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The motion of a fluid can be very complicated
as we know whenever we see waves break on a beach.

(Image from the Internet)



The motion of a fluid can be very complicated
as we know whenever we fly in an airplane.

(Image from the Internet)



The motion of a fluid can be very complicated
as we know whenever we look at a lake on a windy day.

(Image from the Internet)



Euler in the 1750s proposed a mathematical model of an
incompressible fluid:

ut + (u · ∇)u = −∇P + f ,
∇ · u = 0.

Here u(x, t) is the velocity of the fluid at the point x and time t, P (x, t) the pressure,
and f(x, t) an outside force.

The Navier-Stokes equations (adding ν∆u) allow the fluid to be viscous.

The Euler equations are concise and, yet, capture the essence of
fluid behavior in an idealized fashion.

They provide source and inspiration for many branches of
mathematics, e.g. Cauchy’s complex function theory.

Difficulties of understanding fluids are profound.
e.g. Global existence for the Navier-Stokes equations in
3 dimensions is one of the “millennium” problems!



Waves



Waves, jets



Waves, jets, drops



Waves, jets, drops come to mind when thinking of fluids.

They involve one or more fluids separated by an unknown surface,
and go by the name of free boundary problems.

(Images from the Internet)



Free boundaries are mathematically challenging in their own right.

They occur in many other situations, such as

melting of ice stretching a membrane over an obstacle.

(Image from the Internet)



Water waves
refer to the situation where water lies below a body of air. The interface between the
water and the air is free.

ut + (u · ∇)u = −∇P + g(0,−1) in the fluid,
∇ · u = 0
ηt + u · (∇η,−1) = 0 at the surface,
(Fluid particles at surface remains there at all times.)

P = const.
(The pressure at surface equals the atmospheric.)

u→ (0, 0) at the infinite depth,
(The flow is nearly at rest at great depths,)

u · (0, 1) = 0 at the finite depth.
(or else, tangent to the bed.)

Here y = η(x, t) is the fluid surface (x ∈ R or R2) and g is the constant of gravity.



Describing what we may see or feel at the beach or in a boat,
water waves are a prime example of applied mathematics.

They encompass wide-ranging wave phenomena, ranging in length
scale from ripples driven by surface tension to

tsunamis rogue waves.

They impact outside of mathematics, e.g. hydraulics and weather
prediction.

(Image from the Internet)



Difficulties of studying the water wave problem are:

• It is nonlocal (rewriting the governing equations in terms of quantities

defined at the fluid surface),

• Boundary conditions at the fluid surface are nonlinear.

Feynman said

... (water waves), which are easily
seen by everyone and which are
used as an example of waves in
elementary courses ... are the
worst possible example .... They
have all the complications that
waves can have.

(Image from the Internet)



What are some of the fundamental problems of interest to
mathematicians?

• The Cauchy problem — is there a unique solution for an
arbitrary initial condition? For how long a time does it exist?

• Are the solutions regular, or do singularities develop after
some time?

• Are there solutions that are spatially periodic? localized?

• Stability — if we perturb a steady wave at time t = 0, does
the solution at later times remain near (a translate of) it?

• What are the effects of vorticity? Of surface tension?

• How can the various approximate models be justified?

• What is turbulence and how can it be described?



The Cauchy problem
is to solve the governing equations for (arbitrary) initial conditions u(t = 0) and η(t = 0).

Well-posedness requires the ability to uniquely solve the equations
and prove the continuity of the solution with respect to initial
conditions in an appropriate functional setting.

[Sijue Wu; 1997, 1999] proved that an arbitrary initial datum in a
Sobolev space leads to short time existence, so long as

∇P ·(outward normal)< 0 at the fluid surface

if and only if the fluid surface does not intersect itself.



In particular, overhanging waves are well-posed at least for short
time — a fact that every surfer knows.

(Image from the Internet)



An explosion of research activities on the short-time existence with
increasing generality — permitting vorticity, compressibility, surface
tension, uneven bottom, angled crest,. . . .

ON A CLASS OF SELF-SIMILAR 2D SURFACE WATER WAVES 5

where D is the domain on the right as one walks in the direction of increasing β on its

boundary ∂D : ζ = ζ(β), β ∈ R. Notice that W = V ◦ ζ, where V is the profile of velocity

field in domain D. It is easy to derive from (3.1) that W ′ = −βζ′′, so

β2ζ′′(β) = ia(β)ζ′(β), (3.2)

and 2

ζ′(β) = ei{b(β)+φχ(β)} (3.3)

where b = b(β) is continuous and differentiable on R, and for β ∈ R,

b′(β) =
a(β)

β2
, χ(β) =

!
0, for β < 0

1, for β > 0
(3.4)

φ is a constant3. We take −π < φ ≤ 0 for surface water waves. Let ζ(0) = 0. Since

a = a(β) ≥ 0, b = b(β) is increasing on R. Therefore ζ = ζ(β), β ∈ R is a curve that as

β goes from −∞ to 0, concave upwards; at β = 0 turns downward by an angle of degree

|φ|; then continues concave upwardly as β goes from 0 to ∞. This appears to be in very

good agreement with a common type of wave crests we see in the deeper part of ocean.4

µπ

φ

νπ

Let

Φ : D → P−, with Φ(0) = 0

be a Riemann mapping from the fluid domain D to the lower half plane P−, and

h = h(β) := Φ ◦ ζ = Φ(ζ(β)) : R → R.

Then h(0) = 0; ζ ◦ h−1(x) = Φ−1(x) and

(ζ ◦ h−1)′ = (h−1)′ei(b◦h−1+φχ) = (Φ−1)′(x), x ∈ R (3.5)

2Without loss of generality we take ζ = ζ(β) in arclength variable.
3It is easy to check ζ given by (3.3) is a weak solution of (3.2).
4The photo is from http://photos.surfline.com.

(Image from [Wu, 2012])



Ill-posedness usually means that the small scale features of the
perturbation grow faster than the large scale features, preventing
the continuity of the solution map, e.g.

the Kelvin-Helmholtz instability the Rayleigh-Taylor instability

(Image from the Internet)



Recently, there has been mathematical progress on the long-time
behavior if one assumes that the initial data are small and localized
— [Sijue Wu; 2009, 2011], [Germain, Masmoudi and Shatah; 2012,
2014], [Alazard and Delort; 2013], [Ifrim and Tataru; 2014-],
[Ionescu and Pusateri; 2013-],...

Key ingredients of the proofs are:

• dispersive estimates (linear estimates),

• normal form transformation or space-time resonance
(a deep understanding of the nonlinearity),

• high-order energy estimates (nonlinear estimates).



Water waves are dispersive.

(Image from the Internet)

The dispersion relation is

cww(k) =

√
g tanh(kh)

k
.

Here k is the wave number and h is the fluid depth.

In shallow water (kh� 1), cww(k) ≈
√
gh.



Cauchy in his prize-winning article

used the Fourier transform and approximated by utt − ghuxx = 0.

(Image from the Internet)



Breaking of water waves
It is a matter of experience that the fluid surface of an ocean wave
becomes vertical and accelerate infinitely rapidly. A portion of the
surface overturns, projects forward and form a jet of water.



Breaking of water waves
It is a matter of experience that the fluid surface of an ocean wave
becomes vertical and accelerate infinitely rapidly. A portion of the
surface overturns, projects forward and form a jet of water.

Think of the stunning Hokusai wave!

(Image from the Internet)



Laboratory experiments support water wave breaking.

(Image from Van Dyke, An Album of Fluid Motion.)



Breaking in shallow water
[Whitham; 1974] said ”the breaking phenomenon is one of the most intriguing
long-standing problems of water wave theory.”

The nonlinear shallow water equations

ηt + ux + (u(h+ εη))x = 0, ut + gηx + εuux = 0

explain breaking — bounded solutions and unbounded derivatives.

It goes too far — all solutions with an increase of elevation break.

The neglected dipsersion effects inhibit breaking. Recall

cww(k) =
√
g tanh(kh)

k
=
√
gh(1− 1

6
(kh)2) + · · · for kh� 1.

But the Korteweg-de Vries equation

ηt +
√
gh
(
1 + 1

6εh
2∂2
x

)
ηx +

3
2

√
g
hεηηx = 0

goes too far — no solutions break.



Whitham in 1967 proposed

ηt + cww(|∂x|)ηx + 3
2

√
g
hηηx = 0

combining the dispersion relation of surface water waves and the
nonlinearity of the shallow water equations.
And he conjectured wave breaking.

[H.; 2017] proved wave breaking in the Whitham equation, and in
the KdV equation with fractional dispersion

ηt + |∂x|αηx + ηηx = 0

for −1 < α < −1/3, provided that maxx∈R |ηx(x, 0)| � 1.



Are there periodic waves traveling a long distance
at a constant velocity without change of form?



Are there periodic waves traveling a long distance
at a constant velocity without change of form?

“As they near shallow water close to the coast of Panama, huge deep-see waves are transformed into waves that

have crests, but little or no troughs. Three Army bombers, escorted by a training ship, are proceeding from

Albrook Field, Canal Zone, to David, Panama.” from National Geographic in 1933.



In the irrotational setting

In the 1880s, Stokes made many contributions, for instance,
observing that the crest tend to sharpen and trough flatter as the
amplitude increases, and conjecturing

4/23/2017 1280px-Stokes_wave_max_height.svg.png (1280×310)

https://upload.wikimedia.org/wikipedia/commons/thumb/a/a5/Stokes_wave_max_height.svg/1280px-Stokes_wave_max_height.svg.png 1/1

(Image from Wikipedia)

[Amick, Fraenkel and Toland; 1982] proved that such a corner
wave exists.

Recently, advances — analytical and numerical — based on
Babenko’s equation:

λ2H y′ = y + yH y′ + H (yy′).

Here (x+ H y(x), y(x)) represents the fluid surface, λ is the Froude number, and

H is the Hilbert transform.



By the way, the corner wave is useful for

Numerical Simulation and More Model

Initial Stage of instability.

The initial stage of instability is common for the case with and without
surface tension. The formation of plunging breaker is associated with this
stage.
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Numerical Simulation and More Results with surface tension.
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But rotational effects are significant.

[Constantin and Strauss; 2004] worked out global bifurcation for
arbitrary vorticity.

[H.; 2006, 2010] extended the result to the infinite depth.

Solutions do not permit overhanging, critical layers or internal
stagnation.

But critical layers occur even for constant vorticity
Waves on water of $finite depth with constant vorticity 297 

FIGURE 14. (a) Streamlines and (b) pressure contours for periodic wave with 5 = 2. h = 1. H = 1 .  
Rescaling in solitary wave units: SZ = 1.481, a = 1.823 and S = 3.302 (not a good example of a 
solitary wave I). 

L? = 1.175 are presented in figures 12 and 13. Figure 12 shows the values of total 
energy (T + V )  for both values of vorticity, and we find the same pattern as for wave 
speed; figure 13 shows the ratios T / V  and we find again in a lesser scale the same 
behaviour. Considering the results in both figures we conclude that for high enough 
values of the vorticity 52, as we increase wave height we move into a region of the 
solution space in which the waves have an excess of kinetic energy, over 80 % of the 
total, and look very round in the manncr of the pure vortical wave shown in the end 
of last section. Then as we proceed along thc solution curve the share of kinetic 
energy is reduced in favour of potential energy. In  other words we move from a 
region in which the vortical effects are dominant, the upper part of the folds, towards 
one in which gravity is more important, the lower portion of the folds. As vorticity 
increases there appears to be no bound for wave height and energy. 

These results for solitary waves look closer to the results for deep-watcr waves 
presented by Simmcn & Saffman (1985) than to those for periodic shallow-water 
waves, in the sense that the former show such peculiarities as folds in the curves for 
phase velocity against height and the existence of waves higher than extreme waves, 
that we did not find in the latter. Periodic deep-water waves and solitary waves have 
in common the infinite mass of available water unlike periodic shallow water waves. 
A solitary wave does not have the possibility of self interception so it cannot give rise 
to ‘gaps’ in the solution space. 

6. Surface shear waves, eddies and stability 
The large bulbous waves displayed in figures 3 and 11 can be better understood 

after examining the velocity and pressure fields beneath the surface. One repre- 
scntativc wave is shown in figurc 14. As may be seen thcrc is a largc closed 
eddy beneath the wave. Note also its velocity in solitary-wave units, S = 3.302, 
corresponds to a high Froudc number. These large waves can be interpreted, if 
stationary, as a thin sheet of high-speed water passing over an eddy. 

Thcrc is a close resemblance bctwccn thcsc wavcs and the ‘surface shear wavcs’ 

(Image from [Teles da Silva and Peregrine; 1988])



For constant vorticity

[Dyachenko and H.; 2017] formulated the problem as the
generalized Babenko equation:

(c2 + 2b)Tdy
′ − (g + cω)y − g(yTdy

′ + Td(yy
′))

−1
2ω

2(y2 + Td(y
2y′) + y2Tdy

′ − 2yTd(yy
′)) = 〈LHS〉

and

〈(c− ω(Td(yy
′)− y − yTdy

′))2〉
= 〈(c2 + 2b− 2gy)((1 + Tdy

′)2 + (y′)2)〉

subject to

〈y(1 + Tdy
′)〉 = 0.

Here T̂df(k) = −i coth(kd)f̂(k).

And, numerically computed the solutions.



Sample waves
ω = 2, d = 1
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Touching waves for large vorticity
d = ∞
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Stability?

Therefore, “Stokes waves are theoretically possible as state of
dynamic equilibrium.”

But, in the mid 1960s, Benjamin had trouble reproducing Stokes
waves experimentally and believed that they be unstable....



Benjamin’s experiment

 on June 6, 2017http://rspa.royalsocietypublishing.org/Downloaded from 

 on June 6, 2017http://rspa.royalsocietypublishing.org/Downloaded from 

Images from [Benjamin and Hesselmann; 1967]. The original caption reads: “Photographs of a progressive

wavetrain at two stations, illustrating disintegration due to instability: (left) view near to wavemaker; (right) view

at 200ft. farther from wavemaker. Fundamental wavelength, 7.2ft.”



BF instability: a brief history

In the mid 1960s, Benjamin and Feir, and Whitham argued that a
Stokes wave be unstable to sideband perturbations, if

(carrier wave number)·(undisturbed water depth)> 1.363...

— the Benjamin-Feir or modulational instability.

Corroborating results arrived about the same time, but
independently, by Lighthill, Benny, Newell, Zakharov,....
“The idea was emerging when the time was ripe.”

[Bridges and Mielke; 1995] studied in a rigorous fashion.

But the proof breaks down in the infinite depth. It leaves some
important issues open.



In the 2000s, much effort to translate formal theories into rigorous
mathematical theorems. Proofs use the Evans function and other
ODE techniques.

But they do not seem to apply directly to nonlocal equations for
water waves.

One may resort to simpler models to gain insights....



BF instability in the Whitham equation

[H. and Johnson, 2015] proved that a sufficiently small,
2π/k-periodic traveling wave of the Whitham equation

ut + cww(|D|)ux + (u2)x = 0

is modulationally unstable, if

ind(k) =
(kcww(k))

′′((kcww(k))
′ − cww(0))

cww(k)− cww(2k)
i4(k) < 0,

where i4(k) = 2(cww(k)− cww(2k)) + (kcww(k))
′ − cww(0).

It happens when k > 1.145...; otherwise spectrally stable to square
integrable perturbations.



A better understanding

ind(k) =
(kcww(k))

′′((kcww(k))
′ − cww(0))

cww(k)− cww(2k)
i4(k) =:

( i1i2
i3
i4

)
(k),

and i4(k) = 2i3(k) + i2(k).

Note that cww(k) = phase speed, (kcww(k))
′ = group speed.

Modulational stability changes when

i1 = 0; the group speed is an extremum,
i2 = 0; the group speed matches the limiting phase speed,
i3 = 0; the fundamental and second harmonics are resonant,
i4 = 0; “the dispersion and nonlinear effects are resonant.”



MI for fractional KdV equations

[Bronski and H.; 2014] proved that a periodic traveling wave of

ut + |∂x|αux + uux = 0

is modulationally unstable, if

D :=



〈w3, [L, x]v3〉 ∗ 〈w3, [L, x]v1〉

1 〈w2, [L, x]v2〉 0
〈w1, [L, x]v3〉 ∗∗ 〈w1, [L, x]v1〉




admits a complex eigenvalue, where

〈w1, [L, x]v1〉 = Mc((1− α)Ua + αcPa + (α+ 1)aMa) + Pc(2Pa + cMa),

〈w1, [L, x]v3〉 = Mc((1− α)Uc + αcPc + (α+ 1)aMc) + Pc(2Pc + cMc),

〈w3, [L, x]v1〉 = −Ma((1− α)Ua + αcPa + (α+ 1)aMa)− Pa(2Pa + cMa),

〈w3, [L, x]v3〉 = −Ma((1− α)Uc + αcPc + (α+ 1)aMc)− Pa(2Pc + cMc),

〈w2, [L, x]v2〉 = −α(McUa −MaUc − c(McPa −MaPc)).

Here v1, v2, v3 are eigenfunctions and w1, w2, w3 are dual elements. M,P,U are

integrals of moments, c, a are the parameters of the periodic wave equation.



An example

For the Benjamin-Ono equation (α = 1), using the explicit solution

u(x; c, a, L) =

(2π/L)2√
c2−4a−(2π/L)2√

c2−4a
c2−4a−(2π/L)2

− cos(2πx/L)
− 1

2
(
√
c2 − 4a+ c),

D =



−πL (πL)2(1− (2π/cL)2) 0
1 πL 0

2π2 0 πL


 .

Eigenvalues=πL, ±πL
√

2− (2π/cL)2. All periodic traveling
waves are modulationally stable.



More examples

We examined for c = −5, a = 0, L = π/2, and 1 < α < 2 and,
interestingly, found an unstable wave at α ≈ 1.025.

the imaginary part of the

eigenvalue as a function of α

the wave profile at α ≈ 1.025

Compare to generalized KdV:
ut + |D|αux + uux = 0 ut + uxxx + upux = 0

L2 critical α = 1/2 p = 4
“L1” critical α = 1 p = 2



Solitary waves

After Russell’s horseback observation,
Korteweg and de Vries derived

ut − ux + 1
6uxxx +

3
2(u

2)x = 0

in the shallow water regime.
It admits the exact solution

u(x) = 3 sech2 3
2(x− x0).

Using the scaling x 7→ εx, u 7→ ε2u,
[Friedrichs and Hyers, 1954] and [Beale,
1977] constructed small-amplitude
solitary water waves.

[Pego and Sun, 2010] proved the linear asymptotic stability of
small-amplitude solitary waves. Upgrade to nonlinear stability?


