
Merit Calculus 1, Fall 2009, Worksheet 24

Problem 1. Consider the following graph of y = 3ex/2 on the interval [0, 5]. We rotate it
around the x-axis to get the tornado shaped solid on the right. What is the volume of this
solid? How can we write the volume as an integral?
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Riemann Sums to the rescue! (Thank you, Georg Friedrich Bernhard!)

• Break [0, 5] into n subintervals. Draw the corresponding rectangle near x = 3 on the
graph on the left.

• What does that give us in the picture on the right?

• What is the height of the rectangle on the left?

• What is the corresponding radius on the right?

• What is the volume of this slice on the right?

• How could we add up the volume of all these slices?

• Madlibs! Fill in the blanks: For every value of between and , we get a
of radius equal to and which thus has equal to . We

can add up all of these to get the by
.

Problem 2. We will show that the volume of a sphere of radius r is 4/3πr3.

a. Find the function whose graph is the top half of the circle with radius r centred at the
origin.



b. What shape is formed if we take that graph and spin it around the x-axis?

c. To find area, we cut up a shape into rectangles. To find volumes, we slice the solid up
into cross sections. What are the cross sections of this graph?

d. Generate a function which gives the area of a cross section of the solid at the point
x = a.

e. Integrate that function (what are the appropriate bounds?) to calculate the volume.

f. Does your answer make sense?

Problem 3. There does not exist one magic formula which answers all of these questions.
You must use the ideas we have met today. In the question below, the region being revolved
is the same in each case, but the shapes obtained and their volumes will be very different. If
you do not understand the ideas, finding the right radii to use in your integral will be very
difficult. As Problem 8 illustrates, there may not be any radius involved at all. The key idea
is adding up slices of area to get the volume.
How do you decide what to do in a volume problem? You are given a region R, described
by the intersection of various curves. You are told to rotate this around a (horizontal or
vertical) line L. When you are finding the volume:

• How do you decide whether to cut it into horizontal slices or vertical slices?

• How do you decide whether to use “disks” or “washers”?

• How do you find the radius?

• What should your limits of integration be?

• What should your definite integral be?

Now apply your wisdom to the following:
A region R is bounded by the curves y = x3 and y = x2. You obtain a solid by rotating this
around the line x = 3. What is the volume of this solid? What if you had rotated it around
the y-axis?



Problem 4. We can find the age of a (chopped down [choked sob]) tree by counting the
numbers of rings in its trunk. We could also use the rings to find the volume of the tree
trunk. The rings divide the tree trunk into hollow cylindrical “shells”. We find the volume
of each shell and then add up them to get the total volume.

What is the volume of this cylindrical shell? If the shell is very, very, very, very thin (of
thickness dx for example), then we could roll it out into a flat sheet as in the picture. If the
height of the shell is h and the radius is r, and the thickness is dx, what is the volume of
this cylindrical shell?

Problem 5. We break up the solid into cylindrical shells. To find the volume of each shell,
we need to know the radius, the height, and the thickness (dx or dy). We then “add together”
the shells by taking a definite integral.
Consider the region bounded by y = x2 and the y = 1, −1 ≤ x ≤ 1 revolved around the x
axis. Sketch the region and a typical shell. What is the height? What is the radius of the
shell? What is the volume?
Notice how a (quick) sketch is an important part of solving these problems. What is the
“formula” you should remember for these problems?

Problem 6. Use the method of cylindrical shells to calculate the volumes of the following
solids of revolution. Let the regions be defined by the given equations.

a. x = y2, x = 4, about the y-axis;

b. y = x3, y = 0, x = 2, about the x-axis;

c. y = e−x2
, y = 0, x = 0, x = 1, about the y-axis;

d. y = x2, y = x, 0 ≤ x ≤ 1 about the line x = −1.

[Note that the third one cannot be done with the methods of disks or washers. Why not?]

Problem 7. Let R be the region bounded by y = x2 and y = 4. Compute the volume of
the solid formed by revolving R about the given line.

(a) y = 6 (b) the y-axis (c) y = 4
(d) y = −2 (e) x = 2 (f) x = −4



Problem 8. The Transamerica building in San Francisco is the 100th tallest building in the
world, checking in at 853 feet. It’s shape is that of a four sided pyramid. It’s base is 180 ft
by 180 ft. What is the volume of the building?

Preparation for next time

??????


