the disjoint union of L(m + 2)/2J stars, each having [(m + 2)/21
leaves. The independence number of G(m, 2) is L(m + 2)‘/4J, which is optimal.
For h > 2 let u be a vertex in the copy of G(m + 2 - 4k, h - 2) built on an edge
xy of Fk. Since x and y cannot be in a cutset for u, we must have in a cutset for u
a vertex for the copy of G(m + 2 - 4k, h - 2) built on every other edge of Fk
involving x or y. Including the edge of Fk, these subgraphs meet only at x or y.
There are 4k - 2 such edges. We must also use a cutset for u in the copy built on
xy. Hence a cutset for v requires at least m elements, and this is achieveable by
adding 4k - 2 elements of Fk. For elements of i;x, there is a cutset of size 3k - 1.
Since there are 5k2 copies of G(m + 2 - 4k, h - 2) in G(m, h), we obtain the
recursive lower bound a(m, h) 2 5k2a(m + 2 - 4k, h - 2). (Compare this with the
recursive lower bound w(m, h) >jw(m + 1 -j, h - 1) obtained by using i disjoint
posets with cutsize 1.) Note also that this recurrence is not valid when h = 2,
because then the maximum independent set does not come from copies of
G(m + 2 - 4k, h - 2).
We apply the recurrence L(h - 1)/2J times to obtain a lower bound. Maximizing
the bound resulting from this is essentially a matter of maximizing the product of
numbers with fixed sum, which is achieved by setting them equal. Using the same
value of k at each iteration, we obtain a(m, h) > ($k)”
- 2a(1, 2) for h even and
a(m, h) > (fik)h‘a(/, 1) for h odd. The values k and I satisfy (4k - 2)L(h - l)/
2J + 1= m. Ignoring the requirement of integrality to obtain leading behavior, we
choose k = (m + h)/(2h). This yields I= 2m/h when h is even and I= m/h when h
0
is odd. The resulting value of the objective is (5/4)L(” - 1)12J[(m+ h)/hlh.
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