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1 Introduction

Linear Search Problem has a venerable history, going back to R. Bellman ('63) and A. Beck ('64).
They looked into the following question:

An object is placed at a point P on the real line, according to a known probability
distribution. A search plan (or trajectory is a sequence x = {xi} with . . . x4 < x2 < 0 <
x1 < x3 < . . . (or . . . x3 < x1 < 0 < x2 < x4 < . . .). A search is performed by a searcher
walking alternating to the points of the search plan, starting at 0, until the point P is
found.

The total distance traveled till the point is found is C(x, P ), and the cost of the search plan x is

C(x) = EC(x, P ).

The task is to �nd the plan x minimizing C(x). We are therefore in the average case analysis situation.

1.1 Background

This problem was studied mostly by Anatole Beck and coauthors in a series of papers. They analyzed
to great details the archetypal case of normally distributed P (see [10, 6, 8]). It turned out that the
candidates for optimal trajectories form a 1-parametric family (with parameter equal to the length
of the �rst leg). Some further, quite ad-hoc, analysis reduced the choice of the candidates to just two
initial conditions, of which one turned out to be the best by numerics. On this analysis, and on the
underlying structures, [6] stated:

...we opine that this is a question whose answer will not shed much mathematical light.

This note aims at uncovering the underlying structures of the search problem - speci�cally, we
believe that the right framework here is that of Hamiltonian dynamics, especially where hyperbolicity
of the underlying dynamics can be deployed. To this end, we analyze in detail a version of the Linear
Search Problem, which we describe next.

1.2 Half-line problem

We are interested here in a one-sided version of the search problem. Here, the point P is located on
the half-line R+, according to some (known) probability distribution. One searches for P according
to the plan x = {0 = x0 < x1 < x2 < . . .}, and stops after the step n = n(x, P ) i� the point
P ∈ (xn−1, xn]: one can think of a gatherer who mindlessly collects anything on the way, bringing the
loot to the origin, where the results are analyzed (in a contrast to the searcher, who stops as soon as
the sought after object is found).

As in the original version, one needs to minimize

C(x) = EC(x, P ) = E
n(x,P )∑
k=1

xk. (1)
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Figure 1: Linear Search Problem: two-sided searcher, and one-sided gatherer.

1.3 Motivation

One-sided Linear Search appears naturally in quite a few applications. Our initial motivation was the
problem of search in unstructured Peer-to-Peer storage systems, analyzed in [3], where the relevance
of Hamiltonian dynamics was �rst noticed. In such an unstructured network, one is sequentially
�ooding some (hop-)vicinity of a node with request for an item, setting the Time-to-Live at some
limit, until the item is found. The cost of a plan is the total number of queries at all nodes of the
network, representing the per query overhead.

Further applications include robotic search, where one deals with programming a robot of low
sensing and computational capabilities, unable to recognize the objects it collects. Also the problem
of e�cient eradication of unwanted phenomena (say irradiation of a tumor) can be mapped onto our
model.

1.4 Outline of the results

We start with the general (elementary) discussion of the one-sided search problem, showing in partic-
ular that the natural necessary condition of optimality implies that the optimal plan should satisfy
a three-term recurrence (an analogue of Euler-Lagrange equations). This reduces the phase space to
1-dimension, but also introduces the stage for Hamiltonian dynamics.

We analyze in details an 'exactly solvable' case of homogeneous tail distribution function, which is
a Pareto type distribution, and see that the phase state is split naturally into a chaotic and transient
regions, divided by a separatrix.

Hamiltonian dynamics of the variational recursion is then studied. We introduce the general
notions, but constrain most of our proofs to the case of the exponentially distributed position P of
the object, i.e. to the case of

f(x) := P(P > x) = exp(−x).

In particular, we prove that the optimal trajectories should start at the separatrix, i.e. at the border
of the chaotic region. We conclude with several open questions. There are several standard notions
from dynamical systems that we use; for the de�nitions, see [12].

2 Basic properties

2.1 Basic notions

The input into the search algorithm is a plan, or a trajectory x = {x0, x1, . . .}, xk ≥ 0.
Some simple properties of the cost functional (1):

• The cost of a plan x = {0 = x0 < x1 < x2 < . . . < xn < . . .} is given by

C(x) =
∑
k=1

xkpk, (2)

where pk = P(X > xk−1). Indeed, C(x, P ) =
∑

k xk · 1(P > xk−1).
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• If the tail distribution function is continuously di�erentiable on [0,∞), then the optimal tra-
jectory does exist. This is an easy extension of the corresponding result [5] for the two-sided
search.

• If we know where the object is placed, the cost of its recovery is, L := EP , an obvious lower
bound on the cost of any trajectory. If L < ∞, there exists a plan of �nite cost (at most
(4 + ε)L), using �Martingale� (a.k.a. �California split�) plan xk = A · 2k.

• Similar performance can be achieved with the plan halving the probabilities, that is choosing
xk so that pk = a · 2−k.

• The constant 4 is optimal if we are looking for a distribution-independent, oblivious plans (as
follows from the solution of an alternative one-sided search problem where the competitive ratio
is optimized); if one is allowed to learn F when devising the plan, then for a properly chosen
E, the plan xk = E · ek performs at worst as eL. Again, the constant is optimal, as we will see
below.

Using this estimate one can show that stopping the optimal plan at some point x with small residual
expected value gives a good approximation for the optimal cost.

We assume from now on that the tail distribution function f(x) = P(P > x) is di�erentiable. Then
one has the

Proposition 1 If the plan x is optimal, then the terms {xk} satisfy the variational recursion:

f(xn−1) + xn+1f
′(xn) = 0.

(Recall that C =
∑

n=1 xnf(xn−1).)
This allows to �nd xn+1 as a function of xn−1, xn,

xn+1 = −f(xn−1)
f ′(xn)

and to reconstruct the whole optimal plan from its �rst two points, x0 = 0 and x1.
In fact, it is useful to think of {xk}k=0,1,... as of iterations of the mapping R : R2

+ → R2
+ given by

R : (x, y) 7→ (y,−f(x)/f ′(y))

(which we will still be referring to as variational recursion).
It is pretty obvious that the optimal trajectory should be strictly increasing. This property, com-

bined with the variational recursion, should reduce signi�cantly the set of candidate trajectories.

2.2 An example

Let us work out an example (analogous to that of [11]). Consider the homogeneous tail distribution

f(x) = x−α1(x ≥ 1), α > 1.

Here we will assume, exceptionally, that x0 = 1 (this will simplify the notation a bit).
Solving the variational recursion gives

xk+1 =
1
α

xα+1
k

xαk−1

,

whence

3



xk = exp
{[

log x1

α− 1
− logα

(α− 1)2

]
(αk − 1) +

logα
(α− 1)k

}
,

so that the cost of the plan satisfying the variational recursion is simply

C = x1
α

α− 1
.

This formula indicates that x1 should be as small as possible. However, when log x1 < logα/(α−1),
the variational recursion leads to decreasing plans, making no sense (and the cost formula is not valid

anymore). So we need to take x∗1 = α
1

α−1 , and the trajectory xk = α
k

α−1 , yielding the optimal cost

C∗ =
α

α
α−1

α− 1
. (3)

Notice the following:

• There is a region of initial values x1 where the variational recursion stops making sense (we will
call this region chaotic1.

• The optimal initial value is on the boundary of the chaotic set;

• The growth of the optimal plan (exponential) is far slower than the growth for generic initial
values outside the chaotic region (where it is super-exponential).

Remark that as α → 1, the ratio of the optimal cost (3) over the average full information cost
L = α/(α− 1) tends to e. This proves the optimality claim above.

2.3 Variational recursion

We consider now several key properties of the variational recursion R : (x, y) 7→ (y,−f(x)/f ′(y)).
One of the basic observation is that it preserves an area form:

Proposition 2 The mapping R preserves the area form ω = f ′(x)dx ∧ dy.

This is a rather general fact: for any recursion obtained by extremization of the functional∑
k F (xk, xk+1), the 2-form ∂2F

∂x∂ydx ∧ dy is invariant with respect to the corresponding mapping.

It is not hard to explicitly write coordinates in which the variational recursion R is Hamiltonian:
if we use (s, y), s = f(x) in lieu of (x, y), then

R : (s, y) 7→ (f(y),−s/f ′(y));

it maps [0, 1]×R+ into itself and preserves the Lebesgue area. We will be referring to this coordinate
system as standard.

In the standard coordinates, the variational recursion for the exponentially distributed P (i.e. for
f(x) = exp(−x)) is given by

R : (s, y) 7→ (e−y, sey).

Further, one can see that R has unique stationary point, s = e−1, y = 1, and that this �xpoint is
elliptic, i.e. the eigenvalues of the linearized map are complex.

1Albeit the dynamics not really chaotic in this particular case, we will see that this is rather an exception.
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Figure 2: Several orbits of the variational recursion for exponential distribution. Magenta line sepa-
rates chaotic region from transient one.

2.4 Cost functional and cost function

We know that the optimal plan can be found only among the trajectories satisfying the variational
recursion. We will set x0 = 0; under this assumption the trajectories (not necessarily increasing)
satisfying the variational recursion are parametrized by the �rst non-zero term x1 := x. We will
be denoting the corresponding family of trajectories as xR(x) = {0, x1 = x, x2 = x2(x), . . .}. For
the exponentially distributed P , the �rst few terms of the family xR(x) are given by x1 = x;x2 =
ex;x3 = ee

x−x; . . . .
We will use the term cost functional for (2), de�ned on the space of all trajectories x, while reserving

cost function to the restriction of the functional C to the one-parametric curve xR(x) of solutions to
variational recursion, denoting it by C(x) := C(xR(x)).

For exponentially distributed P , the cost function is �nite on monotonic trajectories. Indeed, in
this case, unless growing unboundedly, the trajectory should converge to the only �xed point of the
variational recursion, which is impossible as it is an elliptic point. If for some K, xK > 1, then for
k > K,

xk+1 − xk = lnxk+2 ≥ lnxK > 0,

and xk grows at least as an arithmetic progression, implying the convergence of
∑

k xk+1 exp(−xk) =∑
k exp(−xk−1).
Now, as the cost function, C(x) is a function of one variable, and we established that the optimal

trajectory should be one of the family xR(x), it seems that the remainder is easy: to �nd the minimum
of C(x) over the starting point x1 = x. However, if we take the formal derivative

dC

dx
=
∑
k

d[xk+1(x)f(xk(x)]
dx

we will see that all the terms vanish, identically (precisely because xR(x) = {x1(x), x2(x), . . .} satis�es
the variational recursion). It seems that C(x) should be a constant! Luckily, we already computed
C in an example, and know that this is not the case.

The reason for this calamity is, of course, the fallacious di�erentiation of an in�nite sum of di�er-
entiable functions with wildly growing C1 norms.

However, if we consider the approximants

CK =
K∑
k=0

xk+1f(xk),
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they can be di�erentiated term by term, yielding

dCk
dx

(x) = xK+1(x)f(xK(x)) (4)

(by telescoping).
As CK(x) approximates C(x) to within 4EP · 1(P > xK), the existence of a local minimum of

C(x) in an interval where C is �nite would imply that the approximants CK have local minima in
that interval, for all large enough K.

3 Hamiltonian dynamics

Denote by P = {1 ≥ s ≥ 0, y ≥ 0} the phase space (in standard coordinates) on which the variational
recursion acts.

3.1 Large picture

De�nition 1 The regionMk of k-step monotonicity is de�ned as collection of points in P such that
k-fold application of the R produces a monotonic (along y coordinate) sequence. The intersection of
all Mk is denoted by M∞ := ∩kMk and is called the transient region. Its complement is called the
chaotic region.

The boundary S of the transient region is called the separatrix. It is not immediate that the
separatrix is a curve: the transient and chaotic regions can have rather wild structure. However, we
will see that the separatrix is a curve, and indeed can be represented as a graph of a function in some
coordinates.

3.2 Existence of separatrix: exponential distribution

The existence of the separatrix in the phase space for the exponentially distributed P is done by
using the standard Banach contraction mapping principle.

We start by changing the coordinates in the space where the variational recursion acts from (x, y)
(recall that these two numbers represent the successive points of the trajectory, (x, y) = (xk, xk+1)
to y, z, where z = y − x. In these coordinates the mapping R is

R : (y, z) 7→ (Y,Z) = (exp z, exp z − y). (5)

The inverse map in these coordinates acts as

R−1 : (Y,Z) 7→ (Y − Z, lnZ). (6)

The iterations of the boundary of monotonicity region {Z > 0} result in curves z = φk(y), where
the functions φk satisfy the recursion

φk+1(Y − φk(Y )) = ln(φk(Y )),

or, equivalently,
φk+1(η) = ln(φk(ψk(η))),

where ψk is de�ned as inverse to Y 7→ Y − φk(Y ).
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Proposition 3 The map φk 7→ φk+1 de�ned above is a contraction in the space of continuously
di�erentiable positive functions with bounded derivative 0 < f ′(y) < 1/2 for y ≥ 4. There is a
(di�erentiable) limit φ = limk→∞ φk solving the �xpoint equation

φ(y − φ(y)) = ln(φ(y))

and satisfying |φ(y)− ln(y)| ≤ 1 on [4,∞).

By construction, the region below the separatrix S (in (y, z) coordinates) correspond to the non-
monotonic solutions of the variational recursion, and that above S correspond to monotonically
increasing solutions. In other words, S is indeed the boundary ofM∞.

4 Cost function and optimal trajectories

To understand the properties of the cost function and its approximations CK we need to use a trick
from hyperbolic dynamics, �nding fragile objects (invariant foliations) from robust ones (invariant
cones), compare [12].

4.1 Consistent cone �elds and invariant �elds of directions

We will continue to work in (y, z) coordinates of section 3.2. We will refer to a pair of nowhere
collinear vector �elds (η, ξ) (or, rather, to the convex cone in the tangent spaces spanned by these
vector �elds) as the cone �eld K(y,z). We will say that the cone �eld K is consistent, if the variational
recursion maps it into itself, i.e.

DRK(y,z) ⊂ KR(y,z);

here DR is the di�erential of R. For exponential P , it is given in the coordinates (y, z) by(
0 ez

−1 ez

)
Proposition 4 If on a R-invariant set A ⊂ {y ≥ 0, z ≥ 0} there exists a consistent cone �eld, then
there exists a R-invariant �eld of direction (non-vanishing vector �eld de�ned up to a multiple) on
A.

The �eld of direction is constructed as a generator of the cone �eld

K∞(y, z) := lim
k

(DR)−kKRk(y,z)

which is manifestly R-invariant.
Now we will construct an explicit consistent cone �eld for the exponential P . It is in fact just the

constant �eld, spanned by the tangent vectors η = (0, 1) and ξ = (2, 1). A quick computation shows
that in the region {z > ln 4} the cone �eld generated by η and ξ is consistent.

4.2 Monotonicity of the cost function on intervals of regularity

Now we are ready to prove the key fact about the cost function C(x). Consider the ray r := {(s0 =
1, y0 = x), 0 < x <∞} of initial conditions for the variational recursion (in the standard coordinates
(s, y)). We will say that x∗ is a regular point, if some vicinity of x∗ in the ray r belongs to the
transient regionM∞. In other words, for the initial data x0 = 0, x1 = x, where x is close to x∗, the
variational recursion generates an increasing trajectory, for which the cost function is a well de�ned
function C(x).

Our key observation is that x∗ cannot be a local extremum of C.

7



Proposition 5 In (y, z) coordinates, if the region above the separatrix supports a consistent cone �eld
K, with η being one of the generators, and η is not R-invariant then on any interval I = (y−, y+) ⊂ r
in the intersection of the ray of initial data with the transientM∞ the function C is monotone.

Note that we do not assume that C is smooth.
To prove this proposition, consider the approximants CK :

CK(x) =
K∑
k=0

f(xk)xk+1, (7)

where the trajectory xR(x) solves the variational recursion with parameter x1 = y. It is immediate
that CN is a smooth function of x, if f is.

As CK converge point-wise to C, non-monotonicity of C on I would imply that for some compact
subinterval J ⊂ I, all the functions CK have a critical point on J , starting with some large enough
K.

By (4),
dCK
dx

= f(xK)
dxK+1

dx
,

and criticality dCK
dx = 0 is possible only if dxK+1/dx = 0 at some point x∗ of J .

As the K-th iteration of the initial point (y, z) = (x1, x1−x0) is (xK+1, xK+1−xK), the vanishing
of dxK+1/dx = 0 means that in (y, z) coordinates the K-th iteration by DR of the tangent vector to
the ray r is vertical.

However, the line of the initial conditions is the diagonal (x, x), and the tangent spaces to it are
spanned by the vectors (1, 1), which lie in the interior of cone �eld K. As the K is consistent above
the separatrix, the iterations of these tangent vectors under DR will still be in the interior of K,
while the vertical vector �eld is the generator of K. Hence, dxK+1/dx cannot vanish on J , ensuring
that that vicinity cannot contain a local extremum of C.

5 Optimal trajectories for exponential distribution

We established in the previous section, that the optimal trajectory should follow the separatrix. In this
section we will describe some characteristics of the trajectories following the separatrix: speci�cally,
we will show that these trajectories exhibit far slower growth than other monotonic trajectories.

To determine the actual optimal trajectory we will have to resort to the simulations: the optimality
conditions reduce the set of initial conditions to two candidates (the intersection of the separatrix
with the ray of starting points x0 = 0, x1 = x > 0.) This ray intersects the separatrix at two points,
and the simulations show that the larger of them is the optimum.

5.1 Growth rates

Similarly to the homogeneous case, the growth of the optimal trajectory (or of any trajectory on the
separatrix) is far slower than the growth of trajectories above the separatrix.

Proposition 6 If a point (x1, x0) belongs to separatrix, then the sequence xn grows as n log n:

xn/n log n→ 1.

Analogously to the homogeneous case, we have

Proposition 7 A trajectory above the separatrix grows at least exponentially fast.
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Figure 3: Numerically evaluated cost function C(x) for exponential P . Right display shows also
results for chaotic region (stopped after a �xed number of iterations). Left display is a magni�cation
of the right one, showing only the results over the transient region.

5.2 Simulations and optimal trajectories

For the exponentially distributed P , it is easy to see that the separatrix S intersects the ray of initial
conditions r at two points, x+ ≈ 0.7465... and x− ≈ .1954... (compare the Figure 2.3). Between the
points, the initial conditions are in the chaotic region. The monotonicity of C outside of the chaotic
region means that one of the two initial values, x+ or x− should generate the optimal trajectory.
Numerically, x+ wins: C(x+) ≈ 2.3645 < C(x−) ≈ 2.3861.

6 Conclusion

We believe that the approach to search problem via discrete time Hamiltonian dynamics bears quite
a bit of promise, recovering the hidden structure of the search problem. The hyperbolicity of the
dynamics de�ned by the variational recursion plays a key role in the characteristics of the optimal
search trajectory. In particular, hyperbolicity implies the existence of separatrix which divides the
regular and chaotic regions, and the optimal search trajectory needs to start on the separatrix: the
chaotic region cannot contain optimal orbits, while in the regular region the orbits father away from
separatrix have higher cost (monotonicity of the cost function).

While this scenario is proved in this note only for a speci�c case of exponential distribution function,
we anticipate that for other distributions with su�ciently fast decay, the same package of results
including the existence of separatrix and monotonicity of cost function in the region of transiency
will hold.

We plan to return to this more general classes of distributions in a follow-up paper, where we also
plan to address the phenomenon of separatrix slow-down (the growth of trajectories on separatrix is
slower than that in the interior of the transient region).

6.1 Future directions

There are plenty of more interesting open question arising in this approach to the search problem via
dynamical systems. Extending the set of analyzed distributions (in particular, to those with bounded
support) is a natural task.
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We also expect that for search on rays, where the corresponding Hamiltonian map is higher di-
mensional, hyperbolicity will also play a role and higher dimensional separatrix (unstable manifold)
can be found. It is likely that optimal search plan would be restricted to the unstable manifold.

Some wilder guesses, like the analyticity of the cost function across the chaotic region are pretty
tantalizing, as well.
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