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Problem 1. Evaluate the limits:

lim
x→0+

e− cot x, lim
x→1

arctan

(
x

x2 − 2x+ 1

)
, lim

x→−∞
e−x2

.

Problem 2. What does it mean to say that lim
x→a

f(x) = L? Roughly, it means that f(x) will

be close to L if x is near to a. There are two phrases to examine here: “f(x) will be close
to L” and “if x is near to a”. (A little more carefully, we should write “if x is near to a but
not equal to a.) Consider the following function:

Let L = lim
x→8

f(x). What is L? If I demand that f(x) be within 0.5 of L, then how near

does x have to be to 8? Can you show on the graph the y-values that we are interested in?
What x-values on the graph are then allowed?

If I demand that f(x) be within 0.25 of L, then how near does x have to be to 8? Can
you show what this means on the graph? If I demand that f(x) be within 0.1 of L, then
how near does x have to be to 8?

Repeat the above steps at x = 4. Now explain the above in terms of the ε-δ definition of
the limit.

Repeat the above steps at x = 0. What is lim
x→0

f(x)? Explain.

Problem 3. Show that g(h) = 12h has limit 0 at 0 directly from the definition. (If I demand
that g(h) has to be within ε of 0, then how near does h have to be to 0?)

Problem 4. Show that g1(h) = 9h2 has limit 0 at 0 directly from the definition.

Problem 5. Use the limit laws and the results of the last two problems show that lim
x→2

x2 = 4.

(Hint: lim
x→2

x2 = lim
h→0

???.)



Problem 6. Find a number δ such that if |x− 3| < δ, then |5x− 15| < 0.2. Relate this to
limits.

Problem 7. Sketch the graph of a function such that lim
x→∞

f(x) = −1 and lim
x→−∞

f(x) = +1.

Problem 8. What is the value of the limit lim
x→−∞

x4 + 1

10x2 + 2
?

What is the value of the limit lim
x→∞

5x2 + x+ 1

3x2 + 2x− 700000000
?

What is the value of the limit lim
x→−∞

1000000x4 + 5555555x3 − 2

x5 − 17
?

Explain why you would expect these limits to be what they are?
Write out a list of steps that will help you to find the limit of any rational function at infinity.

Problem 9. Now determine the behavior of the following polynomials as x→∞
(a) f(x) = 2x3−5x2+4x

x2−2x−7
(d) f(x) = x5+x3−x2+1

2x3+11x+1

(b) f(x) = x
x2+1

(e) f(x) = x2+x
2x+4

(c) f(x) = x+1
x−1

(f) f(x) = x4−x3+x2

5x4+10x−7

Problem 10. Suppose a state’s income tax code states that tax liability is 12% on the first
$20, 000 of taxable earnings and 16% on the remainder. Write down a piece-wise defined
function T (x) that captures this situation. Check that limx→0+ T (x) = 0 and limx→20,000 T (x)
exists. Why is it important for these limits to exist?

Problem 11. Are there constants a and b that make the function f(x) continuous?

f(x) =


ax2 if x < 1
4 if x = 1
−x3 + bx if x > 1

Find a and b, or explain why they don’t exist.

Problem 12. There are three parts to the definition of continuity. What are they? For
each condition, find an example of a function which breaks that condition.

Problem 13. Let g(x) = x4 − x3 + x2 + x − 1. What are g(0) and g(1)? What does this
tell you about zeroes of g(x)? Explain.

Problem 14. Explain the Intermediate Value Theorem in your own words. Use the Inter-
mediate Value Theorem to show 4

√
5 exists. How could you use the IVT and your calculator

to estimate 4
√

5?

Problem 15. True or False: you were once exactly three feet tall. Explain.

Problem 16. True or False: at some time since your birth, your weight in pounds exactly
equalled your height in inches. Explain.



Problem 17. At halftime in the basketball game, your team had 32 points. True or False:
at some time your team had exactly 25 points.

Problem 18. Determine the intervals on which the following functions are continuous.

f(x) = log (4− x2), g(x) =
1

1− x2
, h(x) =

1

1 + x2
, k(x) =

2− x
x2 − 4

.

Problem 19. Without using your calculator, analyze the left- and right-hand limits of the
following functions at any point where they fail to exist. Use this information to draw (very
rough) sketches of these functions.

f(x) =
1

x− 1
, g(x) =

x− 1

x+ 1
, h(x) =

1− x2

x+ 2
, k(x) =

|1− x|
(x− 1)2

.

Preparation for next time

Read Sections 2.7 and 2.8


