Chapter 9

Cohomology and Spectral
Seguences

This appendix gives a short but intense introduction to aoblogy and spectral
sequences, two powerful but sometimes intimidating topics included mainly
for the convenience of the reader who is a non-specialistostains basic defi-
nitions and theorems (sometimes without proof) as well lastiative examples.
In particular, after reading the chapter, we hope the readéfeel competent to
compute

e Higher derived functors (cohomology from a new viewpoint).
e Spectral sequences.

Comprehensive treatments of the material here (and prowg)be found in Eisen-
bud [11], Hartshorne[1€], and Weibel ?] Throughout this section, the ring is a
commutative, finitely generatedi-algebra, and the sheély is the sheaf of regular
functions on a complex variety .

0. Homological basics: Complexes and Resolutions

A sequence oR—modules and homomorphisms

Pj+2 Dj+1
. .2 i1 ’ M;

is acomplex(or chain complex) if
img;41 C ker ;.

The sequence isxactat M; if im¢;11 = ker ¢;; a complex which is exact ev-
erywhere is called aBxact sequenceThe j** homology module of¢ is defined
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382 9. Cohomology and Spectral Sequences

as:
Hj ((5) = ker ¢j/im¢j+1.
The following complex is ubiquitous:

Example 0.1. [Koszul complex] LetS = Cl[zy,...,z,], With f1,..., f,, € S.
SetV = S™ with basis{ey, ..., e}, and letf = >, fie;. The sequence:

dn—
0—= 8§ —Z AN V) 2L A2(1) —= - — T AV =S — .

with d;(y) = f A v is easily checked to be a complex; it is called feszul

complexon{fi,..., fm}- O
Example 0.2. sheaf theoretic version of something not exact as sequdnmed:
ules, but exact at sheaf level, in particular Toric with sipp. o

0.1. Maps of complexes, Snake Lemma, long exact sequence.

Definition 0.3. If A and B are complexes, thenrmorphism of complexe® is a
family of homomorphisms4; % B; making the diagram below commute:

87;+1 82- 87.'71
A: Ait1 A; Ajg— -+
l¢i+1 ldh‘ l/d)ifl
di 0; i
B: Bit1 —> B Biog—> -

Lemma 0.4 (Induced Map on Homology)A morphism of complexes induces a
map on homology.

Proof. To show thatp; induces a mapd;(A) — H;(B), takea; € A; with
0i(a;) = 0. Since the diagram commutes,
0= ¢i—10i(a;) = 0ipi(a;)
Hence,¢;(a;) is in the kernel ofd;, so we obtain a mager 9; — H;(B). If
a; = i+1(ai+1), then
di(a;) = ¢i0ir1(air1) = dir10ir1(ait1),
so ¢ takes the image aj to the image ob, yielding a mapH;(A) — H;(B). O

When do two morphisms of complexes induce the same map onlbgyio

Definition 0.5. If A and B are complexes, and, g are morphisms of complexes,

thena and;3 arehomotopicif there exists a family of homomorphism =% Bii1
such that for alli, o; — 3; = d;117; + 7vi—10;. Notice thaty need not commute
with 9 andoé.

Theorem 0.6. Homotopic maps induce the same map on homology.
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Proof. It suffices to show that if; = d;+1; +:—10; thena induces the zero map
on homology. But ifa; € H;(A), then since;(a;) = 0,

a;i(a;) = 6i+17i(ai) + vi-10i(ai) = di+17i(a;) € im(6),
sow;(a;) = 0in H;(B). O
Lemma 0.7(The Snake Lemma)For a commutative diagram d¢—modules with

exact rows

al a2

Aq As Asg 0
lfl lfz lfs
0 By -~ B, "+ B,

then there exists an exact sequence:

ker fi —— ker fo —— ker f3 — %, coker f1 — coker fo —— cokerfs .

Definition 0.8. A short exact sequence of complexissa commuting diagram:

0 0 0

A O3 A2 0o A1 0o AO 0

B . 2B, 2B % B 0

2o 2020y ——0
0 0 0

where the columns are exact and the rows are complexes.

In Exercisd_ Q11 you'll prove the snake lemma, and in Exel@i8eyou’ll com-
bine it with induction to show:

Theorem 0.9(Long Exact Sequence in Homology\ short exact sequence of
complexes yields a long exact sequence in homology:

== H;11(C) — Hyp(A) — Hy(B) — Hyp(C) — Hp 1 (A) — -+~

A proof using spectral sequences appear3in
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0.2. Projective and injective modules.

Definition 0.10. A module P is projectiveif it possesses a universal lifting prop-
erty: For anyR—modulesG and H, given a homomorphisn® - H and sur-

jection G A, H, there exists a homomorphisthmaking the diagram below

commute:
/ La
0
B

G H 0

A (left) R-module M is freeif M is isomorphic to a direct sum of copies of
the (left) R—moduleR. Free modules are projective.

Definition 0.11. A moduleT is injectiveif given a homomorphisnH — I and
injection H EEN G, there exists a homomorphisthmaking the diagram below

commute:
I
/ [
e}

G 3 H 0

Projective and Injective modules will come to the forefronthe next section,
which describeslerived functors

0.3. Resolutions.Given anR—module M, there exists a projective module sur-
jecting onto); for example, take a free module with a generator for eacmeld
of M. This yields an exact sequence:

Py %, v — 0.

The mapdy has a kernel, so the process can be iterated, producing ah sa
guence (possibly infinite) of free modules, terminatinglin

Definition 0.12. A projective resolutiorfor an R—module) is an exact sequence
of projective modules

. Py 2, pp By, with coker(dy) = M.

Notice there is no uniqueness property; for example we ceelé®, = Py & R
andP; = P; & R, and define a map; — P; which is the identity on the?—
summands, and the original map on tResummands. In the category &i—
modules the construction above shows that projective uésok always exist.
Surprisingly this is not the case for sheave@iaf-modules. In fact [19], Exercise
111.6.2), for X = P! there is no projective object surjecting onfty.
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Definition 0.13. An injective resolutionfor an R—module} is an exact sequence
of injective modules

In % 1 S 1, - with ker(do) = M.

While it is not obvious that injective resolutions existcdn be shown (see,
e.g. [?]) that in both the category oR—modules and the category of sheaves of
O'x—modules, every object does have an injective resolution.

Exercises for$ 0.
0.1. Prove the snake lemma.

0.2. Prove the existance of the long exact sequence in homology.

0.3. Prove the existance of an injective resolution #+modules, whemlR = Z (see
Hungerford, divisibility section).

1. Functors and Derived Functors

In this section we describe the construction of derived forsg focusing onExt!
(in the category of2-modules) and{’ (in the category of sheaves 6f,—modules).
For brevity we call these two categories “our categories’orkihg in our cate-
gories keeps things concrete and lets us avoid introdudiagriuch terminology;,
while highlighting the most salient features of the conginns, most of which ap-
ply in much more general contexts. For proofs and a detaiigclidsion, se€lfl]
or[?].

1.1. Categories and Functors.Recall that a category is a class of objects, along
with morphisms between the objects, satisfying certaipe@rties: composition of
morphisms is associative, and identity morphisms exist.

Definition 1.1. SupposeZ and% are categories. Aunctor F' is a function from
2P t0 %, taking objects to objects and morphisms to morphismsgpvesy identity
morphisms and compositions. If

B % B, 2 B,
is a sequence of objects and morphismg4nthen

e F'is covariantif applying F yields a sequence of objects and morphisms
in ¢ of the form:

F(By) F(Bs) F(Bs).

e F'is contravariantif applying F' yields a sequence of objects and mor-
phisms in% of the form:

F(b1) F(b2)
— —

F(b2) F(b1)
—_— —_—

F(Bs)

F(Ba) F(By).
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A functor isadditiveif it preserves addition of homomorphisms; this property
will be necessary in the construction of derived functors.

Example 1.2. The global sections functor is covariant: given a sequeha@xo-
modules

My s tty 25 s,
taking global sections yields a sequence
F(«/ﬁ) — P(.//Q) — P(.//g).
&

Definition 1.3. Let F' be a functor from% to ¢, with # and % categories of
modules over a ring. Let

b b
0 By ——> By —>> By 0

be a short exact sequendé.is left—exactif either

e F'is covariant, and the sequence

0—— F(B) 2L p(By) L"L F(By) is exact, or

e F'is contravariant, and the sequence

0 — F(Bs) 1) F(By) o) F(B,) is exact

A similar definition applies for right exactness; a funcfoiis said to be exact
if it is both left and right exact, which is synonymous witlysay thatF' preserves
exact sequences.

1.2. Derived Functors. The construction of derived functors is motivated by the
following question: ifF is a left exact, contravariant functor and

b b
0 By ——> By —>> By 0

is a short exact sequence, then what is the cokernglbf)? For example, ifV is
a fixed R—module, then the functdd ompg(e, V) is a functor of exactly this type.

Definition 1.4. Let £ be the category of modules over a ring, andHebe a left
exact, contravariant, additive functor frof to itself. If M € £, then there exists
a projective resolutio, for M.

Applying F' to P, yields a complex:

F(d F(d
0—— F(R) " pepy) B iy
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Theright derived functorsR! F'(M) are defined as
R'F(M) = H'(F(P,)).

Theorem 1.5. R'F (M) is independent of the choice of projective resolution, and
has the following properties:

e ROF(M) = F(M).

e If M is projective thenR‘ /(M) = 0 if i > 0.

e A short exact sequence

Be:0— B % By 2 By —0
gives rise to a long exact sequence

RIZ1(F(ba)) RIZY(F(b1))

Rj_lF(Bg)

Rj_lF(BQ)

Rj_lF(Bl)

TP (b2)) RITL(F(b1))

RITYF(Bs) RITIF(By) RITIF(By)

of derived functors, where the connecting maps are natwiakn another
short exact sequenag€, and map fromB, to C,, the obvious diagram
involving theR'F commutes.

The proof is really not bad but long to write out, and we refeProposition
A3.17 of [11] for details. There are four possible combinations of var& and
exactness; the type of resolution used to compute the defiwectors of F' is
given below:

F covariant contravariant
left exact injective projective
right exact projective injective

In the next sections, we study some common derived functors.
1.3. Ext. Let R be aring, and suppose

Be:0— By 2 By 2B — 0

is a short exact sequence BFmodules, withV some fixedR—module. Applying
Homp(e, V) to B, yields an exact sequence:

0— HOHlR(Bg,N) —— HOHlR(BQ,N) = HOHlR(Bl,N),
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with ¢1(¢) — ¢ obg andea(f) — O oby; Homp(e, N) is left exact and contravari-
ant.

Definition 1.6. Ext’,(e, N) is thei!” right derived functor oflomg(e, V)

Given R—modulesM and N, to computeExt’, (M, N), we must find a projec-
tive resolution forM

P p M,
and compute the homology of the complex
0 — Hom(Py, N) — Hom(P;, N) — Hom(Po, N) — - -+

Example 1.7.Let R = Clx,y, 2], M = R/{zxy,xz,yz), and suppos&V ~ R!.
Applying Homp(e, R') to the projective (indeed, free) resolution lof

—z —z
Y 0

_simply means dualizing the module and transposing therdifteals, s@xt'(R/I, R)

IS:
—z y 0
—z 0 =z
_ =

Thus,Ext?(R/I, R) is the cokernel of the last map, and it is easy to check that
Ext’(R/I,R) = Ext'(R/I,R) = 0. o

[xy xz yz}
B

0 — R(—3)? R(-2)? R

Ty
Tz

H; [o R Ry R(3)? — o]

For a fixed R—module M, applyingHompz (M, o) to B, yields an exact se-
quence:

0 — Homp(M, B;) —— Homp(M, By) —> Homp (M, Bs) ,

with ¢1(¢) +— by o ¢ andea(0) — be 0 §; Homp(-, M) is left exact and covariant.
Thus, to compute the derived functorsiéémpg(-, M), on a moduleN, we must
find an injective resolution oiV:

1° It I?
then compute

H;| 0 — Hom(I°, M) — Hom(I', M) — Hom(I?>, M) — - -~

Using spectral sequences (see next section), it is poseistew that thaExt? (M, N)
can be regarded as tti¢ derived functor okitherHomp(e, N) or Hompg(M, o).
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1.4. The global sections functor.Let X be a variety, and supposgis a coherent
Ox—module. As we saw in Chapter 7, the global sections funktisr left exact
and covariant. Hence, to computél’ (%), we take an injective resolution o&:

70 7t 72

then compute
H|0—T(5") —T(I) —=T(F?) — - -

In Example Ll we wrote down an explicit free resolution aothputed the&xzit—
modules. Unfortunately, the general construction fordtije resolutions produces
very complicated objects. For exampleHifis a polynomial ring, then the smallest
injective module in which the residue field can be includeimfinitely generated.

It is not obvious that there is a relation between @ech cohomology which
appeared in Chapter 7 and the derived functork dkfined above. At the end of
this chapter, we'll see that there is a map

H'U,F) — H'(X,F),
and use spectral sequences to show that with certain comslibn%/ this is an
isomorphism. The upshot is that many key facts about Cecbrnotogy (for ex-

ample, the fact that a short exact sequence of sheaves geera long exact
sequence in cohomology) follow automatically from the dedi functor machin-

ery!

1.5. Acyclic objects. The last concept we need in order to work with derived func-
tors is the notion of an acyclic object.

Definition 1.8. Let F' be a left—exact, covariant functor. An objetts acyclicfor
Fif R'F(A) =0foralli > 0. An acyclic resolution of\/ is an exact sequence

dO dl d2
A Al A?

where theA’ are acyclic, and/ = ker(d®).

The reason acyclic objects are important is that a reseluifacyclic objects
is good enough to compute higher derived functors; in other wave have an
alternative to using resolutions by projective or injeetabjects.

Theorem 1.9. Let.# be a coherent’x—module, and
/0 o1 of?
a I'—acyclic resolution of#. Then

RT(M) = H'| 0 —= I'(o°) — () —= T (/?) — - --
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Proof. First, break the resolution into short exact sequences:

0 0 0
~ S /7
Vi M3
N e
0— M — " o of? of?
NS NS
MO M
N N
0 0 0 0

Since thes? are acyclic forl”, applyingI to the short exact sequence
0— M — - #°—0
yields an exact sequence
0— () —T(F°) - T(#°) - R'T (M) —0

Now apply the snake lemma to the middle two columns of thedfexkammutative)
diagram below.

0 0 0

0—1(A) —T (%) —=T(4") R M) —0

0— (M) —T(&°) — (7)) —=T (&) /T(F?) —=0

0 0 ——I(A) —T(a")
This yields a right exact sequence

0 — RT(A) — T(") /T (%) - T(t) ~T (")) ker(db),

dl
wherel'(«7') = T'(«7?). Hence,
R'T(#)=H" 0 — (%) —= (&) —=D(F?) — -

In Exercise 1.2 you'll show that iterating this process g#ethe theorem. O
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Exercises forg 1.

1.1. Prove that the derived functors do not depend on choice ofutsn. The key to this
is to construct a homotopy between resolutions, and app&dieorem 1.6.

1.2. Complete the proof of Theorelm 1.9 by replacing the sequence
0— M —A°— #°—0
with . ‘ ‘
0= A" — H -0

2. Spectral Sequences

Spectral sequences are a fundamental tool in algebra anbbtyp at first glance,
they can seem quite confusing. In this brief overview, wecdbse a specific type
of spectral sequence, state the main theorem, and illagtnatuse of spectral se-
guences by several examples.

2.1. Total complex of double complex.

Definition 2.1. A first quadrant double compleis a commuting diagram, where
each row and each column is a complex:

- do tdis ' das
P, P, Pooy oo
02 512 12 S22 22 San
do2 di2 daa
P 1 Pll P21 e
s 821 831
do1 di1 da1
P P, Popy <cevvrereens
00 510 10 520 20 5o

For each antidiagonal, define a module
P, = @ P;.
i+j=m
We may define maps
P, 2P
via
Din(cij) = dij(ciz) + (—=1)™05(cij)-
Thus,D,,,—1 Dy, (a) = dd(a) + 66(a) £ (dé(a) — dd(a)). The fact that each row
and each column are complexes implies th&tz) = 0 anddd(a) = 0. The
commutativity of the diagram implies thd(a) = dd(a), and soD? = 0.
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Definition 2.2. Thetotal complexTot(P) associated to a double complé; is
the complex Z,, D, ) defined above.

Definition 2.3. A filtration of a moduleM is a chain of submodules
OgMngMn—lgnggMOZM
A filtration has an associated graded objedt)M ) = &M, /M, ;. The main
theorem concerning the spectral sequence of a double crrdeteribes two dif-
ferent filtrations of the homology of the associated singleplex. To describe

these filtrations, we need to follow two different paths tigh the double com-
plex.

2.2. The vertical filtration. For a double complex as above, we first compute
homology with respect to the vertical differentials, yielglthe following diagram:

ker(dog)/im(dog) ﬁ ker(dlg)/im(dlg) ? ker(d22)/im(d23) <
ker(d01)/im(d02) T ker(dll)/im(dlg) ? kef(dgl)/im(dgg) <l

Poo/im(dm) T Plo/im(dll) T PQO/im(dﬂ) e
These objects are renamed as follows:

O SN )} N O S
vert{~(2 510 vert4+19 S99 vert4+99 5

) O S ;) S ) S
vert~(Q1 511 vert4411 o1 vert4v91 L

1 1 1
VertE(]() 5510 VertE10 5520 VertE20 o

The vertical arrows disappeared after computing homolodly vespect tal, and
the horizontal arrows reflect the induced maps on homology fthe original di-
agram. Now, compute the homology of the diagram above, vefipect to the
horizontal maps. For example, the objegt E7; represents

1 du 17 1 0 1
ker(vcrtEll — VcrtE()l)/lm(vorthl B VcrtEll)
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The resulting modules may be displayed in a grid:

2 2 2
VcrtE02 vortE12 vortE22

2 2 2
VertE()1 VertE11 VertE21

2 2 2
VcrtEoo vert ElO vortE20

Although it appears at first that there are no maps betweae thigjects, the crucial
observation is that there is a mdf) from E2 to B2 241" This “knight’s move”

is constructed just like the connecting m(&pppearmg in the snake lemma. The
diagram above (with differentials added) is thus:

2 2 2
VcrtE()Q vortE12 vortE22
d3,
2 2 2
VertE()1 VertE11 VertE21
d3y
2 2 2
VertE()() vert ElO VertE20

So we may compute homology with respect to this differenfldle homology at
position (i, j) is labeled, as one might expect, £ 3 ; it is now the case (but far
from intuitive) that there isadifferentiaﬂ takmgva to VmE 342

3 3 3 3
VertE02 vert E12 VertE22 VertE32

VcrtEgl vert ¥ %1

vortEgl VcrtEgl

3
dSO

3 3 3 3
VcrtE()(] vert E 10 vortE20 VcrtEg(]

_The pr.oces_s continyes, Wi&];ij mappingvertE 10 vert £ ritr—1- One thing that
is obvious is that since the double complex lies in the firgidgant, eventually
the differentials in and out at positiofi, j) must be zero, so that the module at
position (i, j) stabilizes; it is written.e,¢ 7. For example, it is easy to see that
vert E%() = vert E%J’ while vert E22(] ?é vert E§8 but vert Eg’o = vert E2°8
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2.3. Main theorem. The main theorem is that the*° terms of a spectral se-
qguence from a first quadrant double complex are related td¢imeology of the
total complex.

Definition 2.4. If gr(M),, ~ & E77, then we say that a spectral sequence of
i+j=m
the filtered object\/ convergesand write

E =M

Theorem 2.5. For the filtration of H,,,(Tot) obtained by truncating columns of the
double complex,

EPrert EY = Hyp(Tot).
i+j=m

As with the long exact sequence of of derived functors, tle®pis not bad,
but lengthy, so we refer td?] or [1]] for details. In the previous section, we first
computed homology with respect to the vertical differdntia If instead we first
compute homology with respect to the horizontal differaingi, then the higher
differentials are:

M\

ds

As before, forr > 0, the source and target are zero, so the homology at position

(i,7) stabilizes. The resulting value is denoigd £77, and we have:

Theorem 2.6. For the filtration of H,,(Tot) obtained by truncating rows of the
double complex,

Pror E57 = Hpn(Tot).

i+j=m

For a first quadrant double complex (the only kind that willdfeénterest to
us), the above two theorems tell us that

Pror B = Hp(Tot) and Pvert B5Y = Ho(Tot).
i+j=m i+j=m
Because the filtrations for the horizontal and vertical sp¢ésequence are differ-
ent, it is often the case that for one of the spectral seqsahed’>° terms stabilize
very early (perhaps even vanishing). So the main idea isay @ff the two differ-
ent filtrations against each other. This is illustrated i tiext example.
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Example 2.7. We prove Theoreri 0.9 via spectral sequences. OLet Cy —
C1 — Cy — 0 be a short exact sequence of complexes:

0 0 0

oo

02:0900260126022< ......

oo

010600160116021< ......

oo
oo

0 0 0
Since the columns are exact, it is immediate that fofiall)
vert Ezlj = vert EZOJO =0

By TheorenfZb, we concludg,,, (Tot) = 0 for all m. For the horizontal filtration

nor B = H;(Cy) if j € {1,2,3}, and0 otherwise. Fortz>

hor EZZJ = ker(HZ(Cg) — HZ(Cg))/lm(HZ(Cl) — HZ(CQ)) j =2
coker(H;(Cs) — H;(Cs)) Jj=3.

Thed, differential is zero for the middle row, and mapsE?) — 1o B}, | o:

2 2
horEZ'72 horEZ‘J,_LQ

2 do 2
horEiJ horEZ‘+1,1

2 2
hOsz’,O horEH_l,()

Sonor B}y = norE5Y, While
E3, = 1or ESS = ki E? E?
hort; 2 = horl¥; 2 = er(hor i,2 7 hor z+1,0)
and
E3) = 1o EX = cok E? E?
hort%; 0 = hor; o = CO er(hor i,2 — hor i+1,0)
By TheorenZBb,
H,,(Tot) = @ hor E5Y

i+j=m
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From the vertical spectral sequendé,,(Tot) = 0, so all the terms,, Ef;’ must
vanish. Working backwards, we see this means

0 = hor B}y = ker(H;(Ca) — H;(C3)) /im(Hi(C1) — Hi(C2)),
henceH;(C1) — H;(C2) — H;(C3) is exact, and
kel“(Hi(Cl) — HZ(CQ)) >~ COkel“(HZ'_H(Cg) — i+1(03))

which yields the long exact sequence in homology. o

Exercises for§ 2.

2.1. Tensor product is right exact and covariant. Prove that'théeft derived functor of
e ®r N is isomorphic to the?” left derived functor ofV @ e as follows: Let

s P2 p P
be a projective resolution fa¥/ and

= Qe B Q1 B Qo

be a projective resolution fa¥. Form the double complex

dos diz da3
' Y v
PhPRQy<~——P Qs <~—— P ® Qo <o
012 S22 530
do2 dis dos
PO®Q1(6—P1®Q1<6—P2®Q1< ..............

11 21 031

d01 dll d21

Po®Qo<—P@Qp<~—— Py @ Qp <
d10 020 830

with differentialsP; ® Q; oy —1 ® Q; defined bya ® b — p;(a) ® b, andP; ® Q) dig
P, ® Q;_1 defined bya ® b — a ® ¢;(b).
(a) Show that for the vertical filtration, th&' terms are
PN j=0
0 j #0.
Now explain Why,e,. E? = .+ E>°, and these terms are:

B — H;(Pe@N)=Tor;(M,N) j=0
T 0 j#0.
(b) Show that for the horizontal filtration

o Hj(M ® Q) = Torj(N,M) i=0
oy 0 i#0.

1 _
vert Eij -
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(c) Put everything together to conclude that

Torm(M,N) = € vert EY ~ gr(Hm(Tot)) ~ @) nor B ~ Torm(N, M)

1+j=m i+j=m

2.2. Prove thaExt’ (M, N) can be regarded as tifé derived functor okitherHompg (e, N)
orHomp (M, e). The method is quite similar to the proof above, except fr time, you'll
need both projective and injective resolutions.

3. Spectral Sequences and Derived Functors

In this last section, we’ll see how useful the machinery agfctal sequences in
yielding theorems about derived functors. To do this, we €iefine resolutions of
complexes. Note that sometimes our differentials on thebdooomplex go “up

and right” instead of “down and left”, so the higher diffetiats change accord-

ingly.

3.1. Resolution of a complex.Suppose

A:0 52/0 ;Zfl 52{2

is a complex, either okR—modules or of sheaves @fx—modules. Aninjective
resolutionof A is a double complex:

A A A
jOQ le j22 .............. >
]01 ]11 jm .............. >
fOO flO fZO .............. >

satisfying the following propertiesi(* denotes the horizontal differential gt k)).
e The complex is exact.

e Each column## is an injective resolution af7*.

e ker(d’%) is an injective summand a# 7,
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The last condition implies thain(d’*) is also injective. This yields a “Hodge
decomposition”:

0 — im(d/~1F) —— ker (/") HI* 0

im (&7~ k)

It follows that we may decompose the sequence
j—1,k ik
i1k ik Lo gtk

as:

D D D
.......... > H]—l,k 0 Hj,k 0 Hj—i—l,k -
D D D

An inductive argument (Exercise 3.1) shows that in a categath enough injec-
tive objects, injective resolutions of complexes alwayistex

3.2. Grothendieck spectral sequenceOne of the most important spectral se-
qguences is due to Grothendieck, and relates the higheredidfiivmctors of a pair of
functorsF',GG, and their compositiod'G.

Theorem 3.1. Suppose thaf' is a left exact, covariant functor fror;, — %>

and G is a left exact, covariant functor frof, — %3, where thee,; are one of
our categories. IfA € %} has anF-acyclic resolutione/® such thatF'(<*) is

G—acyclic then

R'G(R'F(A)) = R™WGF(A)

Proof. Take an injective resolutior?*:* for the complex

0— F(&Y) — F(o') — F(o?) — -
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Apply G to .#*°. It follows from the construction above that a row of the dieub
complexG(.#**) has the form:

...... - G(im(dj_ka)) G(_O)> G(im(dj’k)) ﬂ) G(im(dj’k)) .
D D D
.......... . G(H]—Lk) &) G(vak) GO G(Hj+1,k) R
D D D
G(0)

Hence,

hm"Eilj = G(HZJ)

By constructionH"7 is thej*" object in an injective resolution for thi& cohomol-
ogy of F(«7*). Sinces/®* was anF—acyclic resolution ford, thei*” conomology
is exactly R F(A), so that

= R'G(R'F(A))

horEizj = H’ [O - G(HZ’O) - G(HZ’I) - G(H172) —

Next, we turn to the vertical filtration. We have the doublengdex
’ ’ ’

G(,}(]?) — G(,}H) — G(,}”) ________ -

T T T

G(IM) — G(IN) —= G(I?) >

T T T

G(IN) —= G(F10) —= G(I2) .. >

Since.# % is an injective resolution of'(«/?),
RIG(F (") = HY [o — G(I) - G(I) - G(I?) — -+

Now, the assumption that tHe(.«7*) areG-acyclic forcesk/ G(F (/")) to vanish,
for all j > 0! Hence, the cohomology of @olumnof the double complex above
vanishes, except at position zero. In short

vert~ij — .
0 Jj#0.
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Thus,
TIGE(A § =
vertEiojo = vertEin = i ¢ ( ) j ,
0 Jj#0.
Applying TheoreniZJ5 and Theordm .6 concludes the proof. O

3.3. Comparing cohomology theories Our final application of spectral sequences
will be to relate the higher derived functors bfto theCech cohomology. For any

mapY i> X and sheaf# onY’, the pushforward is defined via:
fF (V) =Z(f7H(V))
If I, denotes @ + 1-tuple {igp < iy < --- <i,} andUy, = U;, N---NU;,, then

applying this to the inclusiot/y, 4 X gives a sheaf theoretic version of tBech
complex.

e, 7) = [ Zlu,).
I,

In Exercise 3.2 you'll show tha#™® gives a resolution of#, and if % is injective,
so are theg™. Taking this as given, we then have:
Lemma 3.2. For an open covef/, there is a map

H(%,Z) — H(X,Z)

Proof. Take an injective resolutior?® for .#. By injectivity, we get

0 F Y ¢
jO
Iterating the construction gives a map of comple¥@s— .#*, which by LemmaQOl
yields a map on cohomology. O

Theorem 3.3. Let % be an open cover such that for any,
H' (U, F) =0, forall i > 1.
Then
H' (%,Z)=H(X,7).

Proof. Take an injective resolutior?® for .#. The hypothesis thatf (U 1,,F) =
0,7 > 0 implies that the sequence

0—>3?(U1p) —>fO(U[p) —>f1(U[p) _

is exact. Then as in the construction of the sheaf-theo@ith complex, we obtain
a Cech complex built out of the direct product of these, whiglby construction
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a resolution (depicted below) of th@ech complex for#. The bottom row is
included for clarity, it isnot part of the complex.

U, I?) —=C U, I2%) —= C* (U, I2) >

U, I —=C (U, I —=C (U, I >

U, I — (U, I°) — C2 (U, I°) >
A A A

U, F) —= CNU, F) —= C2U, F) m
Applying T, sinceH"'(Uy,,, #) = 0 for i > 0,

v %, 7)) j=0
j #0.

1
vertEij

Thus,E? = E>, and sincd (¢ (
verth' =

For the horizontal filtration, since th&‘(7% ,.#7) are injective,

J =
oL — {F(ﬂ) i=0

0 1 # 0.
and thus _
), [HIT(I?) i=0
hm"Eij - .
0 i # 0.
But this is the usual derived functor cohomology. The refallows from Theo-
remZ% and Theoref 2.6. O

Exercises for§ 3.

3.1. Prove that in a category with enough injective objects,dtiye resolutions of com-
plexes always exist.

3.2. Show thatg’® is a resolution of#, as follows. By working at the level of stalks, show
that there is a morphism of complexes

C U, F)y U, F),

such thaid;_1k + kd;) is the identity. Conclude by applying Theor€ml0.6. Finadlypw
that if .7 is injective, then so are the shea#€¥ % ,.%). If you get stuck, seélf], I11.4.
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3.3. LetY 4, X be a continuous map between topological spaces, withsheaf of
abelian groups oiir".

(a) Show that pushforwardl. is left exact and covariant, so associateditare objects
RV f.(A)).
(b) Use Theoreri3l1 to obtain theray spectral sequence
H'(R f.(A)) = H™(4)

3.4. Suppose is aleraycover: H'(U,.#) = 0 for all open seté/ € % . Show that then
H (%,Z)=H(X,Z).



