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Abstract

A cubic nonlinear Schrödinger equation (NLS) with periodically varying dispersion coefficient, as it arises in the context
of fiber-optics communication, is considered. For sufficiently strong variation, corresponding to the so-called strong disper-
sion management regime, the equation possesses pulse-like solutions which evolve nearly periodically. This phenomenon is
explained by constructing ground states for the averaged variational principle and justifying the averaging procedure. Fur-
thermore, it is shown that in certain critical cases (e.g. quintic nonlinearity in one dimension and cubic nonlinearity in two
dimensions) the dispersion management technique stabilizes the pulses which otherwise would be unstable. This observation
seems to be new and is reminiscent of the well-known Kapitza’s effect of stabilizing the inverted pendulum by rapidly moving
its pivot. © 2001 Published by Elsevier Science B.V.
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1. Introduction

Parametrically excited NLS with time-periodically varying dispersion coefficient

iut +D(t)�u+ C(t)|u|nu = 0

in one, or two, spatial dimensions is shown to support stable pulse propagation. Such equations naturally arise as
the wave-envelope approximations for light propagation in weakly nonlinear media. Our work is motivated by the
problem of electromagnetic wave propagation in an axisymmetric optical fiber, which is relevant to fiber-optics
communication systems. However, our results, especially the analog of Kapitza’s stabilization effect, apply in other
situations where such nonlinear wave equations with periodically varying dispersion coefficient arise.

In the problem of an electromagnetic wave propagating in an optical waveguide the envelope equation takes the
form:

iuz +D(z)uττ + C(z)|u|2u = 0, (1)
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where u is the complex amplitude of the wave-envelope, z the distance along the fiber, τ the retarded time, D the
group velocity dispersion, and C accounts for the loss and amplification effects. 1

The dispersion and nonlinear terms in the above equation reflect the two physical mechanisms that together affect
the propagation of stable pulses. The popular technique, called dispersion management, was introduced in this
decade (see, for instance [4]) with the idea of creating rapidly varying dispersion with approximately zero mean by
using fibers with short alternating sections having opposite dispersion. Such rapid variation would on the one hand
make the nonlinearity effectively small and, on the other hand, will bring the pulse to its original shape after each
period due to the zero average variation of the dispersion.

The performance of the technique was beyond the most optimistic expectations; a properly prepared pulse
periodically resumed its shape for hundreds of periods. It was longer than the calculations based on the effective
nonlinearity predicted [5]. The stable pulse was also found in the case of zero and negative average dispersion,
which, in terms of cubic NLS, corresponds to a defocusing regime. Therefore, the stable pulse in (1), called the
dispersion managed (DM) soliton, appears to be more suitable for information transmission than the classical soliton
in cubic NLS, which has been considered a promising possibility for the past decade [9].

As a consequence, DM fibers are now produced commercially and the corresponding fiber-optics transmission
lines operate in the WDM regime (with a number of channels each having a different carrying frequency and
different propagation speed). The pulses in different channels, thus, move through each other with little distortion
confirming the strong stability properties of DM systems.

In spite of these technological advances, a theoretical understanding of the DM soliton has been missing. The exist-
ing explanations are largely numerical or phenomenological assuming a priori existence (and stability) of the pulse.

In this paper, we explain this phenomenon by showing that the DM soliton corresponds to a ground state of
an averaged variational principle. 2 By far the most unexpected fact is that the ground state may even exist in the
mean-zero dispersion case, when the corresponding NLS has no stable pulse-solutions at all. This possibility arises
because the averaged functional is bounded from below, which is due to certain smoothing properties of the linear
Schrödinger equations. Recently, these averaging effects have also been used by Zakharov and Manakov [19] to
show that in a certain limit the averaged equation becomes integrable.

Based on the smoothing properties of dispersion management, we show that other related systems that arise in
applications may possess ground states in the presence of rapidly varying coefficients. Specifically, we consider
critical cases where all the pulse-solutions are unstable and show that periodic variation of the dispersion coefficient
(dispersion management) creates an averaged functional that admits ground states. This is an infinite dimensional
analog of Kapitza’s effect of stabilizing the inverted pendulum with rapid oscillations of the pivot [11].

2. Nearly periodic behavior of the dispersion managed soliton

We start with the wave-envelope equation, derived from Maxwell’s equations, guiding the propagation of elec-
tromagnetic pulses in optical fibers in the strong dispersion management regime as derived by Gabitov and Turitsyn
[5,6]. This is a nonlinear Schrödinger equation with periodically varying coefficients

iuz + 1

ε
d

( z
ε

)
uττ + C

( z
ε

)
|u|2u+ αuττ = 0,

1 In the original evolutionary equation the loss and amplification are represented by the linear term iAz + D̃(z)Att + |A|2A = i(−γ +G(z))u.
However, applying the transformation A(z, t) = u(z, t) exp

∫
(−γ + G(z)) dz, we obtain the above equation, provided the amplification and

damping are balanced (γ = 〈G〉) and the periods of dispersion management and amplification coincide.
2 Simultaneously, Kunze [10] established the existence of solutions of the averaged standing wave equation (4) by applying an abstract

bifurcation theorem. Using a mountain pass lemma in combination with a localization lemma proven in this article, we establish a similar result,
specified to this application, see Appendix A.
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where d(Z) = D(Z) − εα(z = εZ) is a mean-zero part of group velocity dispersion (α is called a residual
dispersion), C(Z) is positive for physical reasons and assumed to be periodic with the same period as D(Z). After
rescaling distance, we obtain

iuZ + d(Z)uττ + ε(C(Z)|u|2u+ αuττ ) = 0,

Now, transforming Z and introducing the notation t = t (Z), t ′(Z) = C(Z), x = τ , we obtain the equation

iut + d(t)uxx + ε(|u|2u+ αuxx) = 0,

where the mean-zero component of the group velocity dispersion d is denoted by the same letter, 3 u is the complex
amplitude of the electric field, t the propagation distance and x the retarded time. Note that average dispersion and
nonlinearity are small compared to the local dispersion, which is a characteristic feature of the strong dispersion
management.

We first derive the slowly varying Hamiltonian and average it over the period. The above equation possesses a
Hamiltonian functional similar to that of cubic NLS

H =
∫ +∞

−∞

(
d(t)|ux |2 + ε

(
α|ux |2 − 1

2
|u|4

))
dτ.

Solving the unperturbed equation (with ε = 0), we obtain u(x, t) = T (t)u(x, 0), where T (t) is the fundamental
solution of iut + d(t)uxx = 0. The family of unitary operators T (t) is periodic T (t + 1) = T (t) since 〈d〉 = 0.

Using the solution of the linear system obtained by the method of variation of constants, we introduce a canonical
transformation u = T (t)v. The new Hamiltonian takes the form

H = ε
∫ +∞

−∞

(
α|vx |2 − 1

2
|T (t)v|4

)
dx

with the corresponding Euler–Lagrange equation

ivt + εαvxx + εQ(v, v, v, t) = 0, (2)

where

Q(v1, v2, v3, t) = T −1(t)(T (t)v1T (t)v2T (t)v3).

We now turn to the averaged variational principle

〈H 〉 = ε
∫ +∞

−∞

∫ 1

0

(
α|vx |2 − 1

2
|T (t)v|4

)
dx dt (3)

with the corresponding averaged equation (see [1,5])

ivt + εαvxx + ε〈Q〉(v, v, v) = 0, (4)

where

〈Q〉(v1, v2, v3) =
∫ 1

0
Q(v1, v2, v3, t) dt.

In the transformed equation, v is a slowly varying (at least formally) variable. Therefore one can expect to be
able to apply an averaging procedure. Indeed, using the methods developed in [14], and by one of the authors in
[8], we justify the averaging procedure in Section 4.

3 Strictly speaking, the old and new d differ by an ε-dependent term. However, we assume that d does not depend on ε in order not to burden
the exposition. The analysis in this paper would apply to an ε-dependent d with no changes.
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The solutions of the averaged equation turn out to be close to the solutions of the original equation in the following
sense. On the interval 0 ≤ t ≤ Cε−1, there exists a solution of the averaged equation (4), which is bounded in a
Sobolev space ‖v(t)‖Hs ≤ C if ‖v(0)‖Hs ≤ C for sufficiently large s. Furthermore, the solution ṽ(x, t) of the full
equation (2), with the same initial data ṽ(0, x) = v(0, x) is close to the solution of the averaged equation

‖v(t)− ṽ(t)‖Hs−3 ≤ Cε
for 0 ≤ t ≤ Cε−1.

On the other hand, the averaged equation possesses a family of ground state solutions, which together with
the averaging result will imply the existence of nearly periodic stable pulses. Now, we formulate the constrained
minimization problem, whose solution will be the ground state of the averaged equation.

The averaged equation (4) is phase invariant and therefore possesses a conserved quantity

P(v) =
∫ +∞

−∞
|v|2 dx.

Thus, it is natural to consider the constrained minimization problem

Pλ = inf{E(v) = 〈H 〉(v), v ∈ H 1, P (v) = λ}.
The idea is to find a minimizing sequence {vk}k=∞

k=1 (P(vk) = λ,E(vk) → Pλ), such that vk → v, which would
be a minimizer satisfying the Euler–Lagrange equation. This is the subject of Section 3, where, for the case of
positive average dispersion (α > 0), we give a complete proof of existence of ground state solutions. In the case
of mean-zero dispersion (α = 0) we verify a nontrivial necessary condition of boundedness of the infimum from
below.

In the positive average dispersion case, the obtained ground state satisfies weakly the Euler–Lagrange equation
(4) as a standing wave solution, i.e.

−ωv + εαvxx + ε〈Q〉(v, v, v) = 0.

Using the classical bootstrapping procedure we show that the minimizer is smooth. Namely, as 〈H 〉(v) is finite,
v ∈ H 1 and therefore 〈Q(v, v, v)〉 is inH 1, and using the Euler–Lagrange equation we obtain that −ωv+ εαvxx ∈
H 1, that is v ∈ H 3 (using, for instance, the Fourier transform to invert −ωv + εαvxx). This, in turn, implies that
〈Q(v, v, v)〉 is in H 3 and, again using the Euler–Lagrange equation, that v ∈ H 5 and we can iterate the process.
We obtain v ∈ Hs for every s, and in particular v ∈ C∞.

Now, we can construct a set of initial data that behave nearly periodically. We take our initial data v(x, 0) close
to the ground state solution, which we will denote by vg(x)

‖v(0)− vg(0)‖H 4 ≤ Cε
and using the notation: ṽ(t), v(t) (v(0) = ṽ(0)) are the solutions of the original and averaged equation, respectively,
we estimate

‖ṽ(t)− ṽg(t)‖H 1 ≤ ‖v(t)− ṽ(t)‖H 1 + ‖v(t)− vg(t)‖H 1 ≤ Cε
for the time interval 0 < t < Cε−1. The two terms on the right-hand side

‖v(t)− ṽ(t)‖H 1 ≤ Cε, ‖v(t)− vg(t)‖H 1 ≤ Cε
are estimated by the averaging theorem and by the local existence theorem for the averaged equation, respectively.
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We have shown therefore that the initial pulse with sufficiently fast decay in Fourier space and close to the ground
state of the averaged variational principle will stay nearly periodic for t ≤ Cε−1.

Finally, following the standard approach ([3,17]), we establish orbital stability of the ground state solutions of
the averaged equation. Let Sλ be the set of ground states

Sλ = {vg : ‖vg‖H 1 <∞, 〈H 〉(vg) = Pλ, P (vg) = Pλ}
then for any ε > 0 there exists δ > 0 so that for any v close to vg ∈ S, that is

inf
vg∈Sλ

‖v − vg‖H 1 < δ we have inf
vg∈Sλ

‖vg(t)− v(t)‖H 1 < ε.

The proof of this fact uses conservation laws and the above concentration–compactness principle, see [3].

3. Constrained minimization procedure

In this section we describe the constrained minimization procedure for the averaged equations using the concentra-
tion–compactness principle [12]. The constrained minimization problem is defined by

Pλ = inf{E(v) = 〈H 〉(v), v ∈ H 1, P (v) = λ}, (5)

where

〈H 〉 = ε
∫ +∞

−∞

∫ 1

0

(
α|vx |2 − 1

2
|T (t)v|4

)
dx dt.

The solution of the minimization problem depends on the sign of the averaged dispersion α. Below, we consider
the three cases (α > 0, α = 0, α < 0) separately.

3.1. Positive average dispersion

In this case, we have a complete proof of the existence of a minimizer (or a ground state). First, we show
that −∞ < Pλ < 0. The left part of the inequality is required so that a hypothetical minimizer could satisfy
Euler–Lagrange equation. The second inequality (Pλ �= 0) is necessary to rule out trivial minimizing sequences,
such as

vk(x) = 1√
4πk/λ

exp

(
−x

2

4k

)
,

which converge to v ≡ 0.
By integrating over t the inequality of Sobolev type

‖T (t)v‖4
L4 ≤ 1√

3
‖Tvx‖L2‖Tv‖3

L2 = 1√
3
‖vx‖L2‖v‖3

L2 = 1√
3
λ3/2‖vx‖L2 (6)

we obtain∫ 1

0

∫ +∞

−∞
|T (t)v|4 dx dt ≤ 1√

3
λ3/2‖vx‖L2 , (7)

which implies

E(v) ≥ ‖vx‖2
L2 − 1√

3
λ3/2‖vx‖L2 ≥ −λ

3

12
.
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Using self-similar solutions of the linear equation corresponding to Gaussian pulses we show, by straightforward
calculations, see Appendix B, thatPλ < 0 for any λ > 0. Note that for any minimizing sequence ‖vk‖H 1 is bounded,
for otherwise E(vk) would have infinitely many positive terms by the inequality (7). Next, we show that for any
minimizing sequence vk there exists a subsequence vkm and xm ∈ R such that wm(x) = vkm(x − xm) converges to
a pulse-like solution u.

First, applying Lion’s concentration–compactness principle, see Theorem 6.1 in Section 6, we find that there is
a minimizing sequence wm such that for any ε > 0 there exists an R > 0∫ +R

−R
|wm(x)|2 dx > λ− ε. (8)

Now, we apply the well-known argument to establish the strong convergence, see [3], with a slight modification
due to the nonlocal properties of 〈H 〉. Since ‖wm‖H 1 < ∞ there exists a subsequence, also denoted wm, which is
weakly convergent in H 1, i.e. wm ⇀ u for some u ∈ H 1.

For any R > 0, the embedding H 1 ↪→ L2(x ∈ [−R,R]) is compact and therefore∫ R

−R
|u|2 dx = lim

m→∞

∫ +R

−R
|wm|2 dx.

Together with (8), this implies∫ +∞

−∞
|u|2 dx > λ− ε for any ε > 0

and therefore∫ +∞

−∞
|u|2 dx = λ, and um → u in L2.

We now show that ‖wm − u‖H 1 → 0. Applying the above inequality to (wm − u) we obtain

∫ +∞

−∞
|wm − u|4 dx ≤ C

∫ +∞

−∞
|∂xwm − ∂xu|2 dx

(∫ +∞

−∞
|wm − u|2 dx

)3/2

.

Since u and wm are bounded in H 1 we obtain

∫ +∞

−∞
|wm − u|4 dx ≤ C

(∫ +∞

−∞
|wm − u|2 dx

)3/2

and taking the limit we conclude that∫ +∞

−∞
|wm − u|4 dx → 0.

Applying the same argument to T (t)wm − T (t)u we establish

T (t)wm → T (t)u

and therefore∫ +∞

−∞

∫ 1

0
|T (t)wm|4 dx dt →

∫ +∞

−∞

∫ 1

0
|T (t)u|4 dx dt.
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Since wm weakly converges to u and the Sobolev norm ‖ ∗ ‖H 1 is weakly lower semi-continuous, we obtain the
inequality

‖u‖H 1 ≤ lim
m→∞inf‖wm‖H 1 ,

which together with P(wm − u)→ 0 implies P(ux) ≤ inf limm→∞P(∂xwm). Therefore E(u) ≤ limm→∞E(wm)
but this can only happen if E(u) = limm→∞E(wm) and thus ‖u‖H 1 = limm→∞‖wm‖H 1 which, together with
weak convergence, implies strong convergence: ‖wm − u‖H 1 → 0.

3.2. Mean-zero averaged dispersion

In case of a mean-zero averaged dispersion (α = 0), the averaged functional cannot be shown to be bounded from
below by the estimates of Sobolev type (6), since we have no control on the derivative. However, we can invoke the
space–time estimates of Strichartz type, which are consequences of a subtle smoothing effect in linear Schrödinger
equations, see e.g. [7,15].

Consider, for example, the free Schrödinger equation on the line

iut + uxx = 0, (9)

posed in L2(R). Then any solution of (9) is bounded in L6(R× R), see [3], and(∫ +∞

−∞

∫ +∞

−∞
|u(x, t)|6 dx dt

)1/6

≤ C
(∫ +∞

−∞
|u(x, t)|2 dx

)1/2

≤ Cλ1/2,

where C is a constant. Since |u|4 ≤ |u|2 + |u|6 we obtain∫ 1

0

∫ +∞

−∞
|u(x, t)|4 dx dt ≤

∫ +∞

−∞

∫ +∞

−∞
|u(x, t)|6 dx dt +

∫ 1

0

∫ +∞

−∞
|u(x, t)|2 dx dt ≤ Cλ3 + λ.

Using this observation, we prove

Theorem 3.1. Let d(t) ∈ C1([0, 1]) and have a finite number of nondegenerate zeros, then the averaged Hamilto-
nian is bounded from below

〈H 〉(u) = −
∫ 1

0

∫ +∞

−∞
|T (t)u(x)|4 dx dt ≥ −Ndmax(Cλ

3 + λ).

Proof. Divide the interval [0, 1] into subintervals [ti , ti+1]i=ni=1 so that d(t) = 0 if and only if t = t2i . On each
interval [t2i , t2i+1] we can make a transformation s = D(t) so that D(t) = ∫ t

t2i
d(t) dt . The equation

iut + d(t)uxx = 0

will be transformed into

ius + uxx = 0

on the interval 0 ≤ s ≤ D(t2i+1). Therefore, we can estimate the averaged Hamiltonian

∫ 1

0

∫ +∞

−∞
|T (t)u(x)|4 dx dt ≤

N∑
i=1

∫ D(t2i+1)

0

∫ +∞

−∞
d(t (s))|T0(s)ui(x)|4 dx ds ≤ Ndmax(Cλ

3 + λ) �

Obviously, Pλ < 0 since any u satisfying the constraint would give 〈H 〉(u) < 0. It is also easy to see that the
sub-additivity condition, obtained in Lemma 6.2, also holds in this situation, which is a necessary condition for the
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successful application of the concentration–compactness principle. Unfortunately, the lemma on the localization
bound does not apply in this case since we do not have any bound in H 1. Moreover, in L2, the natural space for
the mean-zero case, the lemma is false, since a vanishing initial condition can localize in finite time if it is highly
oscillatory.

Remark 3.1. Even if there is a ground state with α = 0 in H 1 some minimizing sequences will not converge
strongly in H 1 to a ground state, even up to translations and rotations, since adding high frequency radiation at
the tails will not destroy the minimizing sequence, as it may still approach the infimum. On the other hand, this
modification can produce finite change in H 1.

3.3. Negative average dispersion

In this case, the minimization problem cannot have globally minimizing ground state solutions since Pλ = −∞.
Moreover, we show that if there are critical points they can only be saddles or maxima.

Theorem 3.2. Let u be a critical point of the constrained averaged variational principle (3) with negative average
dispersion, then, for any ε, there exists v ∈ H 1, ‖v‖2

L2 = λ, ‖u− v‖H 1 < ε and 〈H 〉(u) > 〈H 〉(v).

Proof. First, if u is a critical point of the constraint averaged variational principle (3) with α < 0 then u ∈ H 1 for
otherwise 〈H 〉 would be unbounded.

Now, we can perturb u with an arbitrarily small high frequency radiation at the tails, which will produce a small
change in H 1 but yet even smaller change in L2 and L4([0, 1], L4(R)).

We start with defining the perturbation un = u+ vn, where

vn = 1

n2
ein(x−an)ρ(x − an),

ρ ∈ C∞
0 ([−0.5, 0.5]), 0 ≤ ρ ≤ 1 and an > 0 is specifiably large and will be chosen in the course of the proof.

Now, we estimate∫
|un|2 dx =

∫
|u|2 +

∫
|vn|2 + 2Re

∫
ūvn =

∫
|u|2 + O

(
1

n4

)
+ O

(
1

n2+qn

)
= λ+ α(n),

where α(n) = O(n−1/4), |u(x)| < (1/nqn) for x > 1
2an,∫

|∂xun|2 =
∫

|∂xu|2 +
∫

|∂xvn|2 + 2Re
∫
∂xū∂xvn

=
∫

|∂xu|2 + cρ

n2
+

∫
ū∂xxvn =

∫
|∂xu|2 + cρ

n2
+ O

(
1

nqn

)

and finally∫ 1

0

∫
|Tun|4 dx dt =

∫ 1

0

∫
|Tu|4 dx dt + R,

where

|R|≤
∫ 1

0

∫
|Tvn|4 dx dt + C1

∫ 1

0

∫
|Tu|3|Tvn| dx dt+C2

∫ 1

0

∫
|Tu|2|Tvn|2 dx dt+C3

∫ 1

0

∫
|Tu||Tvn|3 dx dt.

These integrals are estimated using the lemma on the localization bound and turn out to be small.
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By scaling the sequence with
√
λ+ α(n), we obtain a new sequence u′

n satisfying the constraint ‖u′
n‖2
L2 = λ and

satisfying

〈H 〉(u′
n) < 〈H 〉(u)

and

‖u′
n − u‖H 1 → 0 if n→ ∞. �

Remark 3.2. It appears from numerical simulations of case of negative average dispersion that the stable propagation
of a DM pulse is observed only for small values of α and, even in these cases, the pulse is permanently shedding some
radiation. Based on the last theorem, a possible explanation is that the DM pulse in the negative average dispersion
case corresponds to a metastable state of the averaged variational principle, the unstable directions corresponding
to a high frequency radiation due to the term −α ∫ |vx |2 in the Hamiltonian.

4. Averaging theorem

The strategy of the study follows closely the approach of [8,14] (these two papers dealing with the high rotation
and incompressible limits in fluid mechanics, respectively).

4.1. Smoothing properties of the averaged 〈T 〉 operator

Let us first investigate the properties of the operator 〈T 〉 defined by

〈T 〉u =
∫ 1

0
T (t)u dt. (10)

Taking the Fourier transform we obtain

F(〈T 〉u)(ξ) = θl(|ξ |2)Fu(ξ),
where

θl(ξ) =
∫ 1

0
exp

(
i
∫ τ

0
d(τ ′)ξ dτ ′

)
dτ. (11)

The computation of θl can be done for instance in the case d(τ) = 1 for 0 ≤ τ ≤ 1
2 and d(τ) = −1 for 1

2 < τ < 1.
We then have θ(t, |ξ |2) = exp(i|ξ |2t) for 0 ≤ t ≤ 1

2 and = exp(i|ξ |2(1 − t)) for 1
2 ≤ t ≤ 1. Hence in this case,

θl(ξ) = 2
exp( 1

2 i|ξ |2)− 1

i|ξ |2 ,

therefore |θl(ξ)| ≤ C/(1 + |ξ |2) for some constant C. In this particular case, 〈T 〉 is a continuous operator fromHs

to Hs+2 for every s ≥ 0. This is also true for general d using stationary phase arguments.

4.2. Properties of 〈Q〉
We have

FQ(v1, v2, v3)(t, ξ) =
∫
η1−η2+η3=ξ

θl(η
2
1 − η2

2 + η2
3 − ξ2)Fv1(η1)Fv

6
2(η2)Fv3(η3) dη1 dη2 dη3.

First, as T is an isometry of H 1(R),

‖Q(v1, v2, v3)‖H 1 ≤ C‖v1‖H 1‖v2‖H 1‖v3‖H 1 ,
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hence

‖〈Q〉(v1, v2, v3)‖H 1 ≤ C‖v1‖H 1‖v2‖H 1‖v3‖H 1 . (12)

Secondly,∫
v6〈Q〉(v, v, v) ∈ R.

〈Q〉6(v1, v2, v3) = 〈Q〉(v61, v62, v63). (13)

Moreover,∫
(∂1〈Q〉.∂xv)∂xv6 ∈ R. (14)

4.3. Limit equation

Rescaling (4) in time by changing t into t/ε gives

ivt + αvxx + 〈Q〉(v, v, v) = 0. (15)

The structure of (15) is very close to the structure of cubic nonlinear Schrödinger equation (NLS) and we can extend
the theory of existence for NLS to (15). The existence of local strong solutions is straightforward.

Proposition 4.1. Let v0 ∈ Hs(R) with s ≥ 1. There exists T > 0 and a solution v ∈ L∞([0, T ], H s(R)) of (15)
with initial data v0.

Proof. To prove this, we just make a priori estimates; by deriving (4) we get

∂t‖v(t)‖2
Hs ≤ ‖v(t)‖2

HsCs(‖v(t)‖2
Hs ),

where Cs is some smooth function. The Gronwall lemma then completes the proof of the proposition. �

Using the conservation of 〈H 〉 we can also obtain global existence.

Proposition 4.2. Let v0 ∈ H 1(R) and let α �= 0. There exists a global solution v ∈ L∞([0,+∞[, H 1(R)) of (15)
with initial data v0.

Proof. Consider the averaged Hamiltonian (3), which as well as P(v) = ∫ |v|2 is an integral of motion. As we
have shown in Section 3.2, the second term in the averaged Hamiltonian is bounded and the bound depends only
on ‖v‖L2 . Therefore, we obtain that ‖vx‖L2 is uniformly bounded. �

Remark 4.1. For α = 0, one still obtains a global existence in H 1 but without a uniform bound.

4.4. Convergence result

Theorem 4.1. Let v(t, x) ∈ L∞([0, T ], H s(R)) be a smooth function of the limit equation (15) on some time
interval [0, T ] with T > 0 and with s large enough. Let vε be the solution of (2) with initial data v(0, x), then
vε(t, x) converges to v(εt, x) on [0, T ] in L∞([0, ε−1T ], H s−3(R)) as ε goes to 0.

Proof. For simplicity we rescale time and change in this section t to t/ε. Let us put v in (2). We have

i∂tv +Q(v, v, v, t)+ α∂xxv = R, (16)
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whereR is some error term, which equals

R = Q(v, v, v, t)− 〈Q〉(v, v, v).
This error term is not small, but is highly oscillatory. Following [14] we have

FR(t, ξ) =
∫
ξ1−ξ2+ξ3=ξ

Aε(t, ξ1, ξ2, ξ3, ξ)Fv(t, ξ1)Fv(t, ξ2)
6Fv(t, ξ3) dξ1 dξ2 dξ3

with

Aε(t, ξ1, ξ2, ξ3, ξ) = exp

(
i
∫ t/ε

0
d(τ)(ξ2

1 − ξ2
2 + ξ2

3 − ξ2) dτ

)
− θl(ξ2

1 − ξ2
2 + ξ2

3 − ξ2).

By definition of θl ,Aε goes to 0 weakly as ε → 0 (at fixed ξ , as a function of time). To express thatAε is oscillatory
we introduce Bε(t, ξ1, ξ2, ξ3, ξ) defined by

Bε(t, ξ1, ξ2, ξ3, ξ) =
∫ t

0
Aε(τ, ξ1, ξ2, ξ3, ξ) dτ. (17)

The main property of Bε is that

‖Bε‖L∞ ≤ Cε (18)

for some time independent constant C. Now we define the first corrector of v by

Fvε1(t, ξ) = i
∫
ξ1−ξ2+ξ3=ξ

Bε(t, ξ1, ξ2, ξ3, ξ)Fv(t, ξ1)Fv(t, ξ2)
6Fv(t, ξ3) dξ1 dξ2 dξ3. (19)

Notice that

‖vε1(t)‖Hσ ≤ Cε‖v‖3
Hσ

for every 1 ≤ σ ≤ s, and that

i∂tFv
ε
1 = −FR(t, ξ)+ FR1

with

‖R1‖Hσ ≤ Cε
using the explicit expression (19), for σ ≤ s − 3. Let now

ṽ = v + vε1 .
We have

i∂t ṽ +Q(ṽ, ṽ, ṽ, t)+ α∂xxṽ = R′ (20)

where

R′ = −Q(v, v, v, t)+Q(ṽ, ṽ, ṽ, t)+R1 + α∂xxv
ε
1 . (21)

But

‖Q(v, v, v, t)−Q(ṽ, ṽ, ṽ, t)‖Hs−3 ≤ Cε
hence

‖R′‖Hs−3 ≤ Cε. (22)

It remains to bound

fε = vε − ṽ. (23)

We have

i∂tfε +Q(ṽ + fε, ṽ + fε, ṽ + fε, t)−Q(ṽ, ṽ, ṽ, t)+ α∂xxfε = −R′
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with

‖Q(ṽ + fε, ṽ + fε, ṽ + fε, t)−Q(ṽ, ṽ, ṽ, t)‖Hs−3 ≤ Cs‖fε‖Hs−3(1 + ‖fε‖Hs−3 + ‖fε‖2
Hs−3).

Classical energy estimates then lead to

∂t‖fε‖2
Hs−3 ≤ C‖fε‖2

Hs−3(1 + ‖fε‖2
Hs−3)+ Cε. (24)

Using the Gronwall lemma we obtain

sup
0≤t≤T

‖fε‖Hs−3 ≤ Cε

which completes the proof of the theorem. �

4.5. Other convergence results

Theorem 4.1 can be improved in many circumstances. First, we can reformulate it as follows.

Theorem 4.2. Let v(t, x) ∈ L∞
loc([0,+∞[, H s(R)) be a global smooth solution of the limit equation (2) with s

large enough. Let vε be the solution of (2) with initial data v(0, x), then, for every T > 0, vε(t, x) converges to
v(εt, x) on [0, T ] in L∞([0, ε−1T ], H s−2(R)) as ε goes to 0.

In particular, if the limit solution is independent on t (stationary solution) we have

Theorem 4.3. Let v(x) ∈ Hs(R) be a smooth stationary solution of the limit equation (15) with s large enough.
Let vε be the solution of (2) with initial data v(0, x), then there exists C such that vε(t, x) converges to v(εt, x) on
[0, Cε−1 ln ε−1] in L∞([0, Cε−1 ln ε−1], H s−2(R)) as ε goes to 0.

Proof. If v is a stationary solution thenR is bounded uniformly in time, and so areAε , Bε , v andR′. In particular,
(18), (22) and (24) are true for every t ≥ 0, with a constant independent on time. The Gronwall lemma then gives

‖fε‖Hs−3 ≤ Cε eCt

and hence fε → 0 in Hs−3 for t ≤ C′ ln ε−1. �

Next, Theorem 4.1 can be extended to the multidimensional case and to other nonlinearities. In n-dimensional
space for the same nonlinearity |u|2u, the limit equation is similar, ξ being now in Rd , and Theorem 4.1 holds.

For the quintic nonlinearity |u|4u, the limit equation is similar, except thatQ is now defined by

FQ(v1, v2, v3, v4, v5)(t, ξ) =
∫
η1−η2+η3−η4+η5=ξ

θl(η
2
1 − η2

2 + η2
3 − η2

4 + η2
5 − ξ2)Fv1(η1)Fv

6
2(η2)

×Fv3(η3)Fv
6
4(η4)Fv5(η5) dη1 dη2 dη3 dη4 dη5

and Theorem 4.1 remains true.

5. Applications of stabilizing effect of dispersion management

In this section, we apply the stabilizing effect of dispersion management to various systems arising in applications.
More precisely, we construct ground states in NLS with critical nonlinearities by introducing periodically varying
dispersion, see [2] for a related phenomenon.
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5.1. Ground states in critical cases and prevention of collapse

We start with a one-dimensional NLS with cubic and quintic nonlinearities

iut + uxx + a|u|2u+ b|u|4u = 0,

where a, b > 0. Such equations arise if the electromagnetic field is so strong that higher order nonlinearity cannot
be neglected. The corresponding constrained minimization problem

Pλ = inf{E(v) = H(u), u ∈ H 1(R), P (u) = λ},
where

H(u) =
∫ +∞

−∞

(
|ux |2 − a

2
|u|4 − b

3
|u|6

)
dx

does not possess a solution. In fact, it was shown by Weinstein [16] that any standing wave solution eiωtu(x) of
quintic focusing NLS with a = 0 is unstable.

However, using the stabilizing effect associated with the rapidly varying dispersion coefficient, we can obtain
nearly periodic pulses. Introducing mean-zero rapidly varying dispersion

iut +
(

1 + 1

ε
d

(
t

ε

))
uxx + a|u|2u+ b|u|4u = 0

and following the averaging procedure described in the previous sections, we obtain the averaged equation

ivt + vxx + aQ(v, v, v)+ bQ5(v, v, v, v, v) = 0

with the averaged Hamiltonian functional

〈H 〉(v) =
∫ 1

0

∫ +∞

−∞

(
|vx |2 − a

2
|Tv|4 − b

3
|Tv|6

)
dx dt.

This functional is bounded from below, as follows from the Strichartz inequalities, and its infimum is negative,
which can be shown by the same calculations as in Theorem B.1. This suggests the possibility of ground states.
Indeed, following the same procedure we obtain:

Theorem 5.1. The constrained minimization problem

Pλ = inf{E(v) = H(u), u ∈ H 1, P (u) = λ},
has a solution v ∈ H 1.

Proof. The sequence converging in L2 is constructed using the concentration–compactness principle. First, using
Strichartz estimates we obtain that a minimizing sequence is bounded in H 1; for otherwise it would have infinitely
many positive terms. Applying the procedure described in Section 3.1, we obtain a sequence converging strongly
in H 1 to some v ∈ H 1, which is a ground state solution. �

Remark 5.1. The averaged equation does not possess blowing up solutions since ‖vx(t)‖L2 is bounded for all time.

Remark 5.2. The original equation has solutions blowing up in finite time because on the interval, where d(t) does
not change sign, it behaves like quintic NLS with constant coefficients. Choosing the initial data sufficiently close
to that occurring at the moment of collapse, we will have blow up in finite time.
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5.2. Two-dimensional cubic NLS

A similar result is obtained in the practically important case of a cubic NLS in two spatial dimensions

iut +
(

1 + 1

ε
d

(
t

ε

))
�u+ |u|2u = 0.

Introducing the change of variablesu(x, y) = T (t)v(x, y) and following the above procedure we obtain the averaged
equation

ivt +�v +Q(v, v, v) = 0

with the averaged Hamiltonian

〈H 〉(v) =
∫ 1

0

∫ +∞

−∞

∫ +∞

−∞
(|∇v|2 − |Tv|4) dx dy dt.

Now, we consider the corresponding constrained minimization problem Pλ in H 1(R2) and we prove:

Theorem 5.2. The constrained minimization problem

Pλ = inf{E(v) = 〈H 〉(v), v ∈ H 1(R2), P (v) = λ},
where

P(v) =
∫ +∞

−∞

∫ +∞

−∞
|v(x, y)|2 dx dy,

has a solution u ∈ H 1(R2), provided λ is sufficiently large.

Proof. Consider the one-parameter family of Gaussians vθ = θ e−(x2+y2). It is easy to see that for sufficiently large
θ the averaged Hamiltonian functional 〈H 〉(vθ ) < 0 with ‖vθ ‖ 2

L2(R2)
= θ22π . Therefore, for sufficiently large λ,

the infimum Pλ < 0. On the other hand Pλ > −∞ by the Strichartz estimates [3]∫ 1

0

∫ +∞

−∞

∫ +∞

−∞
|Tv|4 dx dy dt ≤ CP(v)2 ≤ Cλ2.

Repeating the argument from Section 3.1 and using the two-dimensional version of lemma on the bound of local-
ization, we obtain a sequence strongly converging to a function u in H 1(R2). �

6. Concentration–compactness lemma

Here, we show that from any minimizing sequence of the constrained variational principle, one can choose a
convergent subsequence.

We start with a slightly modified concentration–compactness lemma as presented in [3].

Lemma 6.1. Let um ∈ H 1(R) be a bounded sequence (‖um‖H 1(R) < C) with P(um) = λ, then there exists a
subsequence umk for which one of the following properties hold [3]

1. (compactness) There exists a sequence xk such that for any ε > 0 there exists R > 0 and∫ xk+R

xk−R
|umk |2 dx ≥ λ− ε.
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2. (vanishing) For any R > 0

lim
k→∞

sup
y∈R

∫ y+R

y−R
|umk |2 dx → 0,

3. (splitting) There exists 0 < γ < λ such that for any ε > 0 there exists k0 and two sequences vk ,wk with compact
support so that for k ≥ k0

‖vk‖H 1 + ‖wk‖H 1 ≤ 4 sup
k∈N

‖umk‖H 1 , (25)

‖umk − (vk + wk)‖L2 ≤ 2ε, (26)

|‖vk‖L2 − γ | ≤ ε|‖vk‖L2 − (λ− γ )| ≤ ε, (27)∥∥∥∥∂vk∂x
∥∥∥∥
L2

+
∥∥∥∥∂wk∂x

∥∥∥∥
L2

≤
∥∥∥∥∂umk∂x

∥∥∥∥
L2

+ ε (28)

and dist(supp(vk), supp(wk)) > 2ε−1.

Our goal is to show that the second and the third possibilities cannot occur. The main reason is the sub-additivity
of the constrained minimization problem: Pλ1+λ2 < Pλ1 + Pλ2 . It implies that in order to make 〈H 〉(uk)→ Pλ the
sequence should be “tight” since if, for instance, it splits then

〈H 〉(vk + wk) = 〈H 〉(vk)+ 〈H 〉(wk) ≥ Pγ + Pλ−γ > Pλ.
This leads to a contradiction since 〈H 〉(uk) > Pλ.

We outline the proof of the concentration–compactness lemma, indicating where it differs from the original one.

Proof. Consider the sequence of nonnegative nondecreasing functions

Qm(t) = sup
y∈R

∫ y+t

y−t
|um(x)|2 dx,

where 0 ≤ Qm(t) ≤ λ. It turns out, see [3], that by applying Ascoli’s lemma one can construct a subsequence (still
denoted Qm(t)) converging to a nonnegative nondecreasing function Q(t), 0 ≤ Qm(t) ≤ λ outside of a countable
subset.

According to the value of the limit

γ = lim
t→∞Q(t),

which exists sinceQ(t) is monotone and bounded, one distinguishes the three cases:

1. γ = λ,
2. γ = 0,
3. 0 < γ < λ.

These three cases correspond to compactness, vanishing, and splitting, respectively. We now give the full proof in
the third case since it differs from [3] and we are going to use it later.

Let ε > 0 then there exists t0 such that γ − ε < Q(t) < γ if t > t0. Therefore, there exist t1, t2 (t1 > t0, t2 > t0)
with t2 − t1 > 1

6ε and m0 > 0 such that

γ − ε < Qm(t1) ≤ Qm(t2) < γ + ε
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for m > m0. Therefore, for some xm

γ − ε <
∫ xm+t1

xm−t1
|um(x)|2 dx < γ + ε.

Introduce cut-off functions ρ, θ ∈ C∞
c (R

1) such that

1. |ρx | < ε, |θx | < ε,
2. ρ(x) = 1 if |x| ≤ t1, ρ(x) = 0 if |x| ≥ t1 + 2ε−1,
3. θ(x) = 1 if |x| ≥ t2, θ(x) = 0 if |x| ≤ t2 − 2ε−1.

Let vm(x) = ρ(xm − x)um(x) and wm(x) = θ(xm − x)um(x). The direct estimates show that all the required
properties are satisfied by the constructed sequences. �

Now, we will show that sub-additivity condition is satisfied.

Lemma 6.2. For θ > 1Pθλ < θPλ.

Proof. By definition

Pθλ = inf{E(v) = 〈H 〉(v),G(v) <∞, P (v) = θλ},
and therefore

Pθλ = inf{E(v) = 〈H 〉(w
√
θ),G(w) <∞, P (w) = λ}

< θ inf{E(w) = 〈H 〉(w),G(w) <∞, P (w) = λ} = θPλ,
since∫ 1

0

∫ +∞

−∞

(
|
√
θwx |2 − 1

2
|Tw

√
θ |4

)
dx dt < θ

∫ 1

0

∫ +∞

−∞

(
|wx |2 − 1

2
|Tw|4

)
dx dt

if w �= 0 and Pλ < 0 for any λ > 0. �

Corollary 6.1. If Pθλ < θPλ for θ > 1 then Pλ1+λ2 < Pλ1 + Pλ2 if λ1λ2 �= 0.

Proof. Assuming λ1 = αλ2 with α < 1, we have

Pλ1+λ2 = P(1+α)λ2 < (1 + α)Pλ2 = Pλ2 + αP (α−1λ1) < Pλ2 + Pλ1 . �

Theorem 6.1. In the constrained minimization problem with positive average dispersion α > 0, there exists a
minimizing sequence, which is neither vanishing nor splitting in the sense of Lemma 6.1.

Proof. We first show that vanishing does not occur. By the definition of the minimizing sequence, we have∫ 1

0

∫ +∞

−∞
|T (t)v|4 dx dt ≥ c > 0,

which implies that, for some t0,∫ +∞

−∞
|T (t0)v|4 dx ≥ c > 0.
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Using the estimate obtained by Cazenave [3]∫ +∞

−∞
|u|4 dx ≤ C sup

y∈R

∫ y+1

y−1
|u|2 dx‖u‖2

H 1 ,

we can conclude that

sup
y∈R

∫ y+1

y−1
|T (t0)u|2 dx ≥ C.

Now, we use a lemma on localization for the free Schrödinger equation, see Section 7, which states that a vanishing
(nonlocalized) initial data will not evolve into a localized one, i.e. if supx∈R|un(0, x)| → 0 as n → ∞ then
sup|Tun(t, x)| → 0, provided ‖un‖H 1 ≤ C. In other words, the finite energy cannot move over large distance in
finite time. Therefore, we obtain the inequality

sup
y∈R

∫ y+1

y−1
|T (0)u|2 dx ≥ C,

which contradicts the vanishing of the minimizing sequence.
Now, assume that splitting occurs, then for any ε > 0, two sequences vk, wk can be constructed satisfying the

corresponding conditions in the concentration–compactness lemma.
Consider the averaged functional

〈H 〉(umk ) =
∫ +∞

−∞

∫ 1

0

(
α|∂xvk + ∂xwk + ∂xhk|2 − 1

2
|T (t)(vk + wk + hk)|4

)
dx dt

with ‖hk‖2
L2 < ε, which can be rewritten as

〈H 〉(umk ) = 〈H 〉(vk)+ 〈H 〉(wk)+ 2α Re
∫ +∞

−∞
(∂xv̄k∂xwk + ∂xv̄k∂xhk + ∂xw̄k∂xhk + |∂xhk|2) dx

−Re
∫ +∞

−∞

∫ 1

0

(
2|T (vk + wk)|2|Thk|2 + 1

2
|Thk|4 + 2|T (vk + wk)|2(T (vk + wk))(Thk)

+(T (vk + wk))2(Thk)
2 + 2T (vk + wk)|Thk|2Thk + 2|Tvk|2|Twk|2 + 2|Tvk|2TvkT w̄k

+(Tvk)2(T w̄k)2 + 2|Twk|2T vkT w̄k
)

dx dt. (29)

Now, we will estimate this expression from below. First, note that∫ +∞

−∞
2 Re(∂̄xvk∂xwk) dx = 0,

since vk and wk have disjoint supports. To estimate the second and the third terms of the integral on the first line
note that

∂xv̄k∂xhk = ∂xv̄k(vk − ρkvk)x = |∂xvk|2(1 − ρk)− vk∂xv̄k∂xρk
⇒

∫ +∞

−∞
2 Re(∂xv̄k∂xhk) dx = 2

∫ +∞

−∞
|∂xvk|2(1 − ρk) dx −

∫ +∞

−∞
2 Re(vk∂xv̄k∂xρk) dx

and since∣∣∣∣
∫ +∞

−∞
2 Re(vk∂xv̄k∂xρk) dx

∣∣∣∣ ≤ 2
∫ +∞

−∞
|∂xρk‖vk‖∂xvk| dx ≤ 2‖∂xρk‖L∞‖vk‖L2‖∂xvk‖L2 ≤ Cε
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we have the estimate for the expression on the first integral of (29) ≥ −Cε, whereC is a positive constant depending
only on α and λ.

Now, we estimate the second and third lines of (29), using the inequality of Sobolev type (6)

∣∣∣∣∣
∫ +∞

−∞

∫ 1

0
|T (vk + wk)|2|Thk|2

∣∣∣∣∣ dx dt ≤
∫ 1

0

(∫ +∞

−∞
|T (vk + wk)|4 dx

∫ +∞

−∞
|Thk|4 dx

)1/2

dt

≤ C
∫ 1

0

(
‖T (vk + wk)‖L2‖T (vk + wk)x‖3

L2‖Thk‖L2‖T (hk)x‖3
L2

)1/2
dt

= C‖vk + wk‖1/2
L2 ‖(vk + wk)x‖3/2

L2 ‖hk‖1/2
L2 ‖∂xhk‖3/2

L2 ≤ C 4
√
ε,

where we have used the properties of vk, wk from the concentration–compactness lemma. Note that these calculations
also imply

∣∣∣∣∣
∫ +∞

−∞

∫ 1

0
|Thk|4

∣∣∣∣∣ dx dt ≤ C√
ε.

The remaining terms in the second and third lines of (29) are estimated similarly:

∣∣∣∣∣
∫ 1

0

∫ +∞

−∞
|T (vk + wk)|2(T (vk + wk))(Thk) dx dt

∣∣∣∣∣ ≤ C
∫ 1

0

(∫ +∞

−∞
|T (vk + wk)|4 dx

)1/2

×
(∫ +∞

−∞
|T (vk + wk)|4 dx

∫ +∞

−∞
|Thk|4 dx

)1/4

dt

≤ C‖vk + wk‖1/2
L2 ‖(vk + wk)x‖3/2

L2 ‖vk + wk‖1/4
L2 ‖(vk + wk)x‖3/4

L2 ‖hk‖1/4
L2 ‖(hk)x‖3/4

L2 ≤ C 8
√
ε

and ∣∣∣∣∣
∫ 1

0

∫ +∞

−∞
(T (vk + wk))2Thk)

2 dx dt

∣∣∣∣∣ ≤ C 4
√
ε,

∣∣∣∣∣
∫ 1

0

∫ +∞

−∞
T (vk + wk)|T hk|2T hk dx dt

∣∣∣∣∣ ≤ C 8
√
ε3.

The terms in last line of (29) are estimated using Theorem 7.1. We start with an auxiliary

Lemma 6.3. In the notation of concentration–compactness lemma the following estimates hold:

∫
|x−xk |≤tc

|T (t)wk|2 dx ≤ Cε,
∫

|x−xk |≥tc
|T (t)vk|2 dx ≤ Cε,

where tc = 1
2 (t1 + t2).

Proof. The proof of these estimates uses the argument in Theorem 7.1. Consider the energy relation (33) for T (t)wk

∫ xk+tc

xk−tc
|T (t)wk|2 dx =

∫ t

0
2 Im

[
Twk

∂Twk
∂x

]xk+tc
xk−tc

dt. (30)
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Now, we integrate this relation on [tc, tc + 1/ε] and estimating the left-hand side from below and the right-hand
side from above we obtain

1

ε

∫ xk+tc

xk−tc
|Twk|2 dx ≤

∫ tc+1/ε

tc

∫ xk+tc

xk−tc
|Twk|2 dx dtc

=
∣∣∣∣∣
∫ tc+1/ε

tc

∫ t

0
2 Im

[
Twk

∂Twk
∂x

]xk+tc
xk−tc

dt dtc

∣∣∣∣∣ ≤ C
∫ t

0
‖T (t)wk‖1/2

L2 ‖T (t)∂xwk‖1/2
L2 dt ≤ C. (31)

Therefore, for some C independent of ε, we obtain the inequality∫ xk+tc

xk−tc
|Twk|2 dx ≤ Cε.

The estimate for vk is obtained similarly. �

With this lemma we can estimate all of the terms in last line of (29)∫ 1

0

∫ +∞

−∞
|Tvk|2|Twk|2 dx dt =

∫ 1

0

∫
|x−xk |≤tc

|Tvk|2|Twk|2 dx dt

+
∫ 1

0

∫
|x−xk |≥tc

|Tvk|2|Twk|2 dx dt ≤ Cε‖vk‖2
L2‖wk‖2

L2 ≤ Cε

The remaining terms can be estimated similarly using the above lemma and boundedness of ‖vk‖L∞ and ‖wk‖L∞ .
Thus, we have shown that a subsequence umk satisfies the estimate

〈H 〉(umk ) > 〈H 〉(vk)+ 〈H 〉(wk)+ α(ε), (32)

where α(ε) is independent of k and goes to zero as ε → 0. From the concentration–compactness lemma we also
know that

P(vk) = γ + β(ε), P (wk) = λ− γ + β(ε),
whereβ has the same properties asα. We now modify vk andwk by rescaling the last two equalities with γ /(γ+β(ε))
and (λ− γ /(λ− γ +β(ε))), respectively, so that P(vβk ) = γ and P(wβk ) = λ− γ . It is easy to check, by repeating
the estimates, that

〈H 〉(vβk )→ 〈H 〉(vk), 〈H 〉(wβk )→ 〈H 〉(wk)
as ε → 0.

Then the estimate (32) can be rewritten

〈H 〉(umk ) > 〈H 〉(vβk )+ 〈H 〉(wβk )+ α(ε) > Pγ + Pλ−γ = Pλ + cλ,γ + α(ε),
where cλ,γ > 0 by the sub-additivity property. Therefore umk cannot be a minimizing sequence.

7. Bound on localization in the linear Schrödinger equation

Consider the linear Schrödinger equation on the line

iut + uxx = 0
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with u ∈ H 1(R), ‖u‖L2 = 1, ‖u‖H 1 ≤ C. Introducing the notation

εn(t) = sup
ξ∈R

∫ ξ+1

ξ−1
|un(x, t)|2 dx,

where u(x, t) is the solution of the free Schrödinger equation, we prove

Theorem 7.1. Let un(x, 0) be a sequence of vanishing initial data, i.e. εn(0) → 0, uniformly bounded in H 1, i.e.
‖un‖H 1 ≤ C, with the constraint ‖u‖L2 = 1, then the sequence of the solutions un(x, t) is also vanishing and the
following estimate holds:

εn(t) ≤ 2εn(0)+
√
ε2
n(0)+ 2Cεn(0)t.

Proof. By integrating the linear Schrödinger equation on the interval [−R,R] we obtain the energy relation

d

dt

∫ +R

−R
|u(x, t)|2 dx = −2 Im

[
ū(x, t)

∂u

∂x
(x, t)

]+R

−R
.

Integrating the relation over t , we obtain∫ +R

−R
|u(x, t)|2 dx −

∫ +R

−R
|u(x, 0)|2 dx = −

∫ t

0
2 Im

[
ū(x, t)

∂u

∂x
(x, t)

]+R

−R
dt. (33)

Assume now that un(x, t) is centered, so that

εn(t) =
∫ +1

−1
|u(x, t)|2 dx.

This is always possible since we can shift the initial data using translational invariance. Using obvious inequalities∫ R

−R
|u(x, t)|2 dx ≥ εn(t), and

∫ R

−R
|u(x, 0)|2 dx ≤ ([R] + 1)εn(0) ≤ 2Rεn(0)

for R ≥ 1, we can write

εn(t)− 2Rεn(0) ≤
∣∣∣∣
∫ +R

−R
|u(x, t)|2 dx −

∫ +R

−R
|u(x, 0)|2 dx

∣∣∣∣ .
On the other hand using (33), we have∣∣∣∣

∫ +R

−R
|u(x, t)|2 dx−

∫ +R

−R
|u(x, 0)|2 dx

∣∣∣∣ ≤2
∫ t

0
|un(R, t)|

∣∣∣∣∂u∂x n(R, t)
∣∣∣∣ dt + 2

∫ t

0
|un(−R, t)|

∣∣∣∣∂un∂x (−R, t)
∣∣∣∣ dt.

Assume that εn(t) > 2εn(0) (for otherwise we are done) then we can find Rn > 1, such that εn(t)− 2Rnεn(0) = 0.
Combining the last two inequalities and integrating over the interval [1, Rn], we obtain

ε2
n(t)

2εn(0)
− εn(t)+ εn(0) ≤ 2

∫ t

0

∫ +∞

−∞
|un(R, t)|

∣∣∣∣∂u∂x n(R, t)
∣∣∣∣ dR dt ≤ 2t‖un‖L2(R)

∥∥∥∥∂un∂x
∥∥∥∥
L2(R)

≤ Ct,

which implies

ε2
n(t)

2εn(0)
− εn(t) ≤ Ct ⇔ εn(t) ≤ 2εn(0)+

√
ε2
n(0)+ 2Cεn(0)t,

where C is independent of n and t . �
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Corollary 7.1. Similar uniform estimates hold for the nonautonomous linear Schrödinger equation

iut + d(t)uxx = 0,

provided ‖u‖H 1 ≤ C, ‖u‖L2 = 1, and d(t) is piecewise smooth with a finite number of nondegenerate zeros.

Corollary 7.2. Similar estimates hold in higher dimensions x ∈ RN .
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Appendix A. Nonlinear eigenvalue problem

Here, we show that the nonlinear eigenvalue problem

−ωv + αvxx +Q(v, v, v) = 0 (A.1)

possesses standing waves for any ω > 0 (and α > 0) by applying a mountain pass argument. Since our argument
is nearly identical to the one by Yew et al. [18], we only give a sketch of the proof.

Theorem A.1. For any ω > 0 and α > 0 there exists a nontrivial function u ∈ H 1 that solves the nonlinear
eigenvalue problem (A.1).

Proof. Consider a natural variational principle for this problem

E(v) =
∫ +∞

−∞
(ω|v|2 + α|vx |2) dx − 1

2

∫ 1

0

∫ +∞

−∞
|T (t)v|4 dx dt.

By applying the Sobolev inequality, it is easy to see that there is a local minimum at u = 0 for u ∈ H 1. On the
other hand, E(θv) → −∞ as θ → ∞ at least for some fixed v ∈ H 1. Therefore E(v) possesses a mountain pass
geometry.

Applying a mountain pass lemma [13], we obtain a sequence {vn} ∈ H 1 with the following properties:

1. E(vn)→ c,
2. ‖E′(vn)‖ → 0,

where c is a positive constant. Now, we show that there exists v ∈ H 1 (‖v‖H 1 �= 0), such that E′(v) = 0.
Note, first, that vn is bounded for otherwise E(vn) would not converge to c. Therefore, there exists a weakly

converging subsequence, also denoted vn, converging to v ∈ H 1. Since ‖E′(vn)‖ → 0 and vn is bounded, then

E′(vn)vn =
∫ +∞

−∞
(ωvnv̄n + αvnx v̄nx ) dx −

∫ 1

0

∫ +∞

−∞
v̄nQ(vn, vn, vn, t) dx dt → 0
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and therefore

E(vn)− E′(vn)vn = 1

2

∫ 1

0

∫ +∞

−∞
|T (t)vn|4 dx dt → c.

Thus, the so-called Palais–Smale sequence cannot be vanishing. Indeed, the above relation implies

c

2
<

∫ +∞

−∞
|T (tn)vn|4 dx < ‖T (tn)vn‖2

L∞‖vn‖2
L2

for some tn ∈ [0, 1] given that n is sufficiently large and therefore

‖T (tn)vn‖L∞ > c1 > 0.

Theorem 7.1 (localization bound) immediately implies that ‖vn‖L∞ > c2 > 0 and therefore by rearranging the
sequence vn, so that the maxima are assumed at x = 0, we obtain that the weak limit v is nontrivial v(0) �= 0.

Now, it remains to show that E′(v)φ = 0 for any φ ∈ H 1. Following [18], we prove this by showing that the
expression

E′(v)φ − E′(vn)φ =
∫ +∞

−∞
(ωφ̄(v − vn)+ αφ̄x(vx − vnx )) dx

+
∫ 1

0

∫ +∞

−∞
φ̄(Q(v, v, v, t)−Q(vn, vn, vn, t)) dx dt

converges to zero as n → ∞. The first integral on the right-hand side tends to zero (since v − vn ⇀ 0 in H 1) and
the second integral can be estimated, following the ideas from [18], as follows. Taking a sufficiently large interval
K = [−R,R], so that |φ(x)| < ε if x /∈ K , we obtain∣∣∣∣∣

∫ 1

0

∫
R1\K

φ̄(Q(v, v, v, t)−Q(vn, vn, vn, t)) dx dt

∣∣∣∣∣ ≤ Cε, (A.2)

where we have used Theorem 7.1 and the boundedness of v, vn in H 1 to obtain a uniform bound in time for
‖Q(v, v, v, t)−Q(vn, vn, vn, t)‖L1 . To estimate on the remaining interval [−R,R], note that the sequence converges
strongly vn → v for x ∈ K because of the compact embedding of H 1([−R,R]) in, say, C0([−R,R]). Therefore,
we can show that

sup
x∈K,t∈[0,1]

|T (t)(v − vn)| < ε

provided n is sufficiently large. Indeed, taking a larger set Kε = [R − ε−1, R + ε−1], choosing n so large that
supx∈Kε |v − vn| < ε, we can apply Theorem 7.1 to show that localization does not occur.

Now, we can estimate the second integral on the remaining interval∫
K

φ̄(Q(v, v, v, t)−Q(vn, vn, vn, t)) dx =
∫
K

T φ(|Tv|2Tv − |Tvn|2Tvn) dx

≤
∫
K

|T φ||T (v − vn)|||Tv|2 + Tvn(Tvn + Tv)| dx

≤ C sup
x∈K

|T (v − vn)| ≤ Cε,

where C does not depend on n. �
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Appendix B. Proof of negativity of the infimum in the constrained minimization problem

In this section we show that the infimum in the constrained minimization problem with positive average dispersion
is negative.

Theorem B.1. The minimization problem (5) with α > 0 has negative infimum Pλ < 0.

Proof. Our goal is to construct a family uλ satisfying the constraint P(uλ) = λ so that 〈H 〉(uλ) < 0. We start with
a Gaussian ansatz

u(x) = A ex
2/2σ (B.1)

which is a self-similar solution of the linear Schrödinger equation

iut + d(t)uxx = 0. (B.2)

Indeed, substituting (B.1) in Eq. (B.2) we obtain

iȦ+ d(t)A
σ

= 0, iσ̇ − 2d(t) = 0.

Solving this system of ODEs we obtain the solution

u(x, t) = A0
√
σ0√

σ0 − i2D(t)
ex

2/2(σ0−i2D(t)),

where Ḋ(t) = d(t) and D(0) = 0. Now, we evaluate the averaged functional and the constraint over the obtained
self-similar solutions

P(u)=
∫ +∞

−∞
|u(x, t)|2 dx = |A(t)|2

∫ +∞

−∞
ex

2Re(σ (t))/|σ(t)|2 dx = |A(t)|2|σ(t)|√|Re(σ (t))|
√
π = |A0|2|σ0|√|Re(σ0)|

√
π, (B.3)

where we have assumed that Re(σ0) < 0. After straightforward calculations, we also obtain∫ +∞

−∞
|ux(x, t)|2 dx = |A(t)|2|σ(t)|√

|Re(σ (t))|3
√
π

2
= λ

2|Re(σ (t))| = λ

2|Re(σ0)| ,

where we have used (B.3) and isometric properties of T (t) in the corresponding spaces (L2 andH 1). Finally, using
(B.3), we calculate∫ 1

0

∫ +∞

−∞
|Tu|4 dx dt =

∫ 1

0

∫ +∞

−∞
|A(t)|4 ex

22|Re(σ (t))|/|σ(t)|2 dx dt

=
∫ 1

0

|A(t)|4|σ(t)|√
2|Re(σ (t))|

√
π dt = λ2

√
2π

∫ 1

0

√|Re(σ (t))|
|σ(t)| dt.

Now, we evaluate the averaged functional

〈H 〉(u) =
∫ +∞

−∞

∫ 1

0

(
α|ux |2 − 1

2
|T (t)u|4

)
dx dt = αλ

2|Re(σ0)| − λ2

2
√

2π

∫ 1

0

√|Re(σ (t))|
|σ(t)| dt

= λα

2|Re(σ0)|

[
1 − λ

√
|Re(σ0)|3
α
√

2π

∫ 1

0

dt√
(Re(σ0))2 + (Im(σ0)− 2D(t))2

]
.
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Now, it is easy to see that for any fixed α > 0 and arbitrarily small λ we can take Im(σ0) = 0 and sufficiently large
Re(σ0) so that the averaged functional would become negative 〈H 〉(u) < 0. �
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