
Merit Calculus 1, Fall 2009, Worksheet 5

Office Hours: 150 Altgeld, Thursdays 2:00–2:50 p.m. (or by appointment)
One worksheet will be selected at random from each team today. This worksheet will be
graded and everyone in that team will receive that mark. Problems labelled F will be
graded.

Problem 1. F The function f(x) is graphed below. Where is this function continuous?
For each point where the function is not continuous, explain why it is not continuous.

Use your results from this question to say what three properties must hold before we can
say that “f(x) is continuous at x = a”.

Problem 2. F Sketch the following functions (playing especially close attention to those
features relevant to continuity):

f(x) =
x2 − 4

x− 2
, g(x) =

1

x− 2
, h(x) =

|x− 2|
x− 2

, j(x) = |x− 2|

If you have not already done so, check your three-part definition of continuity with me before
proceeding.

a. Which of these functions satisfy condition 1?

b. Which of these functions satisfy condition 2?

c. Which of these functions satisfy condition 3?

d. What is a removable discontinuity?



e. Which of these functions has a removable discontinuity? Explain.

f. Are there any removable discontinuities in Problem 1? Explain.

g. Sketch a function that satisfies conditions 1 and 2, but not 3 of the definition.

h. Sketch a function that satisfies condition 1 but not 2 or 3.

Definitions We say that f(x) is continuous at a from the left if lim
x→a−

f(x) = f(a), and

similarly, that f(x) is continuous at a from the right if lim
x→a+

f(x) = f(a).

We say that f(x) is continuous on an open interval if f(x) is continuous at every point
in that interval.
We say that f(x) is continuous on a closed interval [a, b] if it is continuous at each point
in the open interval (a, b), continuous on the right at a, and continuous on the left at b.

Problem 3. Draw the graph of a function that is left continuous at x = −1 and right
continuous at x = 1 that is not continuous at either of these points.

Intermediate Value Theorem Suppose that f is continuous on the closed interval [a, b]
and that f(a) 6= f(b). Then f(x) assumes every intermediate value between f(a) and f(b).
That is, if N is any number strictly between f(a) and f(b), then there exists at least one
number c in (a, b) such that f(c) = N .

Problem 4. F How can you be sure that the function f(x) = x3 +x−1 has a root between
x = 0 and x = 1?

Problem 5. F Explain the Intermediate Value Theorem in your own words. Use the
Intermediate Value Theorem to show 4

√
5 exists. How could you use the IVT and your

calculator to estimate 4
√

5?

Problem 6. F Recall the composition rule from last lecture: if E1(h) and E2(h) both have
limit 0 at 0, then so does E1(E2(h)). Use it to prove the following fact:
If f(y) is continuous at y = L, and lim

x→a
g(x) = L, then lim

x→a
f(g(x)) = f(L) = f(lim

x→a
g(x)).

Problem 7. What values of a and b make the following function continuous? Explain your
answer carefully.

f(x) =


ax2 − 1 x ≤ −2
bx+ 3 −2 < x < 3
x3 x ≥ 3

Suppose that a and b are not the values that you just found. Where is f(x) left continuous?
Right continuous?



Problem 8. What is
lim
x→1

arctan
(
ex2−5 ln(x2)−1

)
?

Explain.

Problem 9. True or False: you were once exactly three feet tall. Explain.

Problem 10. True or False: at some time since your birth, your weight in pounds exactly
equalled your height in inches. Explain.

Problem 11. At halftime in the basketball game, your team had 32 points. True or False:
at some time your team had exactly 25 points.

Problem 12. You are speeding along the highway at 100 miles per hour. You slam on
the brakes, get out and look out at the beauty of the cornfields. Is the speed of the car a
continuous function?

Problem 13. Calculus Cal says that h(x) = |x−2|
x−2

has a root between −3 and 3 because
h(−3) = −1 and h(3) = 1. What theorem is Calculus Cal thinking of. Discuss his statement.

Problem 14. Determine the intervals on which the following functions are continuous.

f(x) = log (4− x2), g(x) =
1

1− x2
, h(x) =

1

1 + x2
, k(x) =

2− x
x2 − 4

.

Problem 15. Golbez (a hyperactive toy fox terrier) loves playing fetch inside the house. He
accelerates while he chases his toy, tries to stop when he gets to the toy, and then keeps on
sliding forward on the wooden floors until he hits the wall (splat). His distance travelled,
d(t), at each time t is described by the following graph:
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1

2

3

4

5

What parts of the graph correspond with each part of the story above?
When is Golbez going fastest? Slowest? What is d(2), d(4)? How can you use this to
estimate Golbez’s speed at time t = 3? Can you find a better approximation? An even
better approximation? What about his speed at time t = 4? Now rephrase all of this in
terms of derivatives.

Problem 16. Explain (complete with beautiful pictures) how to use secant lines to approx-
imate the slope of the tangent line to y = x2 + 3 at the point (2, 7). Approximate this slope
by using suitable secant lines. Find the equation of the tangent line to this curve. Verify
your answer by sketching the curve and its tangent line.

Problem 17. For each of the following functions, write down
f(a+ h)− f(a)

h
for the given

value of a.

a. f(x) = x2 − x, a = 3

b. f(x) = x3+1
x−1

, a = 0

c. f(x) = sin x
2
, a = π

d. f(x) = x
x−1

, a = 2

e. f(x) = |x− 1|, a = 2.



What is the meaning of this expression? For the last two functions, compare the value of
this expression at a = 1 with the slope of the tangent line. Explain your answer.

Problem 18. If you made it to Problem 18, then your team is going too fast. Remember to
discuss the ideas and concepts behind the problems. As I have previously said, don’t move
on without having noted what the moral of the problem is and deciding as a team what you
should take away from the day.

Preparation for next time

Thursday’s preparation will be based on Section 2.7. Please read this and attend your
lecture.


