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We focus on the following inviscid Burgers-Hilbert equation for this lecture:

ut + uux = Hu, u(x0) = u0(x), (1)

where H is the Hilbert transform, and u0 ∈ Hk(R) is a small initial data. Regularity condi-
tions will be specified in the theorem.
The note has three parts. The first part describes the standard energy method and discusses
the effect of quadratic term. The second part is mainly about the modified energy method.
The third section brief describes normal form transformation and other related results.

1 Standard Energy

d

dt
||∂kxu||2L2 =

d

dt

∫
(∂kxu)2dx

=

∫
2(∂kxut)(∂

k
xu)dx = 2

∫
∂kx(−uux +Hu)∂kxudx

=− 2

∫
∂kx(uux)∂kxudx+ 2

∫
H(∂kxu)∂kxudx (2)

.||ux||L∞ ||u||2Hk

.||u||3Hk

For step (2), more details are as below:
The first term ∂kx(uux)(∂kxu)2 can be rewritten as C1ux∂

k
xu by using integration by parts

multiple times.
As for ∂kx(Hu)∂kxu, it can written as H(∂kxu)∂kxu since d

dtH(u) = H(dudt ).
Also ||H(∂kxu)||L2 ≤ C2||∂kxu||L2 . By using this equality and Holder inequality, then we can
bound the second term.
From the inequality above, we know that d

dt ||u||Hk . ||u||2
Hk , which implies:

||u||Hk .
||u0||Hk

1− ct||u0||Hk

.

Then we can conclude that for 0 ≤ t ≤ T = O( 1
||u0||Hk

), the solution remains O(||u0||Hk).

The maximal time T is the same order of the reciprocal of the initial data magnitude.
If we have a cubic term instead of uux, then we can have d

dt ||u||Hk . ||u||3
Hk , which implies

that T = O( 1
||u0||2

Hk
).

2 Modified energy method

As we have briefly discussed in the first part, the quadratic term results in the short time
T . For modified energy method, we are going to ”remove” this quadratic term and define a
modified energy.
The following result is given in Ref[1]. In this section, a sketch of the proof is given.
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Theorem 1 a)Let k ≤ 2. Suppose that initial data u0 ∈ Hk(R) for the equation (1) satisfies

||u0||H2(R) ≤ ε� 1.

Then there exists a solution u ∈ C(Iε;Hk(R)) ∩ C1(Iε;Hk−1(R)) of (1) defined on the time-
interval Iε = [−α/ε2, α/ε2], where α > 0 is a universal constant, so that

||u||L∞(Iε;Hs(R)) . ||u(0)||Hs(R), 0 ≤ s ≤ k.

b) Consider u1, u2 two solutions of (1) as in part a). Then

||u1, u2||L∞(Iε;L2(R)) . ||u1(0)− u2(0)||L2(R).

2.1 Remove the quadratic term

Here we consider v := u+B(u, u), where B(u, u) is a bilinear term.

vt =ut +B(ut, u) +B(u, ut)

=Hu− uux +B(Hu− uux, u) +B(u,Hu− uux)

=− (uux −B(Hu, u)−B(u,Hu)) +Hu−B(u, uux)−B(uux, x)

=Hv −Q(u)

The first term is the quadratic term, and we want to remove this term to get vt = Hv−Q(u),
where Q(u) is a cubic term of u.
Here B(u, u) = H(Hu ·Hux).

2.2 Energy estimate

Consider the norm of v:

||∂kxv||2L2 =

∫
(∂kxu+ ∂kxH(Hu ·Hux))2dx

=||∂kxu||2L2 + 2

∫
∂kxu∂

k
xH(Hu ·Hux)dx+

∫
(∂kx(H(Hu ·Hux)))2dx

Since Hilbert transform is a bounded linear operator, the second term is comparable to the
term (ux, (∂

k
xu)2) by using integration by parts a few times. That is to say,

∫
∂kxu∂

k
xH(Hu ·

Hux)dx = O(||u||Hk).
Actually there is an identity:

H(ab−Ha ·Hb) = aHb+ bHa,

which implies ∫
∂kxu∂

k
xH(Hu ·Hux)dx = −(k +

1

2
)

∫
Hux(∂kxHu)2dx+ l.o.t. (3)

Also for small initilal data, the third term is negligible.
By the analysis of the second and the third term, it is fair enough to define:

Ek(u) = ||∂kxu||2L2 + 2

∫
∂kxu∂

k
xH(Hu ·Hux)dx.

Claim 1: Ek(u) is equivalent to Hk(u):

Ek(u) =
1

2
||∂kxu||2L2 (1 +O(||Hux||L∞))
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Proof: A rigorous proof of this claim is provided in Ref[1]. By (3),∫
∂kxu∂

k
xH(Hu ·Hux)dx . ||ux||L∞ ||∂kxu||2L2

Claim 2: for any δ ≤ 0, then

d

dt
Ek(u) ≤ Ck,δ||ux||2

H
1
2+δ
||u||2Hk ,

where Ck,δ is a constant depending on k and δ only. (This is the lemma 3 in Ref[1])

3 Related results

3.1 Normal form transformation

In Ref[2], the following problem is considered:

ut + εuux =H[u], u(0, x; ε) = u0(x).

They use a normal form transformation: v = u+ 1
2ε|∂x|(h

2), and h = H[u]. Here |∂x| = H∂x.

3.2 Results by Sijue Wu

In Ref[3], the initial value problm of 2-dimensional water wave equations has a unique solution
for t ∈ [0, ec/ε], where ε is a small value.
In Ref[4], the intial value problem of 3-dimensioanl water wave equations has a unique global
solution if the initial data is small.
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