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Consider the operation on permutations consisting of removing the leading
element and inserting it somewhere in the string. The number of such operations
required to sort a permutation u of {I,.... n) into increasing order is n-k,
where k
is the largest integer such that the last k entries of c form an increasing sequence.
There is a deterministic version of the problem, in which the leading element is
always inserted into the position equal to its value, and the process ends when 1
reaches the front. The permutation requiring the greatest number of steps to termination is 23. .. nl, and it requires 2”-’ - 1 steps. 11” 1987 Academic Press. Inc

1. INTRODUCTION
Some people sort canceled checks each month by the following
procedure. They hold the stack of checks in one hand, and with the other
hand they remove the check at the front and insert it at some appropriate
later position in the stack. For example, they may build up a sorted permutation of the checks seen thus far at the back of the stack. In this way,
they can always complete the sorting in one pass through the checks. In
fact, this procedure uses the minimum number of operations. We also consider a deterministic version of the problem. Both versions arose as variants
of the corresponding versions of the pancake problem.
The pancake problem, originally
prosed by Goodman
under the
pseudonym Harry Dweighter [ 11, asks for the worst-case complexity of
sorting permutations by prefix reversal; i.e., the elementary operations are
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flipping a top portion of a stack of pancakes. Gates and Papadimitriou
[4]
showed that the worst-case complexity of sorting n-element permutations
with this operation is between 17n/16 and 5n/3. Related questions can be
generated by allowing flips of non-leading strings or by requiring the pancakes to finish face up (the so-called “burnt pancake problem”). A deterministic version of the problem arose in England and was circulated by
Berman and Klamkin. In this the number of items to be flipped at the next
step is precisely the value of the top element. The procedure terminates
when element 1 reaches the top. Knuth [2] found an upper bound of
1 + F, for the longest flipping sequence on n-element permutations, where
F, is the nth Fibonacci number. The answer is thought by many to be
quadratic, but no non-linear lower bound is known.
A systematic way of obtaining variations of both the deterministic and
sorting versions is to consider other operations applied to the beginning of
the permutations. Canlield and Robbins [3] have considered a number of
such operations. In this note we study both versions for the operation of
head insertion. This is the operation of inserting the leading element at
some other position in the stack. In the sorting version, the leading element
may be inserted at any position of choice. In the deterministic version, the
leading element must move to position i if its value is i. The elements from
position 2 through the destination of the leading element slide forward one
position. We show that the number of insertions required to sort a permutation can be computed exactly by examining the back part of the
permutation, (n - 1 in the worst case), while the number of insertions in
the deterministic version is 2”-’ - 1 in the worst case.

2. THE SORTING PROBLEM
THEOREM 1. The number of insertions required to sort a permutation CJ
by head insertions is n - k, where k is the largest integer such that the last k
entries of ISform an increasing subsequence.

Proof. To sort o with this many insertions, enlarge the increasing
sequence at the rear of o by one with each insertion. That is, insert the
leading element in the unique position such that it will enlarge that increasing sequence. After n -k steps, the permutation will end with an increasing
sequence of size n, which can only be the fully sorted permutation.
The lower bound is equally easy. To obtain the sorted permutation from
rr, the order of cnpk and crnek+, must be changed. Since changes occur
only by stripping elements off the top, this means that all the elements
preceding tr, _ k + 1 must be stripped, so that at least n-k operations must
be performed. 1
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The theorem applies equally well to achieving an arbitrary permutation;
simply define “increasing sequence” with respect to the target permutation. We also note that the number of permutations requiring precisely
n -k insertions is k( k; ,)(n - k - l)! = kn!/(k + 1)! for k < n and 1 for
k = n, which gives a combinatorial
interpretation
of the identity
C; = 1k/(k + 1 )! = 1 - l/n!.
3. THE DETERMINISTIC

PROBLEM

A prefix reversal changes only one adjacency in a permutation, whereas
a head insertion changes two. From this point of view one might expect
deterministic insertion to terminate more quickly than deterministic prefix
reversal. However, this is not the case.
LEMMA.
Under deterministic head insertion, the value n-k
the front at most 2k times.

appears at

ProoJ By induction
on k. For k =O, note that the value n goes
immediately to the rear if it reaches the front, and nothing can ever make it
move again. Now consider n -k for k > 0. After each time it appears at the
front, a higher value must appear at the front to enable it to start moving
forward again. Counting the first appearance, this bounds its appearances
by 1 +cf=;
2i=2k.
1

This lemma immediately yields the correct upper bound, since there must
be some value (exceeding 1) at the front before each step. Summing over
the appearances of each possible value, we get a bound of C’J!!~ 2k =
2”- ’ - 1. However, we can give more detail, which in addition yields the
unique permutation achieving the bound.
THEOREM 2. If CJis a permutation with ok = 1, then deterministic insertion on a takes at most 2k- ’ - 1 steps. This is best possible, and is attained
only by the permutations of the form 23. . . (k - 1) x1x ’ ’ . x, where x denotes
any value at least k. Furthermore, if the process is executed on such a permutation, then the numbers 123 ‘. . (k - 1) appear at the front in order when
the process terminates.

ProoJ: By induction on k. For k = 1, 1 is already at the front, and we
get 0 steps. For k > 1, consider what is required to start item 1 moving
forward. An item with value at least k must reach the front. To get there
before 1, it must precede 1 in 6. Let y be the earliest such item in (r, say at
position j< k. Since y reaches the front before element 1 moves, the
sequence of head values before 1 moves will be the same in the permutation

SORTING BY HEAD INSERTION

309

rr’ obtained from o by interchanging elements y and 1. By induction, there
are at most 2j- ’ - 1 steps (on 0) until y reaches the front. The next step
moves 1 from position k to position k - 1. By induction, at most 2k- 2 - 1
steps now remain. Hence the total number of steps is at most 2’-’ - 1 +
1+2k-2<2k-‘-1.
To achieve the bound, a permutation must take the maximum number of
steps in each phase. This requires first that the only item with value at least
k appear in position j = k - 1. Next, by induction moving this element to
the front will take 2k ~ 2 - 1 steps only if u begins as 23.. . (k - 1) xl. If this
is so, then applying induction to the permutation (T guarantees that after
2k ~ 2 - 1 steps o turns into the permutation beginning as x23 . . . (k - 1) 1.
After the next step, its first k - 1 positions are 23 . . . (k - 1) 1. Applying the
induction hypothesis again says that 2k-2 - 1 more steps produce a permutation beginning as 12 ... (k - 1). This statement completes the induction step. 1
In fact, ifj is the position of the earliest number at least k, then it takes
at most 2’- ’ steps to move 1 from position k to position k - 1. Hence a
more detailed analysis can be given, but it is not clear that determination
of the number of steps required is in general easier than running the
procedure. Indeed, it is possible that determining the number of steps this
procedure takes on an arbitrary permutation is NP-hard.
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