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Definition. A parity walk in an edge-colored graph is a walk along which each color is used
an even number of times ([2]). Let p(G) denote the least number of colors in a parity edgecoloring of G, which is a coloring having no parity path. Let pb(G) denote the least number of
colors in a strong parity edge-coloring of G, which is a coloring having no open parity walk.
Note pb(G) ≥ p(G) ≥ χ′ (G), and they are monotone under taking subgraphs.

Theorem 1. A tree T embeds in the k-dimensional hypercube Qk if and only if p(T ) ≤ k.
Corollary 2. A graph G is a subgraph of Qk if and only if G has a parity k-edge-coloring
in which every cycle is a parity walk.
Corollary 3. For G connected, p(G) ≥ ⌈lg |V (G)|⌉, with equality for paths and even cycles.
Theorem 4. If n is odd, then p(Cn ) = pb(Cn ) = ⌈lg n⌉ + 1.
THEOREM 5 ([3]). pb(Kn ) = 2⌈lg n⌉ − 1.

The upper bound is by canonical coloring: assign binary vectors to vertices and their sum
to edges. The lower bound involves binary vector spaces (parity vectors of closed walks).

Conjecture 6. p(Kn ) = 2⌈lg n⌉ − 1 for all n.

[Equaling pb(Kn ); proved for n ≤ 16.]

Conjecture 7. p(Kn,n ) = pb(Kn,n ) = 2⌈lg n⌉ for all n. More generally, pb(Kr,s ) = r ◦ s for all
r and s, where
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This would strengthen Yuzvinsky’s Theorem [8, 7, 5] on sums of sets of binary vectors.
Conjecture 8. p(G) = pb(G) for every bipartite graph G.
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Question 9. What is the maximum of pb(G) when p(G) = k?
[If G is obtained by
merging a vertex of K3 with an endpoint of P8 , then pb(G) = 5 > 4 = p(G). All our examples
with pb(G) > p(G) have difference 1 and contain odd cycles.]

Question 10. What are the extremal values of p(G) among graphs (or trees) with various
subsets of ∆(G), diam(G), |V (G)|, or |E(G)| fixed?
Question 11. Which connected graphs G satisfy p(G) = ⌈lg n(G)⌉?

pb(G) = ⌈lg n(G)⌉?

Question 12 (Mubayi). Does there exist a parity edge-coloring of K2k with (1 + o(1))2k
colors that is “far” from the canonical coloring?
Question 13. For what graphs G and H does equality hold in pb(GH) ≤ pb(G) + pb(H)?

Definition. A nonrepetitive edge-coloring [1] is an edge-coloring in which no pattern repeats
immediately along a path. A conflict-free coloring [6] is an edge-coloring in which every path
uses some color exactly once; it is an edge-ranking [4] if on every path the highest-indexed
color appears once. Let π ′ (G), c(G), r(G) be the least numbers of colors needed.
Note r(G) ≥ c(G) ≥ p(G) ≥ π ′ (G) ≥ χ′ (G).

Question 14. What is the maximum of c(G) when p(G) = k? Over trees with p(G) = k?
Question 15. What is the maximum of p(T ) or pb(T ) when T is an n-vertex tournament?
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