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Introduction

In the introduction to [171], Hirzebruch wrote: “The topology of the com-
plement of an arrangement of lines in the projective plane is very interesting, the
investigation of the fundamental group of the complement very difficult.” Much
progress has occurred since that assessment was made in 1983. The fundamental
groups of complements of line arrangements are still difficult to study, but enough
light has been shed on their structure, that once seemingly intractable problems
can now be attacked in earnest. This book is meant as an introduction to some
recent developments, and as an invitation for further investigation. We take a fresh
look at several topics studied in the past two decades, from the point of view of
a unified framework. Though most of the material is expository, we provide new
examples and applications, which in turn raise several questions and conjectures.

In its simplest manifestation, an arrangement is merely a finite collection of
lines in the real plane. These lines cut the plane into pieces, and understanding
the topology of the complement amounts to counting those pieces. In the case of
lines in the complex plane (or, for that matter, hyperplanes in complex ℓ-space),
the complement is connected, and its topology (as reflected, for example, in its
fundamental group) is much more interesting.

An important example is the braid arrangement of diagonal hyperplanes in Cℓ.
In that case, loops in the complement can be viewed as (pure) braids on ℓ strings,
and the fundamental group can be identified with the pure braid group Pℓ. For an
arbitrary hyperplane arrangement, A = {H1, . . . , Hn}, with complement X(A) =
Cℓ \ ⋃ni=1Hi, the identification of the fundamental group, G(A) = π1(X(A)), is
more complicated, but it can be done algorithmically, using the theory of braids.
This theory, in turn, is intimately connected with the theory of knots and links in
3-space, with its wealth of algebraic and combinatorial invariants, and its varied
applications to biology, chemistry, and physics. A revealing example where devel-
opments in arrangement theory have influenced knot theory is Falk and Randell’s
[132] proof of the residual nilpotency of the pure braid group, a fact that has been
put to good use in the study of Vassiliev invariants.

A more direct link to physics is provided by the deep connections between ar-
rangement theory and hypergeometric functions. Work by Schechtman-Varchenko
[285] and many others has profound implications in the study of Knizhnik-Zamolod-
chikov equations in conformal field theory. We refer to the recent monograph by
Orlik and Terao [244] for a comprehensive account of this fascinating subject.

Hyperplane arrangements, and the closely related configuration spaces, are
used in numerous areas, including robotics, graphics, molecular biology, computer
vision, and databases for representing the space of all possible states of a system
characterized by many degrees of freedom. Understanding the topology of com-
plements of subspace arrangements and configuration spaces is important in robot

ix



x INTRODUCTION

motion planning (finding a collision-free motion between two placements of a given
robot among a set of obstacles), and in multi-dimensional billiards (describing pe-
riodic trajectories of a mass-point in a domain in Euclidean space with reflecting
boundary).



CHAPTER 1

Aspects of complex arrangements

In this chapter we introduce the basic tools used in the study of complex hyper-
plane arrangements. Along the way, we preview some of the more advanced topics
to be treated in detail later in the text: the algebraic, topological, and geometric
aspects of arrangements and their interplay.

We begin with an elementary discussion of the main objects of interest: cen-
tral and projective arrangements and their complements. In §1.2 we introduce
the fundamental combinatorial invariants of arrangements: the intersection lattice,
Möbius function, and Poincaré polynomial, the underlying matroid and dual point
configuration. We also prove a useful result for inductive arguments: the deletion-
restriction formula, which relates the Poincaré polynomials of an arrangement A,
the deletion A′ = A \H , and the restriction AH , for any H ∈ A.

In §1.3 we discuss in more detail the topology of the complement. We describe
the braid monodromy presentation for the fundamental group of the complement,
which is treated in depth in Chapter 5. This section closes with a first glimpse
of fiber-type arrangements, where the fundamental group is an iterated semidirect
product.

In §1.4 we introduce the Orlik-Solomon algebra, which is a combinatorial al-
gebra associated to any matroid, and define the nbc basis for the algebra. Using
this basis, we prove that the Poincaré series of the OS-algebra is equal to Poincaré
polynomial of A.

We then introduce in §1.5 some of the finer geometric invariants of an arrange-
ment A: the sheaf of logarithmic one-forms with poles along A, and the sheaf of
derivations tangent to A. For a normal crossing divisor, Grothendieck’s algebraic
de Rham theorem shows that the cohomology of the complement may be computed
from the complex of logarithmic forms. In the case of arrangements, Solomon-Terao
showed that the logarithmic forms determine the Poincaré polynomial of A, even
though A is not a normal crossing divisor in general.

Finally, in §1.6 we sketch the construction of wonderful compactifications, com-
pact algebraic manifolds in which the complement of A is realized as the comple-
ment of a normal-crossing divisor. This topic is treated in detail in Chapter 12.

1.1. Arrangements and their complements

1.1.1. Central and projective arrangements. The primary object of in-
terest in this book is a central arrangement A of hyperplanes in the complex vector
space Cℓ. A hyperplane is a linear subspace of (complex) codimension one; an ar-
rangement is a finite set of hyperplanes. The adjective central is used to emphasize
that all the hyperplanes in A contain the origin.

Complex projective space CPℓ−1 is by definition the orbit space of Cℓ \ {0}
under the (free) diagonal action of C∗: the points of CPℓ−1 are the lines through
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2 1. ASPECTS OF COMPLEX ARRANGEMENTS

the origin in Cℓ. The orbit of (x1, . . . , xℓ) ∈ Cℓ \ {0} is denoted [x1 : · · · : xℓ]. Since
A is central, each hyperplane H ∈ A is a union of lines through the origin, and
thus determines a projective subspace of CPℓ−1, also of codimension one. This
projective hyperplane will be denoted H̄ . The collection Ā = {H̄ | H ∈ A} is called
a projective arrangement. Clearly there is a one-to-one correspondence between
projective arrangements in CPℓ−1 and central arrangements in Cℓ. The hyperplanes
of Ā are mutually disjoint precisely when

⋂
H∈AH = 0, in which case we say A is

essential. In general, the codimension of
⋂
H∈AH is called the rank of A, denoted

rk(A). So A is essential if and only if rk(A) = ℓ.
Each H ∈ A is the kernel of a nonzero linear functional, αH : Cℓ → C, uniquely

determined by H up to a nonzero scalar multiple. The polynomial

(1.1) QA =
∏

H∈A
αH

is called the defining polynomial of A. It is homogeneous of degree n = |A|. The
affine algebraic variety U(A) defined by QA(x1, . . . , xℓ) = 0 is just the union of the
hyperplanes in A; the projective variety defined by QA is the union of Ā.

Most of what we will do is aimed at understanding the topology and geometry
of these (embedded) varieties. A standard approach is to study the topology of the
complement. Thus we define the complement of A by M(A) = Cℓ \⋃H∈AH , and

similarly, M(Ā) = CPℓ−1 \⋃H∈A H̄.

There is a simple relationship between M(A) and M(Ā). The free C∗ action
leaves M(A) invariant, and the quotient is precisely M(Ā). Thus we have a bundle
C∗

 M(A)→M(Ā).

Theorem 1.1. If A is nonempty, then the bundle C∗
 M(A) → M(Ā) is

trivial. In particular,

(1.2) M(A) ∼= M(A)× C∗.

Proof. Let H0 ∈ A. The Hopf bundle C∗
 Cℓ \ {0} → CPℓ−1 restricts to

a trivial bundle, C∗
 Cℓ \H0 → CPℓ−1 \H0, since the base is diffeomorphic to

Cℓ−1, which is contractible. Hence, a fortiori, the bundle C∗
 M(A)→M(A) is

trivial. �

1.1.2. Multiarrangements. Sometimes it is convenient to allow the defining
polynomial (1.1) to be unreduced. A multiarrangement (A,m) is an arrangement
together with a positive integer vector of multiplicities m ∈ ZA

>0. Its defining
polynomial

(1.3) Q(A,m) =
∏

H∈A
αmH

H

is homogeneous of degree N =
∑

H∈AmH . We will call N the multiplicity of
(A,m). Clearly the multiarrangement and its underlying reduced arrangement
have the same complement.

1.1.3. Cone and decone. Choosing a particular hyperplane H0 ∈ A, as in
the proof of Theorem 1.1, determines a preferred section of the map M(A) →
M(Ā). The section is given explicitly by [x1 : · · · : xℓ] 7→ αH0(x)

−1(x1, . . . , xℓ) for
x = (x1, . . . , xℓ) ∈ Cℓ. The image of this map is contained in the affine hyperplane
S defined by αH0(x) = 1, and coincides with the complement of the union of the
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affine hyperplanes of S given by H ∩ S for H ∈ A \ {H0}. Identifying S with Cℓ−1

we obtain (up to linear change of variables) a set of |A| − 1 affine hyperplanes in
Cℓ−1, which is called the decone of A, and is denoted dA.

It is customary to choose coordinates so that the special hyperplane H0 is given
by xℓ = 0. Then we can identify S with Cℓ−1 via (x1, . . . , xℓ−1, 1) 7→ (x1, . . . , xℓ−1),
and the affine hyperplanes of dA are obtained by simply substituting xℓ = 1 in the
equations αH(x) = 0 for each H ∈ A \ {H0}. This procedure is most easily stated
in terms of defining polynomials.

Definition 1.2. Suppose H0 ∈ A is given by xℓ = 0. The decone of A relative
to H0 is the collection dA of affine hyperplanes in Cℓ−1 determined by the equation

(1.4) QA(x1, . . . , xℓ−1, 1) = 0.

More precisely, dA is the set of irreducible components of the variety defined
by the equation above. Since, by assumption, xℓ divides QA, there are |A| − 1
hyperplanes in dA, one for each H ∈ A \ {H0}. When no confusion is possible,
we’ll use H̄ to denote the affine hyperplane in dA corresponding to H ∈ A \ {H0}.
Then, in a sense, H̄0 will be the “hyperplane at infinity” in Cℓ−1. It is not an
element in dA.

In view of the deconing procedure, we will extend our terminology and notation
to affine arrangements, consisting of affine hyperplanes. We will adopt the attitude
that central and projective arrangements are the fundamental objects of study,
whereas affine arrangements are a computational tool for the study of projective
arrangements. Indeed, the unnatural choice of one hyperplane H0 from A as the
hyperplane at infinity often obscures the true state of affairs.

The discussion leading to the definition of decone gives us the following basic
result.

Theorem 1.3. Let A be a central hyperplane arrangement in Cℓ. The comple-
ment of Ā in CPℓ−1 is diffeomorphic to the complement of dA in Cℓ−1:

M(Ā) ∼= M(dA).

Corollary 1.4. M(A) ∼= M(dA)× C∗.

In particular, the diffeomorphism type of the complement of dA does not de-
pend on the choice of deconing hyperplane.

There is an inverse procedure, called “coning,” by which one reconstructs the
central arrangement A, up to linear isomorphism, from a decone.

Definition 1.5. Suppose A is an arrangement of n affine hyperplanes in Cℓ,
with defining polynomial QA. The cone of A is the central arrangement cA of n+1
linear hyperplanes in Cℓ+1 with defining polynomial

QcA(x0, . . . , xℓ) = xn+1
0 ·QA(x1/x0, . . . , xℓ/x0).

The defining polynomialQA of an affine arrangement need not be homogeneous.
The homogeneous polynomial QcA is obtained by “homogenizing” QA relative to
the new variable x0, and then multiplying by x0. Clearly, deconing cA relative to
the hyperplane x0 = 0 yields A. If A is central, the cone of dA coincides with A,
up to linear change of coordinates.

Corollary 1.6. If A is an affine arrangement, then M(cA) ∼= M(A)× C∗.
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Example 1.7. Suppose A is a central arrangement of n lines in C2. Then the
projective arrangement Ā consists of n points in CP1 ∼= S2. Thus the projective
complement M(Ā) is homotopy equivalent to the bouquet

∨n−1
k=1 S

1 of n − 1 cir-
cles, and the complement M(A) of the original central arrangement is homotopy

equivalent to
(∨n−1

k=1 S
1
)
× C∗ ≃

(∨n−1
k=1 S

1
)
× S1.

The C-linear isomorphism type of an arrangement A in C2 determines (and is
determined by) the cross-ratios of four-tuples of points in Ā. On the other hand, for
any two central arrangementsA1 andA2 of n lines in C2, there is a homeomorphism
φ : C2 → C2 to itself carrying the lines of A1 to those of A2. This homeomorphism
can be constructed so as to be differentiable away from the origin. So the pairs
(C2,M(A1)) and (C2,M(A2)) are homeomorphic, and the complementsM(A1) and
M(A2) are diffeomorphic, even though A1 and A2 need not be linearly isomorphic.
If φ is differentiable at the origin, then Dφ0 will be a linear isomorphism carrying
A1 to A2.

1.2. Combinatorics

1.2.1. The intersection lattice. Now let V be a finite-dimensional vector
space over an arbitrary field k, and let A be a central arrangement of n linear
hyperplanes in V . The main combinatorial object associated to A is the intersection
lattice L(A). This is the partially-ordered set whose elements are the linear
subspaces of V obtained as intersections of sets of hyperplanes from A, ordered
by reverse inclusion. The ambient vector space V serves as the unique minimal
element of the poset, and

⋂
H∈A H is the largest element.

Example 1.8. Probably the best-known hyperplane arrangement is the braid
arrangement Aℓ−1, consisting of all the “diagonal” hyperplanes Hij = {xi−xj = 0}
in Cℓ. A defining polynomial for Aℓ−1 is

(1.5) Q(Aℓ−1) =
∏

1≤i<j≤ℓ
(xi − xj).

Note that the arrangement has rank ℓ− 1: the top element
⋂
H∈A H of the lattice

is the line x1 = · · · = xℓ. If we project along that line onto the subspace {x ∈
Cℓ | ∑ xi = 0} ∼= Cℓ−1, we obtain an essential arrangement of rank ℓ − 1 whose
intersection lattice is isomorphic to L(Aℓ−1). In fact more is true: the projection
restricts to a homotopy equivalence of the complements. (The restriction is the
projection of a trivial C-bundle.)

Intersections of the hyperplanes of Aℓ−1 correspond to partitions of {1, . . . , ℓ},
whose blocks indicate which sets of coordinates are equal. In fact L(Aℓ−1) ∼= Π(ℓ),
the lattice of partitions of {1, . . . , ℓ}, ordered by refinement. Figure 1.1 shows the
real part of the projectivized arrangement Ā3, together with the intersection lattice
Π(4).

The hyperplanes of the braid arrangement are defined by real linear forms.
For this reason, the picture of the real trace of A3 in Figure 1.1 gives us a some-
what honest representation of the complex arrangement—at least all the incidence
structure is reflected in the real part. Complex arrangements with real defining
forms are called complexified arrangements. This assumption simplifies many of
the algorithms we present later, e.g., for presentations of the fundamental group.
At the same time, complexified arrangements have special geometric, topological,
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Figure 1.1. The braid arrangement A3 and its intersection lattice

and combinatorial properties not enjoyed by general complex arrangements. For in-
stance, if A is complexified, then M(A) is a Z2-space, and there is a corresponding
equivariant theory [262]. There is no known combinatorial or topological charac-
terization of complexified arrangements. If A is a complexified arrangement we will
write AR for the underlying real arrangement; the intersection lattices of A and AR

are isomorphic.

1.2.2. Geometric lattices. A partially ordered set P is said to satisfy the
chain condition if for any two comparable elements x, y ∈ P , all maximal linearly
ordered chains x = x0 ≺ x1 ≺ · · · ≺ xn = y have the same cardinality. A poset
is ranked if it satisfies the chain condition and possesses a unique minimal element
0̂. In this case the rank of x ∈ P , denoted rk(x), is the length of a maximal chain

from 0̂ to x. Elements of rank one in a ranked poset are called atoms. A poset is a
lattice if for any pair of elements x, y ∈ P , P contains a (necessarily unique) least
upper bound x∨ y (the join) and a greatest lower bound x∧ y (the meet) of x and

y. A finite lattice also has a unique largest element 1̂ =
∨
x∈P x. The rank of P ,

denoted rk(P ), is rk(1̂).
Let A be a central arrangement. The intersection lattice L(A) of A is a ranked

poset. The minimal element 0̂ is V . The chain condition holds because every
element is an intersection of hyperplanes. Indeed, this implies that any maximal
chain from X to Y has length dim(X)− dim(Y ). In particular, the rank rk(X) is
the codimension of X . For an integer p, let Lp(A) denote those elements of L(A)
of rank p.

L(A) is, moreover, a lattice. The join and meet of X,Y ∈ L(A) are given by

X ∨ Y = X ∩ Y
X ∧ Y =

⋂
{Z ∈ L(A) | X + Y ⊆ Z}.

Definition 1.9. A ranked lattice L is a geometric lattice if

(1) Every element of L− 0̂ is a join of atoms.
(2) rk(x) + rk(y) ≥ rk(x ∨ y) + rk(x ∧ y) for all x, y ∈ L.

Lemma 1.10. The intersection lattice L(A) of a central arrangement A is a
geometric lattice.
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Proof. The first condition is automatic, since in L(A), the join of X and Y
is X ∩ Y . The second condition holds because

dim(X + Y ) + dim(X ∩ Y ) = dim(X) + dim(Y ),

and dim(X + Y ) ≤ dim(X ∧ Y ). �

The top element 1̂ = 1̂A in L(A) is
⋂
H∈A H , so the rank rk(L(A)) is equal to

rk(A). Suppose A is not essential. Then let Ae =
{
H/1̂ | H ∈ A

}
, an arrangement

in V/1̂. Identifying V with V/1̂ × 1̂ gives a bijection between L(A) and L(Ae),
since all subspaces contain 1̂. For complex arrangements, in particular, M(A) is

isomorphic to M(Ae) × 1̂. Thus every central arrangement has a unique essential
arrangement associated with it, which carries all the important topological and
combinatorial features. (See Example 1.8.)

If Ā is the projectivization of A, then the elements of L(A) correspond to the
intersections of hyperplanes in Ā, and the rank of X is the codimension of the
projective image X̄ in CPℓ−1. If A is essential, the top element corresponds to the
empty intersection, of dimension −1.

Let dA be the decone of A relative to the hyperplane H0. The intersection
semi-lattice L(dA) of the affine arrangement dA is defined to be the set of nonempty
intersections of hyperplanes in dA, ordered by reverse inclusion. We may identify
L(dA) with a subposet of L(A):

(1.6) L(dA) = {X ∈ L(A) | H0 6≤ X}.
It is still true that L(dA) is a ranked poset, with rk(X) = codim(X). Moreover,

it is clear that the meet exists; indeed, X∧Y is given by the same formula as above.
A poset with this property is called a meet semi-lattice. The join X∨Y exists if and
only if X ∩ Y 6= ∅. All maximal elements of L(dA) have the same rank, called the

rank of the affine arrangementA; see [242], Lemma 2.4. It follows that L(dA)∪{1̂}
is a ranked lattice, where the top element 1̂ corresponds to the empty intersection.
However, L(A)∪{1̂} is not a geometric lattice in general. The intersection poset of
an affine arrangement provides the model for the combinatorial notion of geometric
semi-lattice, see [321]. Every geometric semi-lattice can be embedded in a geometric
lattice, in the same way that L(dA) is included in L(A).

1.2.3. Möbius function and Poincaré polynomial. An important role
will be played by the Poincaré polynomial of L(A), defined in terms of the Möbius
function.

Definition 1.11. The Möbius function, µ : L(A) × L(A) → Z, is defined re-
cursively by

(1) µ(X,X) = 1
(2)

∑
X≤Z≤Y

µ(X,Z) = 0 if X < Y

(3) µ(X,Y ) = 0 otherwise

We will mostly use the one-variable Möbius function, defined by µ(X) =

µ(0̂, X). Then µ(0̂) = 1 and, for X > 0̂, µ(X) = −∑Y <X µ(Y ). In particular,
µ(H) = −1 for H ∈ A.
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Figure 1.2. A line arrangement and its Möbius function

Definition 1.12. The Poincaré polynomial of A is defined as

(1.7) π(A, t) =
∑

X∈L(A)

µ(X)(−t)rk(X).

Note that π(A,−1) = 0 by definition of µ, so (1 + t) divides π(A, t).
As we shall see later in this chapter, π(A, t) really is the Poincaré polynomial

of M(A):

(1.8) π(A, t) =
∑

rk(Hi(M(A),Z)) · ti.
A sample computation is given in Figure 1.2; for this line arrangement, we find
π(A, t) = 1 + 6t+ 11t2 + 6t3 = (1 + t)(1 + 5t+ 6t2).

1.2.4. Combinatorial complexes. Associated to any (locally finite) poset
is its order complex:

Definition 1.13. The order complex of a poset P is the simplicial complex
K(P ) whose simplices correspond to chains in P .

If P is a poset and X,Y ∈ P with X ≤ Y , let (X,Y ) and [X,Y ], respectively,
denote the open and closed intervals between X and Y , regarded as subposets of
P . It is an easy exercise to show that if a poset has a maximal or minimal element,
then its order complex is contractible. On the other hand, Rota observes in [272]
that the Möbius function is a (reduced) Euler characteristic of an order complex:
for any X,Y ∈ P with X ≤ Y ,

(1.9) µP (X,Y ) = χ̃(K(X,Y )).

So, from a homological perspective, it is natural to consider the open interval (0̂, 1̂)
in the intersection lattice of an arrangement A; its order complex is called the
Folkman complex F(A).

The homology of the Folkman complex is determined by the Möbius function:
in [145], Folkman showed that

H̃i(F(A), R) =

{
0 if i 6= rk(A) − 2

R|µ(1̂)| if i = rk(A) − 2.

This was later strengthened (by ??): in fact, F(A) is homotopy-equivalent to a
wedge of spheres, all of dimension rk(A) − 2.
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For the braid arrangementA3 pictured in Figure 1.1, |L1(A3)| = 6 and |L2(A3)| =
7, so F(A) has 13 vertices. Among the rank-two lattice elements, four lie above
three atoms and three lie above two atoms. Thus there are 18 edges in F (A). Since

F(A3) is connected, H̃1(F(A3)) is free of rank six, which, as we saw earlier, is equal

to |µ(1̂)|. (As an exercise, the reader is invited to check that F(A3) is obtained from
the graph in Figure 1.10 by adding a vertex at the midpoint of each of the three
edges labelled ij, kl, where {i, j, k, l} ⊆ {1, 2, 3, 4}, and the resulting 1-complex is
homotopy-equivalent to a wedge of six circles.)

The Folkman complex F (A) encodes the structure of the cohomology algebra
H∗(M,Z), see [240, 340]; it also plays a role in local system cohomology calcula-
tions. The atomic complex ∆(L) is a much smaller complex, homotopy equivalent
to F(A), that can also be used to model H∗(M,Q). The vertices of ∆(L) are the

atoms of L, and {ai1 , . . . , aik} is a simplex of ∆(L) if and only if
∨k
j=1 aij 6= 1̂. See

[339] for more details on this construction.

1.2.5. Localization and Restriction. Arrangements have natural “subob-
ject” and “quotient” constructions. A subarrangement is just a subset; if A is an ar-
rangement in V andX is a linear space, the subarrangementAX = {H ∈ A : H ⊇ X}
is called the localization at X . If X ∈ L(A), it is straightforward to check that

L(AX) is naturally isomorphic to the closed interval [0̂, X ] in L(A). The arrange-
ment AX (in V ) is not essential, unless X is the origin, so it is reasonable to replace
it when necessary with the essential arrangement AeX , an arrangement in V/X (as
in §1.2.2.)

On the flip side, for any linear spaceX we may also define an arrangement in X ,
called the restriction, by letting AX = {H ∩X : H ∈ A \ AX}. If X ∈ L(A), one

can check that L(AX) is isomorphic to the closed interval [X, 1̂]. The arrangement
AX is a multiarrangement in a natural way (see §1.1.2): let the multiplicity mK of
K ∈ AX equal the integer |{H ∈ A : H ∩X = K}|.

With these two constructions, then, any closed interval [X,Y ] in an intersection
lattice L(A) is itself the intersection lattice of an arrangement: L((AY )X) ∼= [X,Y ].

1.2.6. Deletion–Restriction. The Poincaré polynomial π(A, t) satisfies a re-
cursion similar to the familiar deletion/contraction (Tutte-Grothendieck) recursion
for chromatic polynomials of graphs. The corresponding operations on arrange-
ments, called deletion and restriction, comprise a standard approach to inductive
arguments in a variety of contexts. In fact deletions and restrictions of an ar-
rangement are realizations of deletions and contractions of the underlying matroid,
disregarding loops and multiple points; see §1.2.7.

If H is a hyperplane of A, the deletion A′ is the subarrangement A \H of A,
and the restriction A′′ is the restriction arrangement AH

This construction arises so frequently in inductive arguments that it merits
notation:

Definition 1.14. A triple is a set of arrangements (A′,A,A′′) arising from
deletion/restriction with respect to some H ∈ A.

When working with objects associated to a triple, we write (O′, O,O′′) for
(O(A′), O(A), O(A′′). IfA is an arrangement of n hyperplanes in Cℓ, then obviously
A′ is an arrangement of n−1 hyperplanes, also in Cℓ, whereasA′′ is an arrangement
of at most n− 1 hyperplanes in H ∼= Cℓ−1: the natural multiarrangement (§1.1.2)
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associated with AH has multiplicity n − 1; however, all hyperplanes that meet H
in the same rank two flat are identified in A′′. For now, we ignore multiplicity
issues, so A′′ is simply an arrangement in H ∼= Cℓ−1. Brylawski showed that a
triple satisfies a simple recursion:

Theorem 1.15 ([31]). If (A′,A,A′′) is a triple of arrangements, then

(1.10) π(A, t) = π(A′, t) + tπ(A′′, t).

Proof. First, if X ≤ Y ∈ L(A), then

(1.11) µ(X,Y ) =
∑

AX⊆B,1̂B=Y

(−1)|B\AX |.

To prove this, we must show

∑

X≤Z≤Y


 ∑

AX⊆B,1̂B=Z

(−1)|B\AX |


 =

{
1, if Y = X

0, otherwise

We consolidate the left hand expression into
∑

AX⊆B⊆AY

(−1)|B\AX |.

If X = Y then this is equal to one, and if X < Y , then, letting m = |AY \ AX |, it
is equal to

m∑

i=0

(−1)i
(
m

i

)
= 0.

We need a second identity:

(1.12) π(A, t) =
∑

B⊆A
(−1)|B|(−t)rk(B).

This follows since

π(A, t) =
∑

X∈L(A)

µ(0̂, X)(−t)rk(X) =
∑

X∈L(A)


 ∑

0̂⊆B,1̂B=X

(−1)|B|


 (−t)rk(X).

Note that 1̂B is the unique X ∈ L(A) satisfying B ⊆ AX and rk(X) = rk(B). Then
the last expression is equal to

∑

B⊆A
(−1)|B|(−t)rk(B).

We’re ready to prove the deletion/restriction formula. Fix a hyperplane H . From
Equation 1.12, we have

π(A, t) =
∑

H∈B⊆A
(−1)|B|(−t)rk(B) +

∑

H 6∈B⊆A
(−1)|B|(−t)rk(B).

Clearly

π(A′, t) =
∑

H 6∈B⊆A
(−1)|B|(−t)rk(B).
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Write µ′′ and rk′′ for the Möbius and rank functions in L′′. We have

∑

H∈B⊆A
(−1)|B|(−t)rk(B) =

∑

Y ∈L′′


 ∑

1̂B=Y

(−1)|B|


 (−t)rk(Y )

= −
∑

Y ∈L′′


 ∑

1̂B=Y

(−1)|B\AH |


 (−t)rk(Y )

= −
∑

Y ∈L′′

µ(H,Y )(−t)rk(Y ) by (1.11)

Since µ′′(Y ) = µ(H,Y ) and rk(Y ) = rk′′(Y )+1, the last expression may be rewrit-

ten as −∑µ′′(Y )(−t)rk′′(Y )(−t) = tπ(A′′, t). This finishes the proof. �

Example 1.16. Consider the complexified central arrangement B in C3 whose
projective real part is pictured in Figure 2(a). One computes π(B, t) = 1 + 5t +
8t2 +4t3. Observe that B can be obtained from the arrangement A in Example 1.8
by deleting any hyperplane, since by symmetry, A′ = B = A \ Hi,j has the same
intersection poset for all {i, j}. The restriction of A to any hyperplane is a central
configuration of three lines in C2 ∼= H (one sees this by noting that each line in
Figure 1(a) meets the other lines in three points). Thus, π(A′′, t) = 1+3t+2t2, and
so π(A′, t)+ tπ(A′′, t) equals 1+5t+8t2 +4t3 + t(1+3t+2t2) = 1+6t+11t2 +6t3,
as expected.

1.2.7. Matroids and dual configurations. If A is a central arrangement
in V , then the defining forms αH (with H ∈ A) are vectors in the dual space V ∗,
uniquely defined up to scalar multiple. Thus a central arrangement of n distinct
hyperplanes corresponds to a configuration A∗ of n distinct points in the dual
projective space P(V ∗), and elements of L(A) correspond to projective subspaces
of P(V ∗) spanned by subsets of these points.

The primary combinatorial invariant of projective point configurations such as
A∗ is the underlying matroid.

Definition 1.17. A matroid M = M(E) is a finite set E, called the ground
set, together with a collection C of subsets E, called circuits, satisfying

(1) The empty set is not a circuit;
(2) No proper subset of a circuit is a circuit;
(3) If C and D are circuits with C 6= D and x ∈ C ∩ D, then (C ∪ D) \ x

contains a circuit.

There are a number of alternate axiom systems for matroids; we have chosen the
circuit axiomatization because it is best suited for our purposes. For each alternate
characterization, there is a “cryptomorphism” describing how to construct the set
of circuits from the alternate data. For example, here is the “independent set”
axiomatization for matroids.

(1) The empty set is independent;
(2) Any proper subset of an independent set is independent;
(3) If C and D are independent sets and |C| > |D| then there exists x ∈ C \D

such that D ∪ x is independent.

(The circuits are then the minimal non-independent sets.) Other axiomatizations
are in terms of bases, rank function, closure operators, bonds or cocircuits, closed
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sets, essential flats—in fact there are more than thirty different cryptomorphic
definitions. The matroid M is actually best thought of as all, or any, of these
structures on the ground set E.

If E is a projective point configuration, the circuits of the associated matroid
are the minimal linearly dependent subsets of E. If E = E(G) is the set of edges of
a finite graph G, the circuits of the associated matroid are the edge-sets of cycles
in the G. In particular a general matroid may have one-element circuits, called
“loops”, or two-element circuits, whose elements are said to be “parallel elements”
or “multiple points”.

Now let A be an arrangement. A subset B of A is dependent if

(1.13) codim
( ⋂

H∈B
H
)
< |B|.

This is equivalent to the existence of a nontrivial linear dependence relation among
the defining forms {αH | H ∈ B}. The circuits are exactly the minimal dependent
sets. The set of circuits satisfies the axioms above, and thus defines a matroid
M(A), with ground set A, which we call the underlying matroid of A. Note M(A)
corresponds exactly to the matroid associated to the point configuration A∗ as
described above. The matroid M(A) has no loops. For ordinary arrangements
M(A) has no parallel elements. For multiarrangements (§1.1.2) it is natural to
consider an underlying matroid with parallel elements corresponding to multiple
hyperplanes.

A subset S ⊂ E is closed in a matroid M(E) if |S ∩C| ≥ |C|− 1 implies C ⊆ S
for every circuit C ∈ C. The closure S of S ⊆ E is the intersection of all closed
sets containing S. Closed sets are also called flats. If E is a projective point config-
uration, then the closed sets are the intersections of E with projective subspaces,
hence the term “flat”. A matroid also has a rank function defined on subsets S ⊆ E
by letting rk(S) be the size of the largest independent subset of S. In these terms,
the closure of S can also be expressed as S = {x ∈ E : rkS ∪ {x} = rkS}.

The set of flats of M(E), ordered by inclusion, forms a geometric lattice, whose
atoms are the elements of E. Continuing the analogy with point configurations, flats
of small rank are termed “points,” “lines,” and “planes”. Every geometric lattice
is the lattice of flats of some matroid. Using the lattice structure, the closure of a

set S ⊆ E is just the set S =
{
x ∈ E : x ∈ ∧y∈S y

}
.

It is easy to see that the closed sets in the matroid M(A) are the subarrange-
ments of the form AX , in one-to-one correspondence with the elements X ∈ L(A).
The lattice of flats of M(A) is isomorphic to L(A). One of the advantages of think-
ing of L(A) in terms of the underlying matroid is this: any of these data associated
with M(A), such as independent sets or rank functions, are sufficient to determine
L(A) up to isomorphism, because they determine the underlying matroid.

Two arrangements are combinatorially equivalent if their matroids are isomor-
phic, that is, if there is a bijection between the ground sets that sends circuits to
circuits (or, e.g., preserves rank functions). Equivalently, arrangements are combi-
natorially equivalent if they have isomorphic intersection lattices.

Another advantage of using the matroid M(A) to encode the combinatorics
of A is that M(A) has a much simpler diagram than the Hasse diagram of L(A).
The diagram is just an abstract picture of the dual point configuration A∗. The
hyperplanes of A are represented by points, essential codimension-two flats are
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Figure 1.3. The matroid of the braid arrangement A3

indicated with lines, and essential codimension-three flats a represented by planes.
(We will not define “essential flat” [327]; suffice it to say that two-point lines are
not essential.) This allows us to draw “pictures” of arrangements of rank up to
four, whether they are complexified or not.

Example 1.18. Let A3 be the rank-three braid arrangement from Figure 1.1.
Figure 1.3 is the diagram of the underlying matroid.

Example 1.19. The Maclane arrangement in P2
C has defining polynomial Q =

xyz(x+ y + z)(x− ωz)(ωx− y)(y + z)(x− ω2y + z), where ω = exp(2π
√
−1/3).

4 8

2
7 6

5

1 3

Figure 1.4. The matroid of the MacLane arrangement

Example 1.20. The smallest interesting arrangement of rank four is given by
Q = xyzw(x+y+z)(x+y+w). The underlying matroid is illustrated in Figure 1.5.

Figure 1.5. The matroid of the “prism arrangement”

A matroid M = M(E) is said to be realizable over a field k if there exists a
configuration A∗ of n = |E| points in the projective space Pr−1 = P(kr) whose
circuits are exactly the circuits of M. We have chosen the notation deliberately:



1.2. COMBINATORICS 13

the dual of a hyperplane arrangement is a realization of the underlying matroid. It
is no loss to assume r = rk(M).

Fix a linear ordering of the points of E. Then the realization A∗ of M is
represented by a n × r matrix R, whose rows are the homogeneous coordinates of
the points ofA∗, in the given linear order. Note, ifA∗ is the dual of the arrangement
A, then the rows of R are the defining linear forms α1, . . . , αn for A, written as row
vectors. This matrix has no zero rows, and no two rows are proportional.

Multiplying R on the left by a nonsingular n × n diagonal matrix, or on the
right by a nonsingular m × m matrix, yields a matrix that corresponds to the
same projective configuration, up to linear change of coordinates. The projective
realization space R(M, k) of M over k is the space of orbits of such matrices under
the left action of (k∗)n and the right action of GL(r, k).

Example 1.21. Let M be the MacLane matroid, whose diagram is pictured in
Figure 1.4. Here is a calculation of R(M, k). Suppose R is an 8×3 matrix realizing
M, with the labeling of Figure 1.4. We pick a “projective basis” for M, a set of
four points every three of which are independent, such as {1, 2, 3, 5}. By changing
bases we may assume the corresponding rows of R are (1, 0, 0), (0, 1, 0), (0, 0, 1) and
(1, 1, 1). Then the orbit of R is uniquely determined by the remaining four rows,
modulo scalar multiples.

Since 134 is a circuit, we can then scale the fourth row so it has the form (1, 0, t)
for some t 6= 0. Then the remaining rows are determined uniquely determined, in
terms of t, by the matroid structure. Since 6 is the intersection of the lines 126
and 456, the sixth row of R must be (t− 1, t, 0), up to scalar multiple, with t 6= 1.
Similarly, the seventh row is (0, 1, 1). As 8 is the intersection of lines 258 and
478, the eighth row of R is (1, 1− t, 1). At this point every circuit of M has been
accounted for, except for 368. For R to realize M, the 368 minor of R must vanish,
or, equivalently, t2 − t+ 1 = 0. Thus M is realizable over k if and only if k has a
primitive cube root of 1, and, in this case, R(M, k) consists of two distinct points.

For k = C, these two realizations are complex conjugates. Then the correspond-
ing arrangements have diffeomorphic complements, via a real linear diffeomorphism,
although the arrangements are not linearly equivalent over C. These arrangements
are used in Rybnikov’s construction of arrangements with isomorphic underlying
matroids and homotopy inequivalent complements.

Dividing out by the left action, R(M, k) is seen as the quotient of (Pr−1)n

by the diagonal action of GL(r, k). Alternatively, we can divide out by the right
action of GL(r, k). The orbit space is the Grassmannian Grr(kn); the orbit of R
corresponds to the column space col(R), an r-dimensional linear subspace of kn.
Thus R(M, k) can be identified with the orbit of col(R) under the left action of the
torus (k∗)n.

This last point of view is extremely useful—see [156]. Loosely speaking, it
allows us to identify an arrangement of rank r with a point of the Grassmannian
Grr(kn). The realization spaces of rank-r matroids yield a stratification of Grr(kn).
For this reason, they are often called “matroid strata”. Randell’s lattice isotopy
theorem [266] shows that two arrangements which are connected by a path in
R(M, k) have diffeomorphic complements. On the other hand, the universality
theorem of Mnëv [227] shows that the topology of these matroid strata can be as
complicated as that of an arbitrary complex affine variety defined over Q.
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All of the above depended on first fixing a linear order on the ground set
E. Since this ordering is not relevant to the topology of arrangements, we ought
to consider all possible labellings, and mod out by the symmetric group action.
Equivalently, we can divide R(M) as defined above by the automorphism group of
M. Thus the true moduli space for an arrangementA with underlying matroid M =
M(A) is R(M,C)/Aut(M). For rank-two arrangements these are the unlabeled
configuration spaces of collections of distinct points in the plane. Very little is
known about the topology of these spaces for higher rank arrangements, even for
uniform matroids.

1.3. Topology

1.3.1. Fundamental group. The homotopy type of the complementM(A) is
largely determined by its fundamental group, G(A) = π1(M(A), x0). Since M(A)
is path-connected, the group G(A) does not depend on the choice of basepoint x0.
Since M(A) has the homotopy type of a connected, finite CW-complex, the group
G(A) admits a presentation with finitely many generators and relations.

Example 1.22. As before, let Aℓ−1 be the braid arrangement in Cℓ. The
complement M(Aℓ−1) coincides with F (ℓ,C), the configuration space of ℓ distinct,
ordered points in C. Thus, as noted by Fox and Neuwirth [116], the fundamental
group π1(M(Aℓ−1)) is isomorphic to Pℓ, the Artin pure braid group on ℓ strings.

The arrangement A2 is simply a pencil of 3 lines in C2. As noted in Example
1.7, M(A2) ≃ (S1 ∨ S1) × S1; hence, P3

∼= F2 × Z, a product of free groups. We
will see in Chapter 5 that Pℓ is, in general, not a direct product of free groups, but
is an “almost-direct product”.

Using the Lefschetz-type theorem of Hamm and Lê [164], one may reduce the
computation of the fundamental group π1(M(A)) to the case when A is an (affine)
line arrangement in C2. Indeed, if A′ is a generic two-dimensional section of A,
then the inclusion j : M(A′) → M(A) induces an isomorphism j∗ : π1(M(A′)) →
π1(M(A)).

Now, there are several procedures for finding a finite presentation for the fun-
damental group of the complement of a line arrangement. All these procedures are
based on the classical method of Zariski [343] and van Kampen [317] for comput-
ing fundamental groups of complements of plane algebraic curves. Yet each one
uses in a specific way the particularities of the situation. The first explicit algo-
rithm for computing G(A), in the case of a complexified real arrangement, was
given by Randell [265]; a generalization to arbitrary arrangements was given by
Arvola [14], and is recounted in [242]. We will mostly use the braid monodromy
presentation, as described by Cohen and Suciu in [55], building on work from
[228, 200, 229, 173, 64, 63].

The upshot of all this is that the fundamental group of an arrangement com-
plement, G = G(A) has a finite presentation of the form

(1.14) G = 〈x1, . . . , xn | αq(xi) = xi〉,
where α1, . . . , αs are certain pure braids in Pn, acting on the generators xi of the
free group Fn via the Artin representation. These braids (one for each intersection
point of the lines) can be read off a “braided wiring diagram” associated to A.
Finding such a diagram for an arbitrary line arrangement A is, in general, a very
arduous task. Yet, if A is the complexification of a real arrangement, there is a
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Figure 1.6. Pencils and braids

ready-made formula for those braids, depending only on the multiple points, in the
order dictated by a generic projection. See Chapter 5 for full details.

Example 1.23. Suppose A consists of the two coordinate lines, x = 0 and
y = 0. Then of course M(A) = C∗ × C∗. In this case, the braid monodromy
consists of a single braid: the full twist on two strands; see the left side of Figure
1.6. Hence, G(A) = 〈x1, x2 | x1x2x

−1
1 = x2〉 = Z2, as expected.

Now add the line y = x, to get a pencil of three lines through the origin.
Proceeding as in Example 1.7, we see that M(A) ≃ (S1 ∨ S1)× S1. Alternatively,
we find that the braid monodromy consists of a single braid: the full twist on three
strands; see the right side of Figure 1.6. Hence,

G(A) = 〈x1, x2, x3 | x1x2x3x2x
−1
3 x−1

2 x−1
1 = x2, x1x2x3x

−1
2 x−1

1 = x3〉.
Note that x1x2x3 commutes with all the generators; thus, G(A) ∼= F2 × F1, as
expected.

More generally, if A is a pencil of n lines through the origin of C2, then the
braid monodromy consists of a full twist on n strands, and G(A) ∼= Fn−1 × F1.

In all the examples discussed so far, the fundamental group G(A) can be de-
composed as an iterated (semi-)direct product of finitely generated free groups. As
we shall see, this always happens when the intersection lattice L(A) is supersolvable
(or, more generally, hypersolvable). But this is something very special—in general,
no such decomposition holds, and the group can be rather complicated.

Figure 1.7. An arrangement of 5 lines

Example 1.24. Consider the arrangement A of 5 lines depicted in Figure 1.7.
It turns out that the group G = G(A) has presentation

G =

〈
x1, . . . , x5

∣∣∣∣
[x1, x2], [x1, x4], [x1, x5], [x2, x4], [x3, x4],
x5x1x3x

−1
5 x−1

1 x−1
3 , x3x

−1
5 x2x5x

−1
3 x−1

2

〉

It can be shown that the group G is isomorphic to the celebrated Stallings group.
As shown in [300], the group H3(G) is not finitely generated. It follows that G
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does not admit an Eilenberg-MacLane space K(G, 1) with finitely many 2-cells. In
particular, the arrangement group G = G(A) cannot be isomorphic to any iterated
(semi-) direct product of free groups of finite rank.

1.3.2. Fiber-type arrangements. At this point, we introduce a family of
arrangements with particularly nice structure as well as historical importance.

Definition 1.25. An arrangement A in V is said to be strictly linearly fibered
over AX if X is a line, and the restriction of the projection πX : V → V/X to
πX : M(A)→M(AeX) is a fiber bundle projection.

It follows right away that if A is essential, the line X must be an intersection
of hyperplanes, and the fiber is C− {m points}, for some integer m > 0.remark about suffi-

ciency?
Definition 1.26 ([130]).

• The arrangement of one hyperplane is fiber-type.
• An arrangement A is fiber-type if there is a line X for which AeX is fiber-

type, and A is strictly linearly fibered over V/X .

Example 1.27. The motivation for such a definition comes from looking at
configuration spaces; in particular, Fox and Neuwirth [116] noted that the braid
arrangement Aℓ is strictly linearly fibered over Aℓ−1, for ℓ ≥ 2. To see this, recall
from Example 1.8 that

Q(Aℓ) =
∏

1≤i<j≤ℓ+1

(xi − xj);

let X be the ℓ + 1st coordinate axis, so that the projection π : V → V/X is given
in coordinates by πX(x1, . . . , xℓ, xℓ+1) = (x1, . . . , xℓ). Then the fiber over a point
x ∈ Cℓ is the set of all (x, t) ∈ Cℓ+1 for which t 6= xi for all 1 ≤ i ≤ ℓ. This is
diffeomorphic to C with ℓ points removed.

Falk and Randell [130] showed that, if A is strictly linearly fibered over AX ,
then the bundle map πX has a section. It follows that long exact sequence of the
fibration breaks up and gives a split exact sequence of fundamental groups

(1.15) 1 // Fm // π1(M(A))
π#

X // π1(M(AX)) // 1,

since π1(C − {m points}) = Fm, a free group. In other words, π1(M(A)) is iso-
morphic to a semidirect product Fm ⋊ π1(M(AX)). Applied recursively, this gives
a nice description of the fundamental group of the complement of a fiber-type ar-
rangement as an iterated semidirect product of free groups:

Theorem 1.28. If A is a fiber-type arrangement of rank ℓ, then A is an
Eilenberg-MacLane space, and

π1(M(A)) ∼= Fmℓ
⋊ (Fmℓ−1

⋊ (· · ·⋊ Fm1) · · · ),
for some integers m1,m2, . . . ,mℓ, where m1 = 1 and m1 +m2 + · · ·+mℓ = |A|.

Falk and Randell also show that the fundamental group of the base acts trivially
on the homology of the fiber, so M(A) (or, equivalently, its fundamental group)
have the same Betti numbers as a product of free groups. This will be explored in
greater detail later.
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Figure 1.8. A3 is fiber-type. Each fiber has three holes.

Example 1.29. Theorem 1.28 generalizes Fox and Neuwirth’s discovery that
the pure braid group can be expressed as

Pℓ ∼= Fℓ−1 ⋊ (Fℓ−2 ⋊ (· · ·⋊ F1) · · · ),

since Pℓ = π1(M(Aℓ)).

The fiber-type arrangements also have a combinatorial characterization. Terao [312]
showed that they are actually the same as the supersolvable arrangements: we will
pick up this thread again in Chapter 3, §3.4.

Example 1.30 (Rank 2). It is easy to see that every rank-2 arrangement is
fiber-type. Indeed, if A consists of n ≥ 2 lines in C2, make a linear change of
coordinates if necessary so that Q = xy(y− c1x)(y− c2x) · · · (y− cn−2x), where the
ci’s are nonzero and pairwise distinct. Let X be the line with equation x = 0, so
that π−1

X (x) = {t ∈ C : Q(x, t) 6= 0}, for each fixed x ∈M(AeX). Since x is nonzero,
the equation Q(x, t) = 0 always has exactly n − 1 solutions. If one identifies
C− {n− 1 points} with M(A), we see that the linear fibration

C− {n− 1 points} // M(A)
πX // C∗

is just a choice of splitting of the (restriction of the) Hopf bundle from Theorem 1.1.

Example 1.31 (Rank 3). Given the previous example, a rank-3 arrangement
A is fiber-type if and only if it is strictly linearly fibered over AX for some line
X ∈ L(A). The existence of such a line turns out to be easy to detect if the
arrangement is drawn as a set of lines in P2: we leave the proof of the following
proposition as an exercise for the reader. Figure 1.8 shows that the arrangement
defined by Q = xyz(x − y)(x − z)(y − z) is strictly linearly fibered with the line
defined by x = y = 0.

Proposition 1.32. If A is an essential arrangement of rank 3, then A is fiber-
type if and only if there is a multiple point X in the line arrangement A which is
connected to every other multiple point by a line of the arrangement.
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1.4. Algebra

1.4.1. The Orlik-Solomon algebra. In this section, we introduce one of the
main algebraic objects associated to an arrangement A, the Orlik-Solomon algebra
A(A). This algebra is purely combinatorial, in the sense that it is determined by
L(A), hence can be defined for any geometric lattice (or matroid). For brevity, we
sometimes write A for this algebra, and call it the OS-algebra.

Definition 1.33. Let A = {H1, . . . , Hn} be a central arrangement, and let
E =

∧∗(e1, . . . , en) be the exterior algebra over Z, with generators ei of degree 1.
The OS-algebra of A is the quotient algebra

(1.16) A∗(A) = E/I(A),

where I(A) is the OS-ideal, generated by the set

(1.17) {∂eB
∣∣B ⊂ A and codim

⋂

H∈B
H < |B|}.

Here, for a subset B = {Hi1 , . . . , Hir} of A, we write eB = ei1 · · · eir and ∂eB =∑
q(−1)q−1eB\{iq}.

Theorem 1.34 (Orlik-Solomon [240]). For every arrangement A, there is an
isomorphism of graded algebras,

(1.18) A∗(A)
∼=−→ H∗(M(A),Z).

Notice that since the hyperplanes of A are distinct, there are no relations of de-
gree one; hence A1(A) ∼= E1 ∼= Zn. With this identification, the basis {e1, . . . , en}
of A1(A) is dual to the basis of H1(M(A),Z) given by the meridians of the hy-
perplanes. Orlik and Solomon proved the isomorphism by induction on rank and
counting dimensions and a result of Brieskorn [28]; in the next chapter we give
a short proof of the Brieskorn and Orlik-Solomon theorems, by way of the Thom
isomorphism.

In the definition of A(A), the ring Z can be replaced with an arbitrary commu-
tative ring R. The effect on the module structure is negligible: for any such ring,
Ap(A) is a free R-module, and its rank is independent of R [178]. The effect on
the ring structure is nontrivial, and will be explored in Chapter 4. When we want
to highlight this aspect, the OS-algebra of A over R is denoted AR(A).

A related algebra is the quadratic Orlik-Solomon algebra A(2)(A), defined as
the quotient of the exterior algebra E by relations of the form ∂eB, for all B ⊂ A
such that B is dependent and |B| = 3. A(A) is obviously a quotient of A(2)(A),
and the two algebras agree in degree ≤ 2. Basically, any invariants of A(A) which
depend only on L(A)≤2 will be the same for A(A) and A(2)(A).

Example 1.35. For the braid arrangement A3 pictured in Figure 1(a), A(A3)
has six generators {e1, . . . , e6}. If this corresponds to a left to right labelling of the
hyperplanes in Figure 1(a), so that e1 ↔ H12 and e6 ↔ H14, then

A(A3) ∼= Λ(e1, . . . , e6)/I(A3),
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where I(A3) is generated by

∂(e1 ∧ e2 ∧ e3) = e1 ∧ e2 − e1 ∧ e3 + e2 ∧ e3
∂(e1 ∧ e5 ∧ e6) = e1 ∧ e5 − e1 ∧ e6 + e5 ∧ e6
∂(e2 ∧ e4 ∧ e6) = e2 ∧ e4 − e2 ∧ e6 + e4 ∧ e6
∂(e3 ∧ e4 ∧ e5) = e3 ∧ e4 − e3 ∧ e5 + e4 ∧ e5

and the elements ∂(ei∧ej∧ek∧el); these latter elements turn out to be in the ideal
generated by the quadrics, so are superfluous—see Example 2.36. In other words,
A(A) = A(2)(A) for this arrangement.

1.4.2. The nbc basis, deletion-restriction. With respect to a fixed order-
ing ≺ of the hyperplanes in A, a canonical basis for A is the no broken circuits
(or, nbc) basis. If A = {H1, . . . , Hn}, then (unless otherwise specified) the order
is assumed to be H1 ≻ H2 ≻ · · · ≻ Hn; for brevity we write [i1, . . . , ip] to denote
the ordered tuple Hi1 ≻ Hi2 ≻ · · · ≻ Hip .

Definition 1.36. A broken circuit is a circuit (minimal dependent set) with
its smallest element deleted; an nbc set is a set containing no broken circuits.

A word of caution: in the ordering H1 ≻ H2 ≻ · · · ≻ Hn, the smallest element
corresponds to the largest index. Note that (i) nbc sets are independent, and (ii)
every maximal nbc set contains the smallest hyperplane Hn. We will use the terms
broken circuit and nbc set to refer to subsets of A, or as subsets of {1, . . . , n}
without much comment—the meaning should be clear from the context.

Example 1.37. We continue to study the arrangementA3, using the relabeling
above. The sets {1, 2, 3}, {1, 5, 6}, {2, 4, 6}, {3, 4, 5} are dependent, as is any set with
four elements. The broken circuits are thus

{[1, 2], [1, 5], [2, 4], [3, 4]} ,
{[1, 2, 3], [1, 2, 4], [1, 2, 5], [1, 3, 4], [1, 3, 5]} ,
{[1, 4, 5], [2, 3, 4], [2, 3, 5], [2, 4, 5], [3, 4, 5]} .

Notice that the broken circuits of size three all contain a broken circuit of size
two. This property characterizes supersolvable arrangements—the minimal broken
circuits have size two; see [25].

In [23], Björner shows that the monomials in the exterior algebra E corre-
sponding to broken circuits generate the initial ideal of I(A) with respect to the
lexicographic order. The previous example illustrates this; it is clear that in lex
order, the lead monomials of the quadric generators are exactly the broken circuit
monomials. As observed in [178], it follows immediately that the nbc monomials
give a basis for the Orlik-Solomon algebra as an R-module:

Corollary 1.38. For any commutative ring R, the set
[
ai1 ∧ · · · ∧ aip ∈ Ap(A) | [i1, . . . , ip] is an nbc set

]

is a free R-module basis for ApR(A).

The nbc basis is the key to understanding the relation between the OS-algebras
in a triple. Let (A′,A,A′′) be a triple with respect to H ∈ A, and suppose |A| = n.
Following our convention for a triple, let E′, E,E′′ denote exterior algebras with
generators corresponding to the hyperplanes of the arrangements A′,A,A′′.
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Define a map λ : A′ → A′′ via H ′ 7→ H ′ ∩ H . Fix an ordering of A′′, say
H ′′

1 ≻ H ′′
2 ≻ · · · ≻ H ′′

k , and order the hyperplanes of A so that

H1 ∩H = · · · = Hi1 ∩H = H ′′
1

Hi1+1 ∩H = · · · = Hi2 ∩H = H ′′
2

...

Hik−1+1 ∩H = · · · = Hn−1 ∩H = H ′′
k

with H = Hn the last (smallest) hyperplane of A. Extend λ to subsets of A′ via
λ([i1, . . . , ip]) = (λ(i1), . . . , λ(ip)). Let i : E′ → E be the obvious inclusion. To
simplify notation, we write [i1, . . . , ip] for ei1 ∧ · · · ∧ eip . Define j : E → E′′ via

j([i1, . . . , ip]) =

{
0 if ip 6= n,

[λ(i1) · · ·λ(ip−1)] if ip = n.

Note: λ(i1) · · ·λ(ip−1) may have repeated entries, but is a decreasing sequence.
It is obvious that j is surjective and that ji = 0, but in general the sequence

(1.19) 0 // E′ i // E
j // E′′ // 0

is not exact.

Lemma 1.39. i(I ′) ⊆ I and j(I) ⊆ I ′′.
Proof. The first statement is immediate. For the second, if {i1, · · · , ip} is a

dependent set in A, then

j(∂([i1, . . . , ip])) =





p∑
k=1

(−1)kj([i1, . . . , îk, . . . , ip])

= 0 if ip 6= n,

j(∂([i1, . . . , ip−1]) · n± [i1, . . . , ip−1])

= ∂([λ(i1), . . . , λ(ip−1)]) if ip = n.

Since codimHi1 ∩ · · · ∩Hip < p, and ip 6= n, we have

codimλ(Hi1 ) ∩ · · · ∩ λ(Hip−1) < p− 1

in Hn. Thus, {λ(i1), . . . , λ(ip−1)} is dependent. �

Theorem 1.40. There is a short exact sequence of R-modules

(1.20) 0 // A′ i // A
j // A′′ // 0 .

Proof. That the sequence above is a complex follows from Equation 1.19 and
Lemma 1.39. Let (C′, C, C′′) be the free R-modules with bases the respective nbc
sets. By Corollary 1.38, to prove the theorem, it suffices to show that the sequence

(1.21) 0 // C′ i // C
j // C′′ // 0 .

is exact. Notice that i(C′) ⊆ C from the choice of Hn as the smallest element of
A, and j(C) ⊆ C′′ from the choice of ordering—if [i1, . . . , ik = n] is nbc, then so
is [λ(i1), . . . , λ(ik−1)]. So the sequence above is a complex. To show exactness, it
suffices to show that if ∑

ckj(k, n) = 0
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with all the [k, n] are nbc, the all the coefficients must vanish. This follows since
if λ(i) = λ(j), then λ(i) = λ(j) for some i ∈ i, j ∈ j, which implies that [i, j, n]
is dependent, hence [j, n] is a broken circuit, contradicting the fact that [j, n] was
nbc. �

The map j is of degree −1, so it takes monomials of degree d to monomials of
degree d− 1. If R = k is a field, then by looking at the graded components we find
that

(1.22) dimkA
p = dimkA

′p + dimk A
′′p−1,

which shows that the Poincaré series of the algebras in a triple satisfy the relation

(1.23) P (A, t) = P (A′, t) + tP (A′′, t).

This identity is of the same form as the identity of Theorem 1.15, so an induction
argument yields:

Corollary 1.41. The Poincaré polynomial of the OS-algebra of A equals the
Poincaré polynomial of A:

(1.24) P (A(A), t) = π(A, t).
Example 1.42. The nbc basis for the quadratic component of A(A3) consists

of ei∧ej with [i, j] 6∈ {[1, 2], [1, 5], [2, 4], [3, 4]}, so dimkA
2 = dimk E

2−I2 =
(
6
2

)
−4 =

11, which is indeed the t2 coefficient of π(A, t).

1.4.3. The Brieskorn decomposition. Observe that Corollary 1.41 implies
the following identity:

(1.25) dim(Ap) =
∑

X∈Lp(A)

(−1)pµ(X).

There is a direct sum decomposition of A, indexed by L = L(A), which mirrors
this numerical identity. This decomposition was originally established by Brieskorn
[28] in terms of the cohomology ring of M , and was used in the original proof of
Theorem 1.34 [240]. For us it will provide a useful tool for analyzing resonance
varieties in Chapter 4.

For X ∈ Lp(A), the localization AX (§1.2.5) has rank p. In fact, the sub-
arrangement AX of A corresponds to the rank p flat of M(A) corresponding to
X .

Denote A(AX) by AX . By Corollary 1.41, applied to AX , the dimension of AX
is (−1)pµ(X).

Theorem 1.43. For each p ≥ 0, the following direct-sum decomposition holds:

Ap ∼=
⊕

X∈Lp(A)

ApX .

Proof. The crucial point is that the nbc sets of AX are precisely the nbc
sets of A which are contained in AX . This holds because AX is a flat of M(A).
It then follows from Corollary 1.38 that the natural map AX → A is injective.
Moreover, ApX has a basis consisting of the nbc monomials of A of degree p, which
are contained in AX . Finally, since nbc sets are independent, each nbc set of size
p is contained in AX for exactly one X ∈ L of rank p. This defines a partition of
the nbc monomials if degree p in A, whose blocks are the nbc monomials of AX



22 1. ASPECTS OF COMPLEX ARRANGEMENTS

of degree p, for X ∈ L of rank p. The claimed decomposition then follows from
Corollary 1.38. �

A similar argument establishes the following result.

Theorem 1.44. If a ∈ ApX and b ∈ AqY , then ab ∈ Ap+qX∨Y .

As an application, we see that the set of canonical generators of the Orlik-
Solomon algebra determines the matroid.

Corollary 1.45. For any S ⊆ A, the monomial eS ∈ A is zero if and only if
S is a dependent set.

Proof. Let p = |S| and q = rk(
∨
S). Then eS ∈ ApWS , by Theorem 1.44. If S

is dependent, then q < p, so ApWS = Ap(AW

S) = 0. Conversely, if S is independent,

we can order the hyperplanes so that S comes first. Then eS is an nbc monomial,
so it must be nonzero by Corollary 1.38. �

1.4.4. Projective and affine OS algebras. Let A = {H1, . . . , Hn} be a
central arrangement in Cℓ with OS-algebra A = AQ(A). The map ∂ : E → E of
Definition 1.33 is a graded derivation, and satisfies ∂ ◦∂ = 0. It is not hard to show
that ∂ sends the OS-ideal I to itself, and thus induces a well-defined map on the
quotient A = E/I. (See [242, Section 3.1].) Thus we obtain a chain complex

(1.26) 0 // Aℓ
∂ // Aℓ−1

∂ // · · · ∂ // A1 ∂ // A0 // 0 .

Note that ∂ei = 1 for the standard generators ei.

Lemma 1.46. The complex (A, ∂) is acyclic.

Proof. Suppose a ∈ A with ∂a = 0. Let b = e1a. Then ∂b = (∂e1)a−e1(∂a) =
a. �

Let A be the projectivization of A. The projective OS-algebra of A, written
A(A), is, by definition, the kernel of ∂ : A → A. Since ∂ is a derivation, A(A) is
a subalgebra of A. Recall A[−n] denotes the graded algebra obtained from A by
shifting degrees by n, that is, A[−n]p = Ap−n.

Theorem 1.47. Let A be an arrangement, with OS-algebra A = A(A) and
projective OS-algebra Ā = A(A). Then:

(1) Ā = im ∂.
(2) There is a short exact sequence of graded vector spaces

0 // Ā // A
∂ // Ā[−1] // 0 .

(3) Ap ∼= Āp ⊕ Āp−1.
(4) A ∼= Ā⊗ (C⊕ C[−1]).

Proof. The first statement is immediate from the exactness of (1.26), proved
in Lemma 1.46. The acyclicity of (A, ∂) also implies that for each p, we have a
short exact sequence

(1.27) 0 // ker ∂ // Ap // im ∂ // 0 ,

which yields

(1.28) 0 // Āp // Ap // Āp−1 // 0 .
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This proves (2). This sequence splits. Indeed, define s : im(∂)→ A by s(a) = ana.
Then, for a = ∂b, we have ∂ ◦s(a) = ∂(an∂b) = (∂an)(∂b)−an∂∂b = a. This yields
the direct sum decomposition (3), while (4) is just a restatement of (2). �

Corollary 1.48. The algebra A(A) is generated by the subspace

{ n∑

i=1

aiei |
n∑

i=1

ai = 0
}

of A1.

Proof. Observe that ∂(ei1 · · · eip) = (ei1 − ei2) · · · (eip−1 − eip). The assertion
follows from (i) above. �

The Poincaré polynomial of the projective arrangement Ā is defined by π(Ā, t) =∑ℓ−1
i=0 dimAi(Ā)ti.

Corollary 1.49. (1 + t)π(Ā, t) = π(A, t).
Theorem 1.50. The projective OS-algebra A(A) is isomorphic to the cohomol-

ogy of the projectivized complement M(A).

Proof. The projection M(A) → M(A)/C∗ = M(A) induces an injection
H∗(M(A)) → H∗(M(A)). The image is the subcomplex represented by forms

whose contraction along the Euler vector field θ =
∑ℓ

i=1 xi
∂
∂xi

vanishes [84]. The

map ∂ corresponds to contraction along θ under the isomorphism of A(A) with

H∗(M): this follows from the fact that dαi

αi
(θ) = 1. Thus the subalgebraH∗(M(A))

of H∗(M(A)) corresponds to ker(∂) = A(A). �

The definition of the section s : Ap−1(A) ∼= im(∂)→ Ap in the proof of Propo-
sition 1.47 depends on the selection of Hn ∈ A as a distinguished hyperplane. This
determines an affine chart on CPℓ−1 and allows us to identify M(Ā) with the com-
plement M(dA) of the corresponding decone of A; see 1.1.3. At the same time this
choice yields a presentation of the projective OS-algebra A(Ā), with generators
ēi := ei − en. The relations are easy consequences of the OS relations. Assume
S = {i1, . . . , ip} ⊆ {1, . . . , n− 1}, and write ēS = ēi1 · · · ēip ∈ Ap.

(1) If
⋂
i∈S Hi 6⊆ Hn and S is dependent (in A), then ∂ēS = 0.

(2) If
⋂
i∈S Hi ⊆ Hn, then ēS = 0.

This presentation can be described in terms of the affine arrangement dA, as
in the following definition.

A collection of affine hyperplanes is dependent if and only if its intersection is
non-empty and has codimension greater than the number of hyperplanes.

Definition 1.51. The Orlik-Solomon algebra A(dA) of the affine arrangement
dA = {H̄1, . . . , H̄n−1} is the quotient of the exterior algebra E on generators
ē1, . . . , ēn−1 by the ideal I generated by

{∂ēS : S is dependent} ∪
{
ēS : S

⋂

H∈S
H = ∅

}
.

It is a simple matter to show that A(dA) is isomorphic to A(Ā), identifying
ēi with ei − en. The two cases above correspond to the partition of the dependent
sets of A according to whether or not they contain Hn.
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Suppose αi : Cℓ → C is a homogeneous linear form defining the hyperplane
Hi ∈ A, and suppose we have chosen coordinates so that αn(x) = xℓ. Then
the corresponding affine hyperplane H̄i ∈ dA is the zero locus of the affine func-
tional ᾱi : Cℓ−1 → C given by ᾱi(x1, . . . , xn−1) = αi(x1, . . . , xℓ−1, 1). Moreover,
the diffeomorphism M(Ā) → M(dA) is given by [x1 : · · · : xℓ] 7→ (x1

xℓ
, . . . ,

xℓ−1

xℓ
).

Piecing this together, it is straightforward to confirm that the logarithmic one-form
d log(ᾱi) pulls back to d log(αi)−d log(αn) under the map induced by the composite
M(A)→M(A)/C∗ = M(Ā)→M(dA). Then, applying Theorem 1.50, we obtain
the following result (see [242] for an alternative approach).

Corollary 1.52. The affine OS algebra A(dA) is isomorphic to the coho-
mology H∗(M(dA)), with generators corresponding to the logarithmic one-forms
d log(ᾱi).

Using the presentation 1.51 and Theorems 1.47 and 1.38 one can construct an
nbc-basis for A(dA) ∼= A(Ā). A broken circuit for dA is a minimal dependent set
with its first element deleted. (By definition, a dependent set of affine hyperplanes
has nonempty intersection.) An nbc set is a set containing no broken circuits. It
is easy to see that S ⊆ {H̄1, . . . , H̄n−1} = Ā is an nbc set if and only if {Hi | i ∈
S} ∪ {Hn} is an nbc set for A. The analogue of Corollary 1.38 holds for A(dA);
again, see [242, Section 3.2].

Theorem 1.53. The set {āS | S ∈ nbc(dA)} is a basis for A(dA) ∼= A(Ā).

This result can be used in turn to construct a Brieskorn decomposition for
A(Ā). We will need this in Chapter 4. Let L(dA) = {X ∈ L(A) | Hn 6≤ X} be the
intersection semi-lattice of the affine arrangement dA. Note that each nbc set of
size p in dA intersects in an element of rank p in L(dA).

Corollary 1.54. Āp(A) ∼=
⊕

X∈Lp(dA)A
p(AX).

The collection of all nbc sets of A form a simplicial complex, also denoted
nbc(A), and perversely called the broken circuit complex. The number of p-
simplices of nbc(A) is equal to dim(Ap(A). Since Hn is in every maximal nbc set,
the complex nbc(A) is a cone, with apex Hn. The base of the cone is called the
reduced broken circuit complex nbc(A). Its simplices are precisely the nbc sets of

the decone dA of A relative to Hn, as described above. That is, nbc(A) = nbc(Ā).
We will need the following structural result in later chapters. The reader is

directed to [347] for the proof.

Theorem 1.55. Let A be an arrangement. Then:

(i) nbc(A) is homotopy equivalent to the order complex |L(dA)| of the inter-
section semi-lattice of dA.

(ii) nbc(A) is a pure, shellable (ℓ− 2)-complex, hence is homotopy equivalent
to a bouquet of (ℓ− 2)-spheres.

The number of spheres in the bouquet is equal to the beta invariant of A,
discussed in the next paragraph. There is a natural basis for the cohomology
Hℓ−2(nbc(A)), indexed by so-called β nbc bases of A (the homology facets for the
shelling), and this basis is used to construct bases for the cohomology of “non-
resonant” local systems in Chapter 8. See [134].
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1.4.5. Euler characteristics and irreducible arrangements. If A is a
central arrangement, then the Euler characteristic of the complement vanishes.
Indeed, M(A) ∼= M(Ā)× C∗, and so χ(M(A)) = χ(M(Ā))χ(C∗) = 0.

The Euler characteristic of the projective complement M(Ā) is given by

(1.29) χ(M(Ā)) = π(Ā,−1) = lim
t→−1

π(A, t)
1 + t

.

The right-hand side is equal to (−1)rk(A)−1β(A), where β(A) is the beta invariant
of the underlying matroid of A. If A is a complexified real arrangement then β(A)
is the number of bounded regions in the complement M(dA)∩Rℓ−1 of any decone
of A; see [344].

Definition 1.56. Let A1 and A2 be central arrangements in Cℓ and Cm, with
defining polynomials Q1(x1, . . . , xℓ) and Q2(x1, . . . , xm), respectively. The product
arrangementA1×A2 is the arrangement in kℓ+m ∼= kℓ×km with defining polynomial

Q(x1, . . . , xℓ+m) = Q1(x1, . . . , xℓ)Q2(xℓ+1, . . . , xℓ+m).

We see that A1 × A2 consists of the hyperplanes H × km for H ∈ A1, and
kℓ ×H for H ∈ A2.

Proposition 1.57. Suppose A = A1 ×A2. Then

(i) M(A) ∼= M(A1)×M(A2).
(ii) π(A, t) = π(A1, t)π(A2, t).
(iii) M(Ā) ∼= M(A1)×M(Ā2)
(iv) β(A) = 0, provided both A1 and A2 are nonempty.

Proof. Using the notation from Definition 1.56, we have (x1, . . . , xℓ+m) ∈
M(A) if and only if Q(x1, . . . , xℓ+m) 6= 0, if and only if Q1(x1, . . . , xℓ) 6= 0 and
Q2(xℓ + 1, . . . , xℓ+m) 6= 0, i.e., (x1, . . . , xℓ) ∈ M(A1) and (xℓ+1, . . . , xℓ+m) ∈
M(A2). This proves assertion (i).

Assertion (ii) follows from Corollary 1.41 and Theorem 2.4. To prove the third
assertion, we observe that M(dA) and M(A1) ×M(dA2) are complements of the
same divisor, the zero locus of Q1(x1, . . . , xℓ)Q2(xℓ+1, . . . , xℓ+m−1, 1), by equa-
tion (1.4). Since M(dA) ∼= M(Ā) and likewise for A2, the assertion follows. This
in turn implies (iv), since M(A1) has Euler characteristic zero, by (1.2). �

In fact the intersection lattice L(A1 ×A2) is isomorphic to the product poset
L(A1)× L(A2) ([245]?), which implies (ii) and (iv) above.

Definition 1.58. A central arrangement A is irreducible if A cannot be ex-
pressed as a product of two nonempty arrangements. Similarly, a flat X ∈ L(A) is
irreducible if the arrangement AX is irreducible.

According to Theorem 1.57(iv) an irreducible arrangement has nonzero beta
invariant. The converse of this statement is also true. This is a purely combinatorial
result, which won’t be used in the sequel; see [245] or [244] for proof.

Theorem 1.59. A central arrangement A is irreducible if and only if β(A) 6= 0.

Proposition 1.57(iii) was used in [114] to construct pairs of projective arrange-
ments with non-isomorphic matroids but isomorphic OS-algebras. Suppose A1 and
A2 are arbitrary central arrangements in Cℓ and Cm, with defining polynomials
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Q1(x1 . . . , xℓ) and Q2(y1, . . . , yℓ) respectively. Let A0 be the arrangement consist-
ing of the hyperplane {0} in C. We define a new arrangement A in Cℓ+m−1 as
follows: change variables so that xℓ = 0 defines a hyperplane in A1, and ym = 0 de-
fines a hyperplane in A2. Then let A be the arrangement whose defining polynomial
is obtained by setting xℓ = ym in the product Q1Q2. More precisely,

QA(x1, . . . , xℓ, y1, . . . , ym−1) = Q1(x1, . . . , xℓ)Q2(y1, . . . , ym−1, xℓ).

The arrangement A is called the parallel connection of A1 and A2 along the hyper-
planes xℓ = 0 and ym = 0: it contains “copies” of A1 and A2 in which these two
hyperplanes are identified. We will write A = A1 ×H A2.

Theorem 1.60 ([114]). The central arrangements (A1×HA2)×A0 and A1×A2

have diffeomorphic complements and isomorphic OS-algebras.

Proof. We show the projectivized complements are diffeomorphic, and then
apply Theorem 1.1. We have

M( ¯A1 ×A2) ∼= M(A1)×M(Ā2) ∼= M(Ā1)×M(Ā2)× C∗,

by Proposition 1.57(iii) and Theorem 1.1.
On the other hand, when we decone (A1 ×H A2) × A0 along the identified

hyperplane xℓ = 0, we get the affine arrangement defined by

Q1(x1, . . . , xℓ−1, 1)Q2(y1, . . . , yℓ−1, 1),

whose complement is clearly diffeomorphic to M(dA1) × M(dA2) ∼= M(Ā1) ×
M(Ā2). Since M(A0) = C∗, the result follows immediately. �

Corollary 1.61. For each positive integer n, there exist n combinatorially
inequivalent arrangements with diffeomorphic complements and isomorphic OS-
algebras.

The corollary is established by carefully choosing A1 and A2, such that there
are n combinatorially distinct parallel connections along different choices of hy-
perplanes. See [114] for details. The first isomorphism of OS-algebras of combi-
natorially distinct arrangements was found by L. Rose and H. Terao [242], using
candidates exhibited in [120]. Subsequently it was shown in [121] that the com-
plements are homotopy equivalent [121]. These examples are shown in Figure 1.9.
The complements are not homeomorphic, by a result of T. Jiang and S.-T. Yau
[179]. These are sections (see Section 3.1) of two rank-four arrangements whose
complements are diffeomorphic by Theorem 1.60.

1.5. Geometry

1.5.1. The log complex. If X is a complex manifold andD =
∑
Di a divisor

such that the Di are smooth and meet transversally (a normal crossing divisor),
then associated toD is the sheaf Ωp logD) of meromorphic p-forms with logarithmic
poles on D. If q is a point where D1, . . . , Dm meet, then in a sufficiently small
neighborhood U of q we may choose local coordinates z1, . . . , zm on U so D is
defined on U by the vanishing of z1 · · · zm. Then Ωp logD)(U) is generated by
p-forms in the holomorphic 1–forms and the logarithmic differentials dz1

z1
, . . . , dzm

zm
.

The sheaves Ωp(logD) are locally free ([71]), and a computation shows that

d(Ωp(logD)) ⊆ Ωp+1(logD).
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Figure 1.9. Projective arrangements with homotopy equivalent complements

The resulting complex is the log complex, and Grothendieck’s algebraic de Rham
theorem ([161], §3.5) shows that for the complement M = X \D, the cohomology
of this complex computes Hi(M,C). Deligne introduced Ωp(logD) to define mixed
Hodge structures. In [274], Saito gave a generalization which dispenses with the
normal crossing hypothesis. Our interest will be in the case where X is P(V ), and
D is a hyperplane arrangement: for the remainder of this chapter A is central.

Example 1.62. The rank–two braid arrangement A2 has defining polynomial

(x − y) · (x − z) · (y − z). Write A2 = {H1, H2, H3}, and denote ωi = d(Hi)
Hi

. We
then have

ω1ω2 − ω1ω3 + ω2ω3 = d(x−y)
x−y

d(x−z)
x−z −

d(x−y)
x−y

d(y−z)
y−z + d(x−z)

x−z
d(y−z)
y−z = 0,

and there are no other relations among the ωi’s, except for the standard skew-
commutativity relations. In particular, the logarithmic forms satisfy exactly the
same relations as those satisfied by the Orlik-Solomon algebra. This is essentially
the content of Brieskorn’s theorem, which is proved in Chapter 3.

Definition 1.63. Let S = Sym(V ∗) and F the field of fractions of S, and let
ΩpS and ΩpF be free modules (over S and F , respectively) on the p-forms. If Q is a
defining polynomial for A, then the module of logarithmic p-forms with poles along
A is the submodule Ωp(A) of ΩpF defined by

(1.30) Ωp(A) = {ω ∈ ΩpF | Qω ∈ ΩpS and Qdω ∈ Ωp+1
S }.

The module of A-derivations Dp(A) is the submodule of Λp(DerC S) defined by

(1.31) Dp(A) = {θ ∈ Λp(DerC S) | θ(Q, f2, . . . , fp) ∈ 〈Q〉, ∀fi ∈ S}.
The modules Dp(A) and Ωp(A) are graded by the degree of the polynomial

coefficients. It is easy to see that D1(A) has a direct sum decomposition as
D1

0(A)⊕S(−1), where D1
0(A) is the kernel of the Jacobian matrix of Q and S(−1)

corresponds to the Euler derivation. Correspondingly, we have a decomposition
Ω1(A) ∼= Ω1

0(A)⊕ S(1).

Example 1.64. The polynomial Q = x · y · (x − y) defines a configuration of
3 points in P1. The Jacobian ideal is a complete intersection defined by 〈2xy −
y2, x2 − 2xy〉, so D1(A) has basis x ∂

∂x + y ∂
∂x and (2xy − y2) ∂∂y − (x2 − 2xy) ∂∂y .

Thus, D1(A) ∼= S(−1) ⊕ S(−2). For the configuration of 3 lines in P2 defined by
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the vanishing of xyz, the Jacobian ideal 〈yz, xz, xy〉 has syzygies



x 0
−y y
0 −z




which correspond to derivations x ∂
∂x − y ∂

∂y and y ∂
∂y − z ∂

∂z , so D1(A) ∼= S(−1)3.

1.5.2. Arrangements which are normal crossing. The modules Ωp(A)

are graded, so define sheaves on P(V ); as usual let Ω̃1(A) denote the sheaf associated
to Ω1(A). An arrangement A is generic exactly when A is a normal crossing
divisor. After a change of coordinates, we may assume the first ℓ hyperplanes are

the coordinate hyperplanes; for i ∈ {1, . . . , n − ℓ} write li =
∑ℓ
j=1 ai,jxj for the

remaining hyperplanes. In [346], Ziegler gives a free resolution for Ω1(A) for such
an arrangement:

0 // Sn−ℓ
τ // S(1)n // Ω1(A) // 0 ,

where τ is given by 


a1,1x1 · · · · · · an−ℓ,1x1

...
. . .

. . .
...

a1,ℓxℓ · · · · · · an−ℓ,ℓxℓ
−l1 0 · · · 0
0 −l2 · · · 0
...

. . .
. . . 0

0 · · · 0 −ln−ℓ




Dolgachev and Kapranov give a presentation for Ω1(logA) in Corollary 3.4 of
[99]. An easy application of the snake lemma shows that Ω1(logA) is the sheaf
associated to Ω1

0(A)(−1). While this follows from the local description, the point
is that the gradings are a bit different. In general, the relation between a graded
module N and the associated sheaf N is given by the exact sequence (see [107],
Theorem A.4.1)

(1.32) 0 // H0
m(N) // N // ∑

v∈ZH
0(N (v)) // H1

m(N) // 0 ,

where H∗
m(N) denotes the local cohomology of N . The next lemma shows that in

fact

(1.33) D1(A) ≃
⊕

i

H0(D̃1(A)(i)).

Lemma 1.65. For every central arrangement A ⊆ Cℓ with ℓ ≥ 2, depth Ωp(A) ≥
2 and depthDp(A) ≥ 2, for every p, 1 ≤ p ≤ ℓ.

Proof. We prove the result for Ωp(A). It follows from Definition 1.63 that
Ωp(A) is torsion-free and therefore depth Ωp(A) ≥ 1. Let m = 〈x1, . . . , xℓ〉. It
suffices to show that if 0 6= a ∈ S and ω ∈ Ωp(A) are such that mω ⊂ aΩp(A),
then ω ∈ aΩp(A). Note that since depthS ≥ 2 and the S-modules ΩiS are free, if
for τ ∈ ΩiK and 0 6= b ∈ S we have m τ ⊂ bΩiS , then τ ∈ ΩiS .

By definition, mQω ⊂ aΩpS and the above observation gives Qω/a ∈ ΩpS . For

every f ∈ m we also have Qd(fω/a) ∈ Ωp+1
S . Since

Qd(fω/a) = df ∧Qω/a+Qfd(ω/a),
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and Qω/a ∈ ΩpS , we find that mQd(ω/a) ⊂ Ωp+1
S . One more application of the

observation gives Qd(ω/a) ∈ Ωp+1
S , hence ω/a ∈ Ωp(A). �

Equation 1.33 follows from the Lemma 1.65 and Equation 1.32, because the
modules Hi

m(N) vanish for i < depth(N).
In [274], Saito showed that the evaluation map

Ω1(A) ×D1(A)→ S

induced by dxi ⊗ ∂/∂xj = δij is a perfect pairing. Then Lemma 1.65 can be used
to show there is also a perfect pairing between the modules Ωp(A) and Dp(A).
Should we mention Residue sequence here?

1.5.3. Relating logarithmic forms and π(A, t). An arrangement A is free
if D1(A) is a free S-module. In [310], Terao proved:

Theorem 1.66. If A is a free arrangement, then π(A, t) =
∏

(1 + nit), where
the ni are the degrees of the generators of D1(A).

In Example 1.64, we saw that D1(A2) ≃ S(−1) ⊕ S(−2), and from Example
1.62 it is easy to see that π(A2, t) = 1+3t+2t2. Terao’s theorem may be generalized
as follows: let P (M,x) denote the Hilbert series of a graded S-module M . Then in
[297], Solomon and Terao proved:

Theorem 1.67.

χ(A, t) = (−1)ℓ lim
x→1

∑

p≥0

P (Dp(A);x)(t(x − 1)− 1)p.

This result can be generalized to vector bundles on projective space:

Theorem 1.68 ([233]). For every rank r bundle E on Pℓ−1,

ct(E) = lim
x→1

(−1)rtr(1− x)ℓ−r
r∑

i=0

P (H0
∗ (

i∧
E);x) ·

(
x− 1

t
− 1

)i
,

where ct is the Chern polynomial.

Following Yuzvinsky [337], we will say that an (essential, central) arrangement
A is locally free if for every X ∈ LA with rkX < dimV , the arrangement AX is
free. In [337], Yuzvinsky proves that for such arrangements the Hilbert polynomial
of D1(A) is a combinatorial invariant. As a consequence, Theorem 1.66 extends to
the locally free case:

Theorem 1.69. If Ω̃1(A) is locally free of rank ℓ, then

π(A, t) = ct(Ω̃
1(A)) mod tℓ.

So when Ω̃1(A) is locally free, applying this theorem and Hirzebruch-Riemann-
Roch yields an explicit expression for the Hilbert polynomial of Ω1(A) or D1(A) in
terms of π(A, t). The modules Ω1(A) and D1(A) are not combinatorial; in [346],
Ziegler discovered a pair of combinatorially equivalent arrangements consisting of 9
lines in P2, with non-isomorphic modules of derivations. There is also a very simple
geometric description:
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Example 1.70. In P2, form a linearly generic hexagon, and connect opposite
vertices. Since the hexagon is not symmetric, the only non-normal crossings are at
the six vertices of the hexagon. The behavior of D1(A) depends on whether or not
the vertices of the hexagon lie on a smooth conic. The free resolution for D1

0(A)
for the arrangement with vertices on a conic is:

0 // S(−7)⊕ S(−8) // S(−5)⊕ S3(−6) // D1
0(A) // 0 ,

while the free resolution of D1
0(A) for the arrangement with vertices not on a conic

is:

0 // S4(−7) // S6(−6) // D1
0(A) // 0 .

In [337], Yuzvinsky shows that in the parameter space for arrangements with
a fixed intersection lattice, the set of free arrangements is Zariski-open. So it is
natural to expect special behavior of D1(A) to occur on an algebraic set, exactly
as in the previous example. In [336] Yuzvinsky constructs a submodule of Ω1(A)
from elements of L2(A); but this module is not typically equal to Ω1(A). Freeness
is a delicate property, and one of the most famous open questions is:

Conjecture 1.71 (Terao). For an arrangement A over a field of characteristic
zero, freeness of D1(A) depends only on the combinatorics of A.

There are a number of tools available for proving that an arrangement is free,
all of which will be explored in more detail in Chapter 9. We close this section
by sketching two of them. The first method is based on the deletion-restriction
operation described in §1.2.

Theorem 1.72 (Terao’s Addition-Deletion Theorem, [308]). Let (A′,A,A′′)
be a triple. Then any two of the following imply the third

• D1(A) ∼=
⊕n

i=1 S(−bi)
• D1(A′) ∼= S(−bn + 1)⊕⊕n−1

i=1 S(−bi)
• D1(A′′) ∼=

⊕n−1
i=1 S(−bi)

A second criterion for freeness is special to the case of line arrangements; to
state it we need to define freeness for multiarrangements. If (A,m) is a multiar-
rangement, the module of derivations is defined to be those derivations θ such that
lmi

i divides θ(li). As shown by Ziegler in [345], freeness of multiarrangements is
not combinatorial.

Theorem 1.73 (Yoshinaga’s multiarrangement criterion, [329]). An arrange-
ment A ⊆ P2 is free if and only if π(A, t) = (1 + t)(1 + at)(1 + bt) and, for all
H ∈ A, the multiarrangement A|H has minimal generators in degree a and b.

1.6. Compactifications

1.6.1. Motivation: cohomology of configuration spaces. The comple-
ment M(A) ⊆ Pℓ−1 of a projective arrangement has one obvious compactification:
Pℓ−1. This compactification is not very useful. In this section we give a brief
overview of a much better compactification of M(A), which will be treated in de-
tail in Chapter 12. First, a bit of history. Example 1.22 describes the configuration
space F (ℓ,C) of ℓ distinct points in C. Since C1×· · ·×C1 ∼= Cℓ, the condition that
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the points are distinct implies that the hyperplanes V (xi − xj) must be avoided.
Hence

F (ℓ,C) = Cℓ \M(Aℓ−1),

where Aℓ−1 is the braid arrangement from Example 1.8. If X is a smooth algebraic
variety, the configuration space of ℓ is defined exactly as above, with X replacing
C1. In [154], Fulton and MacPherson construct a compactification X [ℓ] of the
configuration space F (X, ℓ), so that

• X [ℓ] is smooth.
• F (X, ℓ) is the complement in X [ℓ] of a smooth, normal crossing (SNC)

divisor, which is explicitly determined.

If U is the complement of a union of smooth divisors D1, . . . , Dk with normal
crossings in a smooth compact variety X , then Morgan’s pioneering work in [230]
allows us to get a handle on the cohomology of U . In particular, Morgan constructs
a differential graded algebra (more on this in Chapter 7), whose minimal model in
the sense of Sullivan [305] is the minimal model for H∗(U). In short, a compacti-
fication X of U in which X \U is a SNC-divisor is very useful; for example, Fulton
and MacPherson use this to give explicit descriptions for the cohomology rings of
X [ℓ] and F (X, ℓ). A key point to make is that while X can be very complicated,
the combinatorial data involved in Fulton–MacPherson’s work is exactly that of the
braid arrangement.

The same ideas arising in [154] are central to work of De Concini and Pro-
cesi [68] on wonderful models for a subspace arrangement A. De Concini–Procesi
construct a compactification of M(A) ⊂ Cℓ by taking the closure of the graph

M(A) −→ Cℓ ×
∏

D∈G
P(Cℓ/D),

where the map is inclusion on the first factor is inclusion, and the restriction of
the projection Cℓ \ D to P(Cℓ/D) on the second factor. The set G is a building
set: a subset of the intersections of A, satisfying certain properties described below.
DeConcini and Procesi call the resulting compactification of M(A) a “wonderful
model”; it enjoys the same properties as the Fulton-MacPherson compactification
of F (X, ℓ).

Recent work of Feichtner and Kozlov [139] gives an abstraction of these con-
structions to a purely combinatorial (lattice–theoretic) setting.

1.6.2. Building sets and nested sets. Let L be a meet semi-lattice: any
two elements x, y ∈ L have a greatest lower bound x ∧ y, called the meet of x and
y. A poset is irreducible if it is not the product of two other posets (the product
X × Y of posets X and Y consists of pairs (x, y), with order (x′, y′) < (x, y) iff
x′ < x, y′ < y). For a given L, let I denote irreducible elements in L and for x ∈ L,
D(x) the set of maximal elements in I ∩L≤x. An easy lemma shows that any poset

possessing a unique minimal element 0̂ admits a unique finest decomposition:

[0̂, x] ≃
m∏

j=1

[0̂, yj], where {y1, . . . , ym} = D(x).

Definition 1.74. A building set is a subset G ⊆ L such that for all x ∈ L,

max{G≤x} = {x1, . . . , xm} satisfies [0̂, x] ≃
m∏

j=1

[0̂, xj ]
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Figure 1.10. Nested sets for A3: the link of 1̂

If G is a building set, then G must contain all irreducible x ∈ L.

Definition 1.75. A subset N of a building set G is called nested if for any set
of incomparable elements {x1, . . . , xp} ⊆ N with p ≥ 2, the join x1 ∨ x2 ∨ · · · ∨ xp
exists in L, but is not in G.

The nested sets form a simplicial complex N(G). The vertices of N(G) are
simply the elements of G, which are vacuously nested sets.

Example 1.76. A minimal building set G for the A3 arrangement consists
of all six hyperplanes, the four multiple points, and 1̂. Since the arrangement is
central, the nested set complex will be a cone over 1̂. The decone is depicted in
Figure 1.10 (labelling corresponds to labelling of Figure 1.1). To understand this,
note that (12), (123) is an edge because this set is vacuously nested—there are no
incomparable subsets with at least two elements. On the other hand, (12), (34) is
an edge because (12) ∨ (34) exists in L, but is not included in G. It is easy to see
that for a central rank three arrangement, the mimimal building set consists of all
rank one elements of L, those x ∈ L2 with µ(x) ≥ 2, and 1̂.

Recall that the order complex of a lattice L is the simplicial complex ∆(L) whose
i-faces correspond to i+1 chains (sequences of lattice elements x0 < x1 < · · · < xi).
A result of [140] shows that N(G) is homotopy equivalent to ∆(L>0̂), and if L is
atomic, then the complexes are homeomorphic.

Definition 1.77. If x ∈ L, then the blowup of L at x is the set

Blx(L) = {y | y ∈ L, y 6≥ x} ∪ {y′ | y ∈ L, y 6≥ x and y ∨ x exists in L}.
Write < for the order on L, the order ≺ on Blx(L) is defined via

y ≺ z if y, z ∈ L and y < z in L,

y′ ≺ z′ if y, z ∈ L and y < z in L,

y′ ≺ z if y, z ∈ L and y < z in L.

The set Blx(L) can be visualized as first removing all elements z ≥ x from L,
and then taking a disjoint copy of {y | y 6≥ x and y ∨ x exists in L}. Rename y in
the second set as y′, and cover y in the first set by y′ in the second.
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Theorem 1.78 (Feichtner and Kozlov [139]). Let G be a building set in a
semilattice L, with G1, . . . , Gt a linear order on G which is non-increasing with
respect to the partial order on L. Then the face poset of N(G) is equal to

BlGt
(· · · (BlG2(BlG1L)) · · · ).

As shown in [139], the poset N(G) encodes the divisor stratification of the
wonderful model. For a subspace arrangement, define a geometric building set as
a building set G (in the sense above), with the additional condition that for any
x ∈ L,

codim(x) =
∑

y∈max{G≤x}
codim(y)

For a geometric building set G and non-increasing linear order {G1, . . . , Gt}, write
Bli for the blowup of the complement at the strata G1, . . . , Gi. The face poset
Li of the stratification of Bli by proper transforms of subspaces in the arrange-
ment and the exceptional divisors is in fact equal to the combinatorial blowup
BlGi

(. . . (BlG2(BlG1L)) . . .).

1.6.3. An algebra associated to N(G). In [142], Feichtner and Yuzvinsky
construct an algebra D(L,G) associated to an atomic lattice L and building set G.
This algebra has a very concise description:

D(L,G) = k[xg | g ∈ G]/I,

where I is generated by
∏

{g1,...,gn}6∈N(G)}
xgi

and
∑

gi≥H∈L1

xgi

The importance of this algebra is that

Theorem 1.79. If A is a hyperplane arrangement and G a building set con-
taining 1̂, then

D(L,G) ∼= H∗(Y P
A,G,Z),

where Y P
A,G is the wonderful model arising from the building set G.

One area where compactifications play a key role is in the study of moduli
spaces. An avatar of such a space is M0,n, the space of n–pointed stable curves of

genus zero. A compactification M0,n was first constructed by Knudson in [191] (see
also [192] and Knudsen-Mumford [193]). A different and simpler compactification
appears in Keel [189]; Keel used his compactification to give a presentation for the
Chow ring. There is a beautiful relation between M0,n and the braid arrangement.
If G is the minimal building set for An−2, then:

M0,n
∼= Y P

An−2,G.

Thus, Theorem 1.79 also yields a description of H∗(M0,n,Z), and we close this
chapter by revisiting A3.

Example 1.80. As we saw in Example 1.76, the minimal building set for A3

consists of

{12, 13, 14, 23, 24, 34, 123, 124, 134, 234, 1234}.
Thus, we obtain a polynomial ring in eleven variables, modulo six linear and thirty
quadratic relations. However, sixteen of the quadratic relations are consequences
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of the linear relations, and after using the six linear relations to prune the eleven
variables down to five, we obtain a presentation for H∗(Y P

A3,G
,Z) as a quotient of

R = Z[a, b, c, d, e] by

I = 〈ae, be, ce, ce, ab, ac, ad, bc, bd, cd, a2 + e2, b2 + e2, c2 + e2, d2 + e2〉.
Since I contains every square-free quadratic monomial, the relations on the squares
imply that dimC(R/I)2 = 1, and we see that the Poincaré series is 1 + 5t+ t2. In
this simple case, it is easy to find a wonderful compactificaton of M(A3) directly:

blow up P2 at the four points corresponding to 123, 124, 134, 234. Then M(A3) is
the Del Pezzo surface X4, and

M(A3) ≃ X4 \ L1 ∪ · · · ∪ L6 ∪ E1 ∪ · · · ∪ E4,

where the Li are the proper transforms of the six lines of the original arrangement,
and the Ei are the exceptional divisors. The cohomology ring of X4 has five gener-
ators: the pullback of a class of a line in P2, and the four exceptional lines, which
agrees exactly with the description of Theorem 1.79.



CHAPTER 2

Cohomology ring

2.1. Arnold-Brieskorn and Orlik-Solomon Theorems

Here we give a homological interpretation of A(A) when A is a complex ar-
rangement. This is a combination of the celebrated Arnold-Brieskorn [9, 28] and
Orlik-Solomon [240] theorems. The main claim is that A(A) is naturally isomor-
phic to the cohomology ring of the complement M to A. We give the shortest proof
of this claim known to us.

Throughout this section all cohomology groups are taken with integer coeffi-
cients.

2.1.1. Topological induction. Let A = {H1, . . . , Hn} be arrangement in
V = Cℓ, and let (A′,A,A′′) be the deletion-restriction triple corresponding to Hn,
as in Definition 1.14. Denote the respective complements by M ′, M , and M ′′.
Notice that while A and A′ are arrangements in V , A′′ is an arrangement in Hn,
whence M ′′ = Hn \

⋃
i6=n(Hi ∩ Hn). The goal of this subsection is to exhibit an

exact sequence connecting the cohomology groups of M ′, M , and M ′′. This exact
sequence, and the induced short exact sequence, first appeared in [117].

Since M ′′ = M ′ ∩ Hn, it makes sense to consider a tubular neighborhood
N of M ′′ in M ′. The projection map N → M ′′ is a fiber bundle, with fiber
homeomorphic to C. Restricting to N0 = N \M ′′ yields a fiber bundle with fiber
C∗. Since both of these bundles are restrictions of trivial bundles over Hn, they are
trivial, i.e., up to homeomorphism, (N,N0) = M ′′ × (C,C∗). Thus, H•(N,N0) =
H•(M ′′) ⊗H•(C,C∗). Denote by t the generator of H2(C,C∗) ∼= Z corresponding
to the natural orientation of C. Then there is a group isomorphism,

(2.1) τ : H•(M ′′)→ H•(N,N0)(2),

defined by x 7→ x⊗t, and which increases degrees by 2. (Here t is the Thom class of
the trivial bundle and τ is a specialization of the Thom isomorphism to our simple
situation).

Since M = M ′ \M ′′, consider the excision of U = M ′ \N from (M ′,M). Using
the excision isomorphism α : H•(M ′,M) → H•(N,N0), we obtain from (2.1) the
group isomorphism

(2.2) α−1τ : H•(M ′′)→ H•(M ′,M)(2).

We also need the homomorphism α∅ : H•(M ′)→ H•(N) ∼= H•(M ′′) corresponding
to the embeddings M ′′ ⊂ N ⊂ M ′. Substituting the isomorphism (2.2) into the
cohomology exact sequence of the pair (M,M ′), we obtain the exact sequence
(2.3)

· · · // Hp(M ′)
i∗ // Hp(M)

τ−1αδ // Hp−1(M ′′)
j∗α−1τ// Hp+1(M ′) // · · · ,

35
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where i : M → M ′ and j : (M ′, ∅) → (M ′,M) are the natural embeddings and
δ : Hp(M)→ Hp+1(M ′,M) is the connecting homomorphism. For the rest of this
section, we put δ′ = τ−1αδ.

2.1.2. Basic cohomology classes. If H is a hyperplane of V then V \H is
homotopy equivalent to C∗, via projection along H , whence H1(V \H) is generated
by a canonical element βH , corresponding to the natural orientation of C∗. If
H = Hm ∈ A and iHm

: M → V \Hm is the natural inclusion then we put

(2.4) βm = i∗Hm
(βHm

) ∈ H1(M),

We call the elements β1, . . . , βn the basic cohomology classes of H•(M). Substitut-
ing A′ and A′′ for A, we obtain the basic cohomology classes β′

m ∈ H1(M ′) and
β′′
m ∈ H1(M ′′), for m = 1, . . . , n− 1.

The naturality of basic cohomology classes, the product formula for δ, and
the multiplicativity of the excision isomorphism α together imply the following
properties (for m = 1, . . . , n− 1):

(1) α∅(β
′
m) = β′′

m.
(2) i∗(β′

m) = βm.
(3) δ(βm) = 0.
(4) δ(aβm) = δ(a)β′

m, for every a ∈ H•(M).
(5) α(δ(βn)) = 1⊗ t ∈ H0(M ′′)⊗H2(C,C∗) ⊂ H2(N,N0).

Properties (1)–(5) yield the following.

Proposition 2.1. In sequence (2.3), we have

i∗(β′
m1
· · ·β′

mp
) = βm1 · · ·βmp

δ′(βm1 · · ·βmp
βn) = (−1)pβ′′

m1
· · ·β′′

mp

δ′(βm1 · · ·βmp
) = 0

for every 1 ≤ m1, . . . ,mp ≤ n− 1.

In order to find other properties of products of βi’s, it is convenient to represent
these classes by differential forms, using the de Rham theorem. The canonical
generator of H1(C∗) can be represented by the form 1

2π
√
−1

dz
z . Pulling this form

back to M , we represent βm by the form

(2.5) ωm =
1

2π
√
−1

dαm
αm

,

where, as before, αm is a linear polynomial on V whose zero locus is Hm.
Now for every p-tuple S = {i1, . . . , ip} with 1 ≤ i1 < · · · < ip ≤ n, put

ωS = ωi1 ∧ · · · ∧ ωip and ∂ωS =
∑p

j=1(−1)j−1ωSj
, where Sj = S \ {ij}. Then we

have the following.

Proposition 2.2. If S is dependent, then ∂ωS = 0.

Proof. Suppose S is dependent. Without loss of generality, we may assume

that αip =
∑

j<p cjαij , for some cj ∈ C. This implies ωip =
∑
j<p

cjαij

αip
ωij . Using
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this, we have

∂ωS =
1

αip

(∑

j<p

(−1)j−1ωi1 ∧ · · · ∧ ω̂ij ∧ · · · ∧ ωip−1

)
∧ cjαijωij + (−1)p−1ωSp

= (−1)p
( 1

αip

∑

j<p

cjαij − 1
)
ωSp

= 0,

which completes the proof. �

Applying the de Rham map to the relations among forms from Proposition 2.2,
we obtain analogous relations among cohomology classes. For a set S as above, put
βS = βi1 · · ·βip , and define ∂βS similarly to ∂ωS.

Corollary 2.3. If S is dependent, then ∂βS = 0.

2.1.3. Cohomology of the complement. We will now give a proof of The-
orem 1.34 of Chapter 1. Let E be the exterior algebra on variables e1, . . . , en, all in
degree 1. Since the ring H•(M) is graded commutative, and β1, . . . , βn ∈ H1(M),
the assignment em 7→ βm defines a ring homomorphism φ : E → H•(M).

Theorem 2.4. The homomorphism φ induces an isomorphism of graded alge-
bras ψ : A• → H•(M).

Proof. First of all, Corollary 2.3 implies that φ(I) = 0, whence φ induces
a ring homomorphism ψ : A → H•(M). To prove that ψ is an isomorphism, we
use induction on |A|. If A = ∅, then both rings are equal to Z, and the result
is trivial. Suppose A 6= ∅, and consider the deletion-restriction triple (A′,A,A′′)
defined by Hn. Using the notation from Theorem 1.40 for the OS algebras of these
arrangements, we have the following diagram, for each p ≥ 1:

(2.6) 0 // A′
p

//

ψ′

��

Ap //

ψ

��

A′′
p−1

//

ψ′′

��

0

0 // Hp(M ′)
i∗ // Hp(M)

δ′ // Hp−1(M ′′) // 0.

Proposition 2.1 implies that the diagram commutes up to sign. By the inductive
hypothesis, ψ′ and ψ′′ are isomorphisms. We also know from Theorem 1.40 that
the top row is exact. This implies that δ′ is surjective for every p, whence i∗ is
injective. This means that the bottom row is exact, and so ψ is an isomorphism,
by the 5-lemma. �

The following corollaries are immediate.

Corollary 2.5. The de Rham homomorphism defines an isomorphism be-
tween the ring of differential forms generated by ω1, . . . , ωn and H•(M).

Corollary 2.6. The Poincaré polynomials of M and L coincide.

The first corollary above implies M is a formal space—see Section 2.2.4. The
second corollary was already stated in Cor. 1.41; it is now proven. As we demon-
strated in Section 1.4.4, all of the preceding results carry over to the projective and
affine settings.
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2.2. Topological consequences

The Arnol’d-Brieskorn-Orlik-Solomon theorem has several important conse-
quences regarding the algebraic topology of the complement of a hyperplane ar-
rangement.

2.2.1. Torsion-free homology.

2.2.2. Cohomology ring generated in degree one.

2.2.3. Vanishing of the Hurewicz homomorphisms. Let X be a space
having the homotopy type of a connected, finite CW-complex. The following lemma
was proved by Randell [265] in the case where X is the complement of a complex
hyperplane arrangement. We give a proof in the general case, following [221].

Lemma 2.7. Suppose X is a space such that the integral homology groups are
torsion-free, and the cohomology ring is generated in degree 1. Then the Hurewicz
homomorphism, h : πi(X)→ Hi(X), is the zero map, for all i ≥ 2.

Proof. Let p : X̃ → X be the universal covering map. Then p∗ : πi(X̃) →
πi(X) is an isomorphism, for i ≥ 2. By naturality of the Hurewicz map, the
universal coefficients theorem, and the torsion-freeness of H•(X ; Z), it is enough to

show that p∗ : Hi(X) → Hi(X̃) is the zero map. This follows from H1(X̃) = 0,
the naturality of cup products, and the surjectivity assumption on the cup-product

map µX :
∧iH1(X ; Z)→ Hi(X ; Z):

p∗ ◦ µX = µ
eX ◦ ∧ip∗

�

2.2.4. Formality. A differential graded algebra (A, d) is said to be formal if
there is a sequence of DGA morphisms (going either way), connecting (A, d) to
(H∗(A), 0) and inducing isomorphisms in cohomology.

Let X be a space having the homotopy type of a connected, finite-type CW-
complex. Following Sullivan [305], we sayX is formal if the singular cochain algebra
(C∗(X,Q), d) is formal; for more details, and equivalent definitions, see [73] and
[144]. Note that the formality property of a space depends only on its (rational)
homotopy type.

Exercise 2.8. Show that all spheres are formal spaces.

Exercise 2.9. Show that formality is preserved under wedges and direct prod-
ucts.

Exercise 2.10. Suppose H∗(X,Q) is an exterior algebra. Show that X is
formal.

2.3. Geometric consequences

In this section, we use the Brieskorn-Orlik-Solomon Theorem to determine the
mixed Hodge structure on the cohomology H•(M ; C) of the complement M =
M(A) of an arrangement.

A (pure) Hodge structure of weight k consists of a finitely generated abelian
group HZ and a direct sum decomposition

⊕
p+q=k H

p,q of HC = HZ⊗C such that
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Hq,p = Hp,q (complex conjugation). Elements of Hp,q are said to be of Hodge type
(p, q). One may also define the Hodge filtration

HC = F 0 ⊃ F 1 ⊃ · · · ⊃ F k ⊃ F k+1 = 0,

where F p =
⊕

j≥pH
j,k−j . The spaces Hp,q may be recovered from a Hodge filtra-

tion by Hp,q = F p ∩ F q.
Let X be a smooth projective variety, or more generally a compact Kähler

manifold. Then, the cohomology of X admits a Hodge decomposition. For each k,

Hk(X ; C) = Hk(X ; Z)⊗ C =
⊕

p+q=k

Hp,q(X),

and Hq,p(X) = Hp,q(X). Here, Hp,q(X) = Hq(X,Ωp), where Ωp is the sheaf of
holomorphic p-forms on X . In the case where X = CPn is complex projective
space, we have

Hq(CPn; Ωp) =

{
C if p = q,

0 otherwise.

Hence, the cohomology H2k(CPn; C) is of type (k, k) for each k ≤ n. In particular,
H2(CP1; C) is of type (1, 1). See Griffiths and Harris [161] for a detailed discussion
of the Hodge decomposition.

A mixed Hodge structure consists of a finitely generated abelian group HZ,
an increasing weight filtration W• on HQ = HZ ⊗ Q, and a decreasing Hodge
filtration F • on HC = HZ ⊗ C such that F • induces a Hodge structure of weight
k on grWk = Wk/Wk−1 for each k. A map of abelian groups which preserves both
filtrations is said to be a morphism of mixed Hodge structures. Expositions on
mixed Hodge structures include Dimca [84], Durfee [101], and Peters-Steenbrink
[258].

Given a mixed Hodge structure on HZ, one obtains a bigraded decomposition
HC =

⊕
p+q=kH

p,q by using the weight filtration to define a splitting of the Hodge
filtration:

Hp,q = grpF grWp+q(HC).

As above, elements of Hp,q are said to be of Hodge type (p, q). Conversely, given
a decomposition HC =

⊕
p+q=kH

p,q, the complex weight filtration and Hodge
filtration may be recovered by:

Wk =
⊕

p+q≤k
Hp,q and F r =

⊕

p≥r,q
Hp,q.

For a quasiprojective variety, such as the complement of an arrangement, a
well known theorem of Deligne insures that each cohomology group admits a mixed
Hodge structure.

Theorem 2.11 (Deligne [71]). Let X be a quasiprojective algebraic variety.
For each k, there is an increasing weight filtration

0 = W−1 ⊂W0 ⊂ · · · ⊂W2k = Hk(X ; Q)

of the rational cohomology of X, and a decreasing Hodge filtration

Hk(X ; C) = F 0 ⊃ F 1 ⊃ · · · ⊃ F k ⊃ F k+1 = 0

of the complex cohomology of X so that, for each j, the filtration induced by F • on
the quotient grWj gives a pure Hodge structure of weight j.
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The mixed Hodge structure on the cohomology of the complement of an ar-
rangement was determined by B. Shapiro, and independently by M. Kim. Their
arguments make use of the long exact cohomology sequence of a deletion/restriction
triple of arrangements.

Theorem 2.12 (Shapiro [293], Kim [190]). Let A be an arrangement of hyper-
planes in Cℓ, with complement M = M(A). For each k, the mixed Hodge structure
on Hk(M ; Z) is pure of weight 2k and Hodge type (k, k).

In other words, for each k, the weight filtration is given by

0 = W2k−1 ⊂W2k = Hk(M ; Q).

Proof. Assume that the cardinality of A is n, and let I = {i1, . . . , ik} be a
subset of [n] = {1, . . . , n}. By the Brieskorn-Orlik-Solomon Theorem, the cohomol-
ogy group Hk(M ; Z) is generated by the cohomology classes [ωI ], where

ωI = ωi1 ∧ · · · ∧ ωik ,
the hyperplane Hi ∈ A is given by Hi = ker(αi) and ωi = 1

2π i
dαi

αi
. It is known

that the cup (i.e., wedge) product is a morphism of mixed Hodge structures, see
[258]. That is, Hp,q ∪Hr,s ⊂ Hp+r,q+s. Consequently, [ωI ] is of weight wt([ωI ]) =∑
i∈I wt([ωi]), and of Hodge type (p, q) where p =

∑
i∈I pi, q =

∑
i∈I qi, and [ωi]

is of type (pi, qi). It therefore suffices to show that [ωi] ∈ H1(M ; Z) is of weight 2
and type (1, 1).

View the linear form αi as a map αi : M → C∗. Then [ωi] = α∗
i ([η]) where

η = 1
2π i

dz
z , and [η] is the standard generator of H1(C∗; Z). By the functoriality

of mixed Hodge structures (see, for instance [101, §2]), it suffices to show that
H1(C∗; Z) is of weight 2 and type (1, 1).

This may be accomplished using the Gysin exact sequence, see [101, §5]. Writ-

ing C∗ = CP1 \ {0,∞}, this sequence is of the form:

0 // H1(CP1 \ {0,∞}) R // H0({0,∞}) γ2 // H2(CP1) // 0,

where the Gysin map γ2 takes a form of type (p, q) to a form of type (p+ 1, q+ 1),
and the residue map R sends the cohomology class of η = 1

2π i
dz
z to (1,−1) in

H0({0,∞}) ≃ C2, which is of type (0, 0). Since the residue map R has the property

that R(F p) ⊆ F p−1, H1(CP1 \ {0,∞}) = H1(C∗) is of type (1, 1). �

Remark 2.13. The determination of the mixed Hodge structure on H•(C∗),
and hence that on H•(M(A)), may also be accomplished using Alexander duality.
Write C∗ = CP1\{0,∞} as above, and consider the long exact cohomology sequence

of the pair (CP1, {0,∞}):

0 // H̃0({0,∞}) δ // H1(CP1, {0,∞}) // 0 .

The connecting homomorphism δ in this long exact sequence preserves type.

Consequently, since H̃0({0,∞}) = C has type (0, 0), so does H1(CP1, {0,∞}).
Next, consider the pairing

H1(CP1, {0,∞})×H1(CP1 \ {0,∞}) // H2(CP1).

As shown by Fujiki [151], Hodge type is preserved by Alexander duality. Since

H1(CP1, {0,∞}) is of type (0, 0), and as noted previously, H2(CP1) is of weight 2
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and type (1, 1), it follows that H1(CP1 \ {0,∞}) = H1(C∗) is also of weight 2 and
type (1, 1).

2.4. Homology and Varchenko’s bilinear form

Since the cohomology H•(M,Z) is torsion-free, the homology and cohomology
groups of M are noncanonically isomorphic. In [285], Schechtman and Varchenko
showed that for each element a ∈ H1(M, k), there exists a map Sa : H•(M, k) →
H•(M, k) with some particularly nice properties. We will summarize this construc-
tion here.

To begin, we give algebraic and combinatorial descriptions of the homology of
M to complement those of the cohomology.

2.4.1. Comparison with the torus. As usual let A be an arrangement of
n hyperplanes. Let T n = (C∗)A be the n-torus with coordinates indexed by the
hyperplanes, and let i : M → T n be the map defined by letting (i(x))H = αH(x)
for each H ∈ A.

Let V denote the free k-module of rank n. Observe that i∗ : H•(T n, k) →
H•(M, k) may be identified with the surjection E ։ A that defined the Orlik-
Solomon algebra as a quotient of the exterior algebra E = Λ(V ).

Let E∨ denote the k-dual of E. By the universal coefficients theorem, E∨ ∼=
H•(T

n, k). In homology, then, we have an inclusion (of coalgebras)

(2.7) i∗ : H•(M, k) →֒ H•(T
n, k) ∼= E∨.

However, since the torus is an H-space, E∨ is also an algebra: the exterior
algebra on V ∨. Let {ei : Hi ∈ A} denote the standard basis of V , identifying it
with H1(M, k). Let {e∗i : Hi ∈ A} be the dual basis.

Poincaré duality in the torus amounts to the following in the exterior algebra.
Fix an orientation of V, i.e. an ordered basis of V, or, equivalently, a choice of
isomorphism det : En ∼= k. Then, for each p, there is a k-module isomorphism
φ : Ep → (E∨)n−p given by

(2.8) φ(x)(y) = det(xy).

2.4.2. Homology I: the annihilator ideal. Here, we find an explicit k-basis
for H•(M, k) inside the homology of the torus. As usual, let I denote the defining
ideal of the Orlik-Solomon algebra, so that A ∼= E/I.

Definition 2.14. Let I◦ denote the annihilator of I in E, an ideal of E.

Then

(I◦)p ∼= HomE(A,E)p

∼= Homk(A, k)p−n, via (2.8),

in each degree p, 0 ≤ p ≤ n. That is, for each p there is an isomorphism of
k-modules

(2.9) Hp(M, k) ∼= (I◦)n−p.

Let Flag• = Flag•(A) be the simplicial chain complex on the order complex
|L(A)|, defined in Section 1.2.4. Then Flagp has basis consisting of linearly ordered
subsets (X0 < · · · < Xp) of L(A), called flags. We tacitly identify the element
X ∈ L(A) with the subset AX of A. The ideal I◦ has the following nice property,
studied in [110, 83].
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Definition 2.15. Define a k-linear map z : Flagp → En−p as follows. For any
flag Φ = (X0, X1, . . . , Xp) in the lattice L(A), define a z(Φ) by:

(2.10) z(Φ) = (−1)p−1∂(eX1−X0)∂(eX2−X1) · · · ∂(eXp−Xp−1)e[n]−Xp
.

Theorem 2.16 ([110]). For any arrangement of n hyperplanes in Cℓ, we have:

(1) For each p, (I◦)n−p is generated as a k-module by the elements

{z(Φ) : Φ ∈ Flagp} .
(2) I◦ is generated as an ideal in degree n− ℓ, by the forms

{
z(Φ) : Φ ∈ Flagℓ

}
.

Using equation (2.9), we can find generators of H•(M, k).

Corollary 2.17. For each p, Hp(M, k) is generated (over k) by elements of
the form

(2.11)
∑

i∈X1

e∗i
∑

i∈X2

e∗i · · ·
∑

i∈Xp

e∗i ,

for each flag Φ = (X0, X1, . . . , Xp).

Proof. The dual basis to the monomials {eJ : J ⊆ [n]} in E is the set of

monomials
{
e∗[n]−J : J ⊆ [n]

}
(up to sign). Given a flag Φ ∈ Flagp, we want to

compute the image φ ◦ z(Φ) ∈ (E∨)p. For this, note that the index set J of a
monomial in z(Φ) is obtained by leaving out one element of [n] from each of the
sets Xi − Xi−1, for 1 ≤ i ≤ p. Keeping track of signs, we obtain one of the dual
monomials in the product (2.11). Conversely, all monomials in (2.11) arise in this
way. �

To translate this result back to topology, we consider H•(M, k) as a module
over E = H•(T, k) by means of the cap product.

Corollary 2.18. Let M be the complement of an arrangement of n hyper-
planes and rank ℓ. Then H•(M, k) is generated as a module over H•(T, k) by
Hℓ(M, k).

Example 2.19. Consider the arrangement of three lines in C2 with Q = xy(x−
y). Then A ∼= E/I, where I is generated by ∂(e123) = e23−e13+e12. Theorem 2.16
says that I◦ is generated as an ideal by the following elements:

z(∅ < {1} < {1, 2, 3}) = ∂(e1)∂(e23)

= e3 − e2,
z(∅ < {2} < {1, 2, 3}) = ∂(e2)∂(e13)

= e3 − e1,
z(∅ < {3} < {1, 2, 3}) = ∂(e3)∂(e12)

= e2 − e1.
The last two flags correspond to nbc sets, so they form a k-basis of (I◦)1, and
(I◦)p = Ep for p = 2, 3.

Corollary 2.17 states that H2(M, k) has k-basis e∗2(e
∗
1 + e∗3) = −e∗12 + e∗23 and

e∗3(e
∗
1 + e∗2) = −e∗13 − e∗23. In turn, Corollary 2.18 states that these two elements

generate H•(M, k) as an E-module under the cap product action.
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2.4.3. Homology II: the flag complex. In this section, we observe that
H•(M, k) can be described as a quotient of the vector space of all flags in L(A).
(This turns out to be the Whitney homology of L(A), a fact we will not need here,
and for which we refer to [242, 4.5]).

Theorem 2.20. For any arrangement of n hyperplanes in Cℓ, the kernel of the
composition φ ◦ z : Flagp → (E∨)p is generated over k by all elements of the form

(2.12)
∑

X:Xi−1<X<Xi+1

(X0, . . . , Xi−1, X,Xi+1, . . . , Xp),

for each flag Φ = (X0, X1, . . . , Xp).

Following [285], then, for each p define

(2.13) Flp = Flagp / ker(φ ◦ z),
where the kernel is given by Theorem 2.20. Then, by construction, φ◦ z induces an
isomorphism

(2.14) Flp ∼= Hp(M, k),

for each p, 0 ≤ p ≤ ℓ.
The homology of a (central) arrangement complement is a cochain complex in

a natural way.

Definition 2.21. Let δ∗ : (E∨)p → (E∨)p+1 denote the k-module homomor-
phism given by δ∗(x) =

∑n
i=1 e

∗
i ∧ x.

Since E∨ is skew-commutative, clearly δ∗ ◦δ∗ = 0, so δ∗ makes (E∨)∗ a cochain
complex.

Proposition 2.22. The map δ∗ restricts to a cochain map on H•(M, k).

Proof. We have

(2.15)
∑

i∈X1

e∗i · · ·
∑

i∈Xp

e∗i

n∑

i=1

e∗i =
∑

X∈Lp+1(A):Xp<X

∑

i∈X1

e∗i · · ·
∑

i∈Xp

e∗i
∑

i∈X
e∗i

Abusing notation, also let δ∗ denote the map δ∗ : Flagp → Flagp+1 obtained
from δ∗ above under the isomorphism (2.14). Via this identification, δ∗ : Flagp →
Flagp+1 is given by

(2.16) δ∗(X0, . . . , Xp) =
∑

X∈Lp+1(A):Xp<X

(X0, . . . , Xp, X).

It is easy to see, then, that relations (2.12) are sent to relations by δ∗, so δ∗ is
well-defined on Fl, hence on H•(M, k). �

Proposition 2.23. For any central arrangement, we have (Fl, δ∗) ∼= (A, δ)∨,
where −∨ denotes k-vector space duality, and δ is the chain map defined in Defini-
tion 1.33.

Finally, H•(M, k) also has the structure of a chain complex, with a choice of
differential parameterized by elements of A1. Once again, it is best defined by
identifying H•(M, k) with a subcoalgebra of E∨.



44 2. COHOMOLOGY RING

Definition 2.24. For any element a ∈ H1(M, k), define a map ∂a : (E∨)p →
(E∨)p−1 as follows. Write a =

∑n
i=1 aiei. Let ∂a(e

∗
i ) = ai, and extend ∂a to all of

E∨ by linearity and the Leibniz rule.

Proposition 2.25. For each a ∈ H1(M, k),

(1) The map ∂a induces a chain map on H•(M, k).
(2) The isomorphism of graded k-vector spaces Fl ∼= A∨ induces an isomor-

phism of (co)chain complexes, (Fl, ∂a) ∼= (A, a)∨.

Proof. Given any a, the exterior algebra E = H•(T, k) is a cochain complex
with differential given by multiplication by the element a. The surjection of k-
algebras E → A is therefore also a map of cochain complexes,

(2.17) (E, a)→ (A, a).

Now take the k-dual of the surjection (2.17). It is straightforward to check that
(E, a)∨ = (E∨, ∂a). Since Fl = A∨, it follows that the differential ∂a restricts to
Fl, regarded as a subcomplex of (E∨, ∂a). �

2.4.4. Definition of Sa. Now we are ready to define Varchenko and Schecht-
man’s map S : H•(M, k) → H•(M, k). Using the algebra structure of E∨, we
observe:

Proposition 2.26. Any linear map s : V ∨ → V extends multiplicatively to a
unique homomorphism of graded k-algebras s : E∨ → E, and by composition to a
map S : H•(M, k)→ H•(M, k):

(2.18) H•(M, k)
S //

i∗

��

H•(M, k)

H•(T
n, k)

s // H•(T n, k)

i∗

OO

We are interested in using this construction for certain choices of s.

Definition 2.27. let ∆: V ⊗k V → V be the diagonal homomorphism, and let
ǫ denote the canonical element in V ∨ ⊗k V . Let s = (1 ⊗∆)(ǫ), the image of ǫ in
V ∨ ⊗ V ⊗ V . By adjunction, one may regard s as a k-linear map

s : V → Homk(V
∨, V ).

Let M be the complement of a hyperplane arrangement. For any element a ∈
H1(M, k), let Sa : H•(M, k) → H•(M, k) denote the map induced via Proposi-
tion 2.26 from

s(a) : H1(M, k)→ H1(M, k).

The definition above makes sense for any cohomology ring generated in degree
1. Using the distinguished basis for V , however, we may describe the maps Sa more
explicitly. Let a =

∑
Hi∈A aiei be any element of H1(M, k).

Lemma 2.28. The map Sa of Definition 2.27 is given in degree 1 by Sa(e
∗
i ) =

aiei for all i. Sa is given in degree p by extending this multiplicatively in E∨.

Proof. The first statement comes from following the natural isomorphisms.
The second follows from Proposition 2.26. �
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Equivalently, by adjunction, Sa may be indentified with a bilinear form on
H•(M, k). To state this explicitly, define a bilinear form on E∨ by letting

(2.19) 〈e∗I , e∗J〉a =

{
ai1ai2 · · · aik if I = J ;

0 otherwise.

for monomials e∗I , e
∗
J ∈ E∨, where I = {i1, . . . , ik}. Then we observe the following:

Proposition 2.29. For all a ∈ H1(M, k) and Φ ∈ H•(M, k),

Sa(Φ) = 〈Φ,−〉a .
That is, Sa : H•(M, k) → H•(M, k) is naturally identified with the restriction of
〈, 〉a to H•(M, k).

Since the bilinear form 〈, 〉a on E∨ is symmetric, so is its restriction toH•(M, k).
In other words,

Corollary 2.30. For any a ∈ H1(M, k), the map Sa is self-dual: Sa = S∨
a .

Under the isomorphism (2.14), we may also understand Sa combinatorially as
follows. For Φ = (X0, X1, . . . , Xp) ∈ Flp,

(2.20) Sa(Φ) =
∑

(i1,i2,...,ip)

ai1 · · · aipei1 · · · eip ,

where the sum is over all p-tuples for which λ(Hi1 , Hi2 , . . . , Hip) = Φ where, by
definition, λ(Hi1 , Hi2 , . . . , Hip) is the flag

(0̂, Hi1 , Hi1 ∨Hi2 , Hi1 ∨Hi2 ∨Hi3 , . . . ,

p∨

j=1

Hij ).

2.4.5. Sa is a chain map. Recall from Proposition 2.25 that, for any a ∈ A1,
the Orlik-Solomon complex (A, a) is k-dual to the chain complex (Fl, ∂a), which
appeared in Definition 2.24. If the arrangement is central, then furthermore (A, δ)
is a chain complex dual to (Fl, δ∗), defined by Definition 2.21. The map Sa relates
these two pairs of (co)chain complexes.

Proposition 2.31. For any central arrangement and any element a ∈ H1(M, k),

(1) Sa : (Fl, ∂a)→ (A, δ) is a map of chain complexes, and
(2) Sa : (Fl, δ∗)→ (A, a) is a map of cochain complexes.

Proof. In view of Corollary 2.30, the isomorphisms (A, a) ∼= (Fl, ∂a)
∨ and

(Fl, δ∗) ∼= (A, δ)∨, it is enough to prove (2) and then take k-duals. For this, the
bilinear form point of view is convenient: one must check that

〈δ∗(Φ),Ψ〉a = 〈Φ, ∂a(Φ)〉a
for all Φ,Ψ ∈ H•(M, k).

The bilinear form and differentials are all given by restriction from E∨ =
H•(T, k), and the identity actually holds on E∨. That is, if I = {i1, . . . , ik} in-
dexes a monomial e∗I , then

〈δe∗I , e∗J〉 = 〈e∗I , ∂a(e∗J)〉 = 0
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unless J = {i0} ∪ I for some i0 6∈ I. In that case,

〈δ∗(e∗I), e∗J〉 =
〈
e∗i0e

∗
I , e

∗
i0e

∗
I

〉

= ai0ai1 · · · aik .
Similarly, ∂a(e

∗
J) = ai0e

∗
I − e∗i0∂a(e∗I), from Definition 2.24, so

〈e∗I , ∂a(e∗J)〉 = 〈e∗I , ai0e∗I〉
= ai0ai1 · · · aik

as well, which completes the proof. �

2.4.6. Determinant formula. It turns out that if we take coefficients in a
field, then Sa is an isomorphism of (co)chains on a Zariski open set in A1. This
follows from a remarkably explicit formula, due to Schechtman and Varchenko in
[285], for the determinant of Sa in each degree. In order to state their result, let

(2.21) a(X) =
∑

Hi≤X
ai.

Also recall from (1.4.5) that, for a central arrangement A, the beta invariant β(A)
is defined to be the Euler characteristic of the projective complement, and bi(A) =
bi(M(A)), the ith betti number of the complement of A.

Theorem 2.32 ([285]). Let A be a rank-ℓ arrangement, and a ∈ A1. Then,
for all p ≥ 0,

(2.22) detSpa = c
∏

i≥0

∏

X∈Li(A)

a(X)β(AX)bp−i(AX),

where c is a nonzero scalar, depending on the choice of basis.

In particular, the following observation is immediate:

Corollary 2.33. The map Spa : Flp → Ap has full rank if and only if the sum
a(X) is nonzero for all subspaces X ∈ L≤p(A) for which AX is irreducible.

Example 2.34. Here we work out the braid arrangement A3 in detail. The
intersection lattice is drawn in Figure 1(b). Take the nbc-basis for A and its dual
basis for Fl. Let a =

∑
1≤i<j≤4 aijeij be an element of A1. S1

a is just the diagonal

matrix with diagonal entries aij . If H is a hyperplane, M(AH) ∼= C∗, so the
exponent in (2.22) for X = Hij is 1, and detS1

a =
∏
i<j aij .

For p = 2,

detS2
a =

∏

1≤i<j<k≤4

(aij + aik + ajk)
∏

1≤i<j≤4

a3
ij ,

since for flats X of rank 2, β(AX) = 1 if X is a triple point and zero otherwise.
For p = 3, we get

detS2
a =


 ∑

1≤i<j≤4

aij




2
∏

1≤i<j<k≤4

(aij + aik + ajk)
∏

1≤i<j≤4

a2
ij ,

since additionally for X = A3, we have β(AX) = β(A) = 2.
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2.5. Quadratic OS algebra

A graded associative algebra A is quadratic if it is generated by degree-one
elements and the kernel of the canonical map from the tensor algebra T (A1) to
A is generated by elements of degree two. For example, exterior and symmetric
algebras are quadratic: the defining relations look like ab + ba and ab − ba, for
a, b ∈ A1, respectively. Quadraticity is a necessary condition for an algebra to by
Koszul; see Chapter 7. Because of the connection between the Koszul property and
lower central series formulae (see it is natural to consider quadraticity of the Orlik-
Solomon algebra. This property, which depends only on the underlying matroid,
turns out to be exceedingly difficult to characterize combinatorially.

Definition 2.35. Let A be a graded, associative algebra generated in degree 1.
Let I the kernel of the natural map T (A1)→ A, and let (Ik) be the ideal of T (A1)
generated by the degree-k part of I. The quadratic closure of A is the quotient

A(2) = T (A1)/(I2).

The algebra A is quadratic if (I2) = I; that is, A(2) = A.

If A = A(A) for an arrangement A, then the quadratic closure A(2) is called
the quadratic OS-algebra of A, written A(2)(A). Clearly, for A(A) to be quadratic
it is sufficient that the OS ideal be generated by degree-two elements. If A(A) is
quadratic, we will say that A is a quadratic arrangement.

Example 2.36. The rank-three braid arrangement is quadratic. Referring to
Example 1.35, the OS-ideal is generated by four quadrics corresponding to the triple
points, ∂e123, ∂e156, ∂e246, ∂e345, together with 3 degree-three relations of the form
∂(epqrs), where {Hp, Hq, Hr, Hs} is a circuit. It suffices to show the cubic relations
are consequences of the quadrics. This is indeed the case: for example,

∂e2356) = (∂e23)e56 + e23(∂e56)

= (∂e23(∂e156 + e1∂e56) + e23(∂e56)

= (∂e23)(∂e156) + (e23 − e1(∂e23))∂e56
= (∂e23)(∂e156) + (∂e123)(∂e56).

(2.23)

The remaining two cases are left as an exercise. This arrangement has the property
that the minimal broken circuits for the given ordering all have size two. The com-
putation above is intended to hint at the relevance of this property for quadraticity.
In fact, this arrangement is one of a broad class of quadratic arrangements, the su-
persolvable arrangements; see 3.4.6.

On the other hand, the arrangement with defining polynomial xyz(x+ y + z)
is not quadratic: there are no 3-circuits, so I2 = 0, but I 6= 0. More generally, if A
is a k-generic arrangement (defined in Section 3.1) with 2 ≤ k < rk(A), then A is
not quadratic.

Quadratic arrangements were introduced in [118] (there called “2-determined
arrangements”) in connection with rational K(π, 1) arrangements. Some sufficient
or necessary conditions for quadraticity were established early on. For example,
here is a simple sufficient condition for quadraticity.

Definition 2.37. An arrangement A of rank three is parallel if, for any inde-
pendent set of four hyperplanes in A, there is a fifth hyperplane H containing two
of the codimension-two intersections.
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Here is an illustration which explains the terminology.
For example, the projective arrangement pictured below is a parallel arrange-

ment.
T. Kohno introduced this condition, and proved the following result.

Proposition 2.38. If A is a parallel arrangement of rank 3, then A is qua-
dratic.

Proof. �

It was shown in [131] that quadratic arrangements are necessarily formal. For-
mality is also a necessary condition for a complex arrangement to have aspherical
complement

Falk showed in [126] that quadratic arrangements necessarily have line-closed
matroids, and conjectured that the converse was also true. The strongest result
about quadraticity was then established in [83], leading to a counter-example to
Falk’s conjecture. We will sketch this result below. The condition of [83] is neces-
sary but not sufficient—the characterization of quadratic arrangements in terms of
the underlying matroid remains an open problem.

Definition 2.39. A matroid is line-closed if ...



CHAPTER 3

Special classes of arrangements

In this chapter we introduce several general classes of complex arrangements
that have especially nice properties.

3.1. Generic arrangements

The simplest arrangement of all is the Boolean arrangement in Cℓ, consisting
of the ℓ coordinate hyperplanes {xi = 0}, 1 ≤ i ≤ ℓ. The intersection lattice is
isomorphic to the Boolean lattice of subsets of {1, . . . ℓ}, ordered by inclusion. The
complement is the complex torus (C∗)ℓ. A generic arrangement is a generic section
of a Boolean arrangement, a notion which we will now make precise.

Let A be an arrangement in Cℓ with intersection lattice L = L(A), and let S
be a linear subspace of Cℓ not contained in any hyperplane of A. The arrangement
{H ∩ S | H ∈ A, S 6⊆ H} in S is called the section of A by S. We denote this
arrangement by A ∩ S. Note that M(A ∩ S) = M ∩ S.

For example, it is easy to see that every essential central arrangement of n
hyperplanes in Cℓ is isomorphic to an ℓ-dimensional section of the Boolean ar-
rangement of n hyperplanes in Cn. Indeed, we can take S to be the image of the
mapping (α1, . . . , αn) : Cℓ → Cn, where α1, . . . , αn are the defining forms for A.
(Compare Section 1.2.7.)

A section A ∩ S of A is called generic if X 6⊆ S for every X ∈ L \ {1L}. More
generally, a section A ∩ S is generic in rank k if X 6⊆ S for every X ∈ L \ {1L}
with rk(X) ≤ k. Let L≤k = {X ∈ L | rk(X) ≤ k}. Then we immediately have the
following result.

Proposition 3.1. If A ∩ S is a section of A which is generic in rank k, then
L(A∩ S)≤k ∼= L≤k. In particular, if A ∩ S is a generic section of A by a subspace

S of dimension ℓ, then L(A∩ S) ∼= L≤ℓ−1 ∪ {1̂}.

In terms of the projective point configuration A∗ dual to A, a codimension-one
section corresponds to projection of A∗ onto a hyperplane. This point of view is
often helpful. Consider, for example, the prism arrangement of rank four, whose
matroid appears in Figure 1.5. The matroid of a generic rank-three section is just
the projection of this matroid onto the plane of the page.

By Proposition 3.1 the matroid of a generic hyperplane section of A depends
only on the original matroid, and clearly this combinatorial operation can be defined
at the level of matroids, realizable or not. This is called truncation: the truncation
of a matroid M is obtained by adding a free point—one not contained in any circuits
except those of full rank—and then contracting on the new point. (This has the

effect of collapsing all flats of rank ≥ ℓ−1 to a single element 1̂.) Thus the matroid
of a generic hyperplane section of A is the truncation of the matroid on A.

49
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There are topological analogues of the preceding proposition, obtained from
the Lefschetz hyperplane section theorem, proved in precise form by Hamm and Lê
[164].

Theorem 3.2. Suppose A∩ S is a generic section of A, with dim(S) = r + 1.
Let ι : M ∩ S →֒M be the inclusion map. Then

(1) ι∗ : πi(M ∩S)→ πi(M) is an isomorphism for 1 ≤ i < r, and is surjective
for k = r, and

(2) ι∗ : Hi(M) → Hi(M ∩ S)) is an isomorphism for 1 ≤ i < r, and is
injective for i = r.

The reader may consult [330] for a self-contained proof of Theorem 3.2 specific
to hyperplane complements. As mentioned in Chapter 1.3, this theorem implies in
particular that π1(M(A)) ∼= π1(M(A′)) where A′ is a generic rank-three section of
A.

Definition 3.3. A generic arrangement of n hyperplanes in Cℓ is a generic
section of the Boolean arrangement in Cn by an ℓ-dimensional linear subspace.

A generic projective arrangement is by definition the projective image of a
generic central arrangement. Naturally, an affine arrangement is generic if and
only if its cone is generic. (In particular, in a generic affine arrangement no two
hyperplanes are parallel.)

The truncated Boolean lattice of rank k is the collection of subsets of {1, . . . , n}
of cardinality at most k, together with the top element {1, . . . , n}, ordered by
inclusion. Recall E = En is the exterior algebra on e1, . . . , en.

Clearly any arrangement in C2 is generic. Did we do π1 for these guys?

Proposition 3.4. Let A be a generic arrangement of n hyperplanes in Cℓ,
where ℓ > 2. Then

(1) L is isomorphic to the truncated Boolean lattice of rank ℓ.
(2) π1(M) ∼= Zn, and πi(M) = 0 for 1 < i < ℓ.
(3) Hp(M) ∼= Ep for 0 ≤ p < ℓ.

Proof. These statements follow from Proposition 3.1 and Theorem 3.2, and
the preceding remarks about the Boolean arrangement. �

The underlying matroid of a generic arrangement of n hyperplanes in kℓ is by
definition the uniform matroid Un,ℓ: a subset B of A is dependent if and only if
|B| > ℓ.

Theorem 3.5. The homotopy type of the complement of a generic arrangement
depends only on the ambient dimension, ℓ, and the number of hyperplanes, n.

Proof. The realization space of the uniform matroid of rank ℓ on n points is a
Zariski-open subset of the Grassmannian of ℓ-planes in Cn, hence is path-connected.
Then any two generic arrangements of n hyperplanes in Cℓ are lattice-isotopic. The
result follows from Randell’s lattice-isotopy theorem [266]. �

Proposition 3.4 points toward a much stronger result, due to A. Hattori [169].
Let T = S1. The n-torus T n has a standard minimal cell structure, defined as
follows. For I ⊆ {1, . . . , n} let

T I = {z ∈ T n | zi = 1 for i 6∈ I},
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Figure 3.1. A generic affine arrangement of 3 lines

and let T nℓ =
⋃

|I|=ℓ T
I . Then T (i) is obtained by attaching

(
n
i

)
i-cells to T (i−1).

Theorem 3.6. Let Ā be a generic projective arrangement of n+1 hyperplanes
in CPℓ. Then M(Ā) is homotopy equivalent to T nℓ .

If n = ℓ, then Ā is the projective Boolean arrangement, with complement
(C∗)n+1/C∗ ∼= (C∗)n ≃ T n.

Recent work of Randell [269], and Dimca–Papadima [93] generalizes a weak
form of this theorem to arbitrary generic sections, as follows: if ĀS is an ℓ-
dimensional generic section of a projective arrangement Ā, then M(ĀS) has the
homotopy type of the ℓ-skeleton of some minimal cell structure on M(Ā); see Sec-
tion ??.

Hattori proves Theorem 3.6 by constructing an explicit homotopy equivalence.
Rather than reproduce this argument, we refer the reader to [169], and instead give
an informal treatment of the case ℓ = 2, n = 4. The argument can be formalized
using the complexes of spaces and homotopy colimits; see [168, Section 4.G].

Suppose A is a generic projective arrangement of 4 hyperplanes in CP2. The
complement M(Ā) is diffeomorphic to the complement of a decone dA of A in C2,
which, by Theorem 3.5, we may assume is given by x = 0, y = 0, x+ y = 2. Write
R2 as the union of three closed sectors U1∪U2∪U3, each containing one intersection
point, as in Figure 3.1.

Writing C2 = R2 × iR2, let Wi = (Ui × iR2) ∩ M(dA). Then M(dA) =
W1 ∪W2 ∪W3. We claim that each Wi is homotopy equivalent to the 2-torus T 2.
Note that, for (x, y) = (x1 + ix2, y1 + iy2) ∈ W1, we have x1 + y1 6= 2, so x+ y 6= 2.
Thus W1 = (U1 × iR2) ∩M(B), where B is the Boolean arrangement consisting of
the two lines x = 0, y = 0 through (0, 0). Then W1 is homotopy equivalent, by
radial deformation, to (D2 × iR2) ∩M(B), which is a strong deformation retract
of M(B). Since M(B) ∼= (C∗)2,, this shows that W1 is homotopy equivalent to the
2-torus T 2. Similarly W2 and W3 are 2-tori, up to homotopy.

For i 6= j, Wi∩Wj is a copy of C∗, homotopy equivalent to S1, and the inclusion
Wi ∩Wj →֒ Wi coincides, up to homotopy, with the inclusion S1 →֒ T 2 = S1 × S1

onto one of the factors. Finally W1 ∩ W2 ∩ W3 is contractible. Then the union
M(dA) = W1∪W2 ∪W3 is homotopy equivalent to the union of three copies of T 2,
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with each pair having a distinct meridian in common. The latter union is precisely
the 2-skeleton of the 3-torus, T 2

3 .
This description of M(Ā) can be generalized to arbitrary complexified projec-

tive line arrangements: the 2-tori are replaced by complements of (r, r) torus links,
where r is the multiplicity of the corresponding intersection point; see Section ??.

Generic arrangements are included in a broader class, the k-generic arrange-
ments, for k ≥ 2.

Definition 3.7. An arrangement A is k-generic if A is isomorphic to a section
of the Boolean arrangement which is generic in rank k.

An ℓ-generic arrangement of rank ℓ is Boolean; an (ℓ− 1)-generic arrangement
of rank ℓ is generic.

Example 3.8. Let A be the prism arrangement of Example 1.20. Then A is
a 2-generic arrangement of rank 4. There are three circuits of rank 3, so A is not
generic.

The intersection lattice of a k-generic arrangement agrees with the Boolean
lattice through rank k. Furthermore, we have an analogue of Proposition 3.4.

Proposition 3.9. Suppose A is a k-generic arrangement of n hyperplanes,
with k ≥ 2. Then

(1) π1(M) ∼= Zn, and πi(M) = 0 for 1 < i < k.
(2) Hp(M) ∼= Ep for 0 ≤ p < k.

Proof. A k-dimensional generic section of A is a generic arrangement of n
hyperplanes of rank k. The assertions then follow from Theorem 3.2 and Proposi-
tion 3.4(ii) and (iii). �

3.2. Reflection arrangements

Generic arrangements of rank greater than two exhibit essentially no geometric
symmetry. We now examine a class of arrangements at the opposite end of the
spectrum; that is, arrangements which are defined by symmetry properties, the
reflection arrangements.

A reflection on an inner product space V is an isometric linear map σ : V → V
with the properties that (i) σk = 1V for some integer k; (ii) ker(σ − 1V ) is a
hyperplane of V . If V is real, it follows that k = 2. If V is complex, k ≥ 2,
and a reflection σ of order greater than 2 is sometimes called a pseudoreflection or
complex reflection.

By definition, a reflection group on V is a group of isometries of V generated
by reflections. Historically, the complex (unitary) reflection groups were first con-
sidered relatively recently, and the term “reflection group” in the literature often
refers only to the real case. From the point of arrangements (and this book), how-
ever, it makes most sense to regard the real reflection groups as special instances
of the complex ones.

A thorough discussion and bibliography of the remarkable properties of reflec-
tion groups can be found in, for example, the book [182]. Here, it is enough to
say that if G is a reflection group, there is an associated hyperplane arrangement
defined by the reflecting hyperplanes:

(3.1) AG = {H : H = ker(σ − 1V ) for a reflection σ ∈ G} .
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It turns out, in particular, that AG is finite if and only if G is finite. AG is called a
reflection arrangement. An extensive treatment of such arrangements can be found
in [242, Chapter 6]; the reader should also see the subsequent paper of Broué,
Malle, and Rouquier [29].

The importance of the arrangement to the group comes from the following.

Theorem 3.10. If G is a finite, real or complex reflection group, its reflection
action permutes the hyperplanes AG. The induced action of G on MG = M(AG)
is free.

On the other hand, the action of G on the projective complement M(Ā) is not
free: if a group element g ∈ G has an eigenvector v ∈ MG, then the image of v
in P(V ) is fixed by g. Such eigenvectors are characterized via Springer’s theory of
regular elements, developed in [299].

To say G permutes the hyperplanes means G preserves the zero locus of the
defining polynomial Q(AG); however, the natural action of G on functions on V
does not fix the polynomial Q(AG). The discriminant of the reflection group G is a
G-invariant polynomial of smallest degree whose zero locus is the union of reflecting
hyperplanes.

Definition 3.11. The discriminant of G is the polynomial

δG =
∏

H∈AG

αeH

H ,

where eH is the order of the subgroup of G that fixes H pointwise.

There is a close relationship between the invariant theory of reflection groups
and topology of the hyperplane complements, surveyed in [242, Chapter 6] and
[29]. In particular, Orlik and Solomon proved the following:

Theorem 3.12 ([241]). If G is a (complex) reflection group, then

π(AG, t) =

ℓ∏

i=1

(1 + nit),

where the integers ni are the coexponents of the reflection group.

The coexponents of a reflection group will be defined in Chapter 9.
A reflection group G is irreducible if and only if β(AG) 6= 0. The Shephard-

Todd classification of complex, irreducible reflection groups (see [39]) consists of
an infinite family G(r, p, ℓ), defined below, and 34 exceptional groups. The product
decomposition of an arrangement (1.4.5) takes the following form.

Theorem 3.13. If G is a reflection group, then there exist irreducible reflection
groups G1, . . . , Gk, unique up to order, for which G = G1 × · · · × Gk. Moreover,
AG = AG1 × · · · ×AGk

.

Accordingly, the irreducible reflection groups are of greatest interest.

Example 3.14 (Arrangements of types Aℓ, Bℓ, and Dℓ). For ℓ ≥ 1, the braid
arrangement Aℓ of Example 1.8 is the product of the (irreducible) reflection ar-
rangement of type Aℓ. The corresponding reflection group is the symmetric group
Sℓ+1, which acts on Cℓ+1 by permuting the coordinates. (Technically, it is the
essential arrangement in Cℓ+1/C ∼= Cℓ associated to Aℓ that has type Aℓ.)
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The arrangements of type Dℓ and Bℓ, respectively, are defined by polynomials

δDℓ
=

∏

1≤i<j≤ℓ
(x2
i − x2

j)
2 and(3.2)

δBℓ
= (x1x2 · · ·xℓ)2δDℓ

.(3.3)

The reflection group of type Bℓ is the hyperoctahedral group, defined geomet-

rically as the symmetry group of the vertices of the ℓ-cube, {−1, 1}ℓ in Rℓ. The
reflection group of type Dℓ is an index-2 subgroup, described explicitly in the next
example.

The B3 arrangement (viewed from a corner of the cube) and its matroid is
shown in Figure 3.2, with the hyperplanes in the order xyz(x−y)(x+y)(x−z)(x+
z)(y − z)(y + z).

Example 3.15 (G(r, p, ℓ) arrangements). For r, p ∈ Z≥1 with p | r and ℓ ≥ 2,
G(r, p, ℓ) is a group of order (rℓ/p)ℓ!. It is the semidirect product of the symmetric
group Sℓ acting by permutations on the standard basis {ei : 1 ≤ i ≤ ℓ}, with the
group of diagonal maps ei 7→ θiei, where θri = 1 and (θ1 · · · θℓ)q = 1 where q = r/p.
The group acts irreducibly on Cℓ iff r > 1 and (r, p, ℓ) 6= (2, 2, 2).

G(r, 1, ℓ) = (Z/rZ)ℓ ⋊ Sℓ is called the full monomial group. All but four ex-
ceptional, real reflection groups are members of this family: the Weyl groups of
type Aℓ−1, Bℓ, Dℓ, G2 and the dihedral groups I2(ℓ) equal respectively G(1, 1, ℓ),
G(2, 1, ℓ), G(2, 2, ℓ), G(6, 6, 2), and G(ℓ, ℓ, 2). Their reflection action is given by
restricting the action above to Rℓ.

The discriminant of G(r, 1, ℓ) is

(3.4) δG = (x1x2 . . . xℓ)
3

∏

1≤i<j≤ℓ
(xri − xrj)2.

Its coexponents are ni = 1 + r(i − 1) for 1 ≤ i ≤ ℓ, so

π(AG, t) = (1 + t)(1 + (r + 1)t) · · · (1 + ((ℓ − 1)r + 1)t).

Figure 3.2. The B3-arrangement
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3.3. Simplicial arrangements

3.4. Supersolvable arrangements

Some of the best understood arrangements are the supersolvable arrangements.
Supersolvability is a purely combinatorial property of the intersection lattice. It
turns out that, in the case of complex arrangements, however, this property is just
the fiber-type property of §1.3.2 in disguise. We start by reviewing the relevant
combinatorics.

3.4.1. Modular flats.

Definition 3.16. Let L be a lattice. An element X ∈ L is modular if, for
every Y ∈ L,

(3.5) rk(X) + rk(Y ) = rk(X ∧ Y ) + rk(X ∨ Y ).

There are several equivalent formulations of modularity, see, for example, Lemma
2.24 of [242]. A useful one here is the following: X is modular if, for all Z ∈ L and
all Y ≤ Z,

(3.6) Y ∨ (X ∧ Z) = (Y ∨X) ∧ Z.
This shows that there are isomorphisms between certain closed intervals in L,

for each modular element.

Lemma 3.17. X ∈ L is modular if and only if, for every Y ∈ L, the map
i : L → L, i(W ) = X ∧W gives an isomorphism [Y,X ∨ Y ] → [X ∧ Y,X ], with
inverse j defined by j(W ) = Y ∨W .

Proof. If X is modular, then using (3.6) for Z ∈ [Y,X ∨ Y ],

ji(Z) = Y ∨ (X ∧ Z) = (Y ∨X) ∧ Z = Z,

where the last equality holds since Z ≤ X ∨ Y . Similarly, the composition ij is the
identity on [X∧Y,X ]. Conversely, for any Y ≤ Z, we have (X∨Y )∧Z ∈ [Y,X∨Y ],
so

(X ∨ Y ) ∧ Z = ji(X ∨ Y ) ∧ Z) = Y ∨ (X ∧ (X ∨ Y ) ∧ Z) = Y ∨ (X ∧ Z).

By (3.6), X is modular. �

For intersection lattices of arrangements, the modular property has a geometric
reformulation: if A is a rank-ℓ arrangement, X is modular if, for all Y ∈ L(A), the
subspace X + Y ∈ L(A) as well. It easy to see that X ∈ L(A) is modular if its
rank is 0, 1, or ℓ. So all flats are modular for arrangements of rank ℓ < 3.

Example 3.18 (Rank 3). An arrangement of rank 3 can be viewed as a projec-
tive line arrangement, where a flat of rank 2 is an intersection point. A point X is
modular if and only if it is joined to every other intersection point by a (projective)
line in the arrangement. With this in mind, one can see from the picture that the
B3-arrangement (Figure 3.2) has exactly three modular flats in codimension 2, the
three quadruple points. On the other hand, the X2 arrangement in Figure 3.4 has
no modular flats of rank 2. The reader may want to compare this with Example 1.31
and Proposition 1.32.

Here are two results about inheriting the modular property that are useful for
induction arguments.
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Lemma 3.19. Suppose X is a modular flat of an arrangement A.

(1) If H ∈ A and H 6≤ X, then X is modular in A \ {H};
(2) Z ∈ L(AX) is modular in AX if and only if Z is modular in A.

Proof. To prove the first statement, suppose there is some Y ∈ L(A \ {H})
for which X+Y 6∈ L(A\{H}). Since Y ∈ L(A) and X is modular, X+Y ∈ L(A).
This means H ≤ X + Y , so H ≤ X , a contradiction.

The second statement is similar and appears in [242, Lemma 2.31]. �

3.4.2. Modular coatoms. To see that the modular property is interesting,
it helps to restrict our attention to coatoms (that is, lattice elements of rank one
less than that of A.) If X is a modular coatom, one can learn quite a bit about A
from AX . In particular, for such X and any hyperplane H 6≤ X , it must be the
case that X ∧H = V . So by Lemma 3.17,

(3.7) L(AH) ∼= L(AX).

Modular coatoms can be detected in codimension 2:

Lemma 3.20. If A is an arrangement of rank ℓ, then X ∈ Lℓ−1(A) is modular
if and only if X + Y ∈ L(A) for all Y ∈ L2(A).

Proof. The one implication is immediate, so suppose a coatom X has the
property that X + Y ∈ L(A) for all Y ∈ L2(A). Suppose Y ∈ Lk(A), and argue
by induction on k. If Y ≤ X , then X + Y = Y , so it is enough to consider Y 6≤ X
and show X + Y ∈ Lk−1(A). The lattice is atomic, so

Y = H1 ∧H2 ∧ · · · ∧Hk

for some hyperplanes H1, . . . , Hk ∈ A. For arbitrary subspaces X,A,B, we always
have (X +A) ∩ (X +B) = X + (A ∩B), so

X + Y = (X +H1 ∩H2 ∩ · · · ∩Hk−1) ∩ (X +Hk−1 ∩Hk).

Since H1 ∩ H2 ∩ · · ·Hk−1 ∈ Lk−1(A) and Hk−1 ∩ Hk ∈ L2(A), by induction are
both X +H1 ∩ · · · ∩Hk−1 and X +Hk−1 ∩Hk. It follows that X + Y is in L(A)
as well. �

Theorem 3.21. If X is a modular coatom of an arrangement A, then

(3.8) π(A, t) = (1 +mt)π(AX , t),
where m = |A| − |AX |.

Proof. We argue by induction on m, the number of H ∈ A for which H 6≤ X .
Recall that a geometric lattice (§1.2.2) is atomic, so necessarily m ≥ 1. If m = 1,
consider the deletion and restriction arrangements for the unique hyperplane H
for which H 6≤ X . From our observation (3.7), the deletion and restriction are
both isomorphic to AX . So by the deletion-restriction recurrence (1.10), π(A, t) =
(1 + t)π(A′, t).

If m ≥ 2, again L(A′′) ∼= L(AX). So by (1.10),

π(A, t) = π(A′, t) + tπ(AX , t)
= (1 + (m− 1)t)π(AX , t) + tπ(AX , t)
= (1 +mt)π(AX , t),

since by Lemma 3.19, X is modular in A′, and we may apply the induction hypoth-
esis. �
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6 7

Figure 3.3. Non-supersolvable A for which π(A, t) factors

3.4.3. Supersolvability. In the presence of enough modular elements, the
trick above can be applied inductively to reduce to a rank-1 arrangement. Happily,
this class includes many important examples.

Definition 3.22. A central arrangementA is called supersolvable if there exists
a maximal chain 0̂ = X0 < X1 < · · · < Xℓ = 1̂ of modular elements in L(A).

The arrangements of Examples 1.8 and Figures 1.2, 3.2 are supersolvable. As
we observed above, though, the X2 arrangement (Figure 3.4) is not supersolvable.

The second part of Lemma 3.19 states that, in a chain of modular elements, Xi

is modular in AXi+1 , for 0 ≤ i < ℓ. A factorization result then follows immediately
from Theorem 3.21:

Corollary 3.23. Suppose A is a supersolvable arrangement in Cℓ with max-
imal chain of modular elements 0̂ = X0 < X1 < · · · < Xℓ = 1̂. Let mi =
|AXi

\ AXi−1 |. Then

π(A, t) =

ℓ∏

i=1

(1 +mit)

Example 3.24. The converse of Corollary 3.23 is false. The D4 arrangement
defined in (3.2) is not supersolvable; however, π(A, t) = (1 + t)(1 + 3t)2(1 + 5t) by
Theorem 3.12. The same is true for the Dn arrangement, for all n ≥ 4. Stanley’s
example [301] of Figure 3.3 gives a rank-3 arrangement which is not supersolvable,
but has π(A, t) = (1 + t)(1 + 3t)2.

3.4.4. Fiber-type arrangements revisited. In [312], Terao proved that
complex supersolvable arrangements are the same as Falk and Randell’s fiber-type
arrangements from [130], discussed here in §1.3.2. (Recall an arrangement is fiber-
type if M(A) can be factored as a chain of linear fibrations with each fiber F =
C \ {p1, . . . , pm}.) Factorization of π(A, t) for supersolvable arrangements is thus
a natural consequence of the topology of M(A). The key to comparing the two
families is the following.

Theorem 3.25. If A is an essential arrangement, A is strictly linearly fibered
over a line X if and only if X is a modular coatom of L(A).

Proof. We prove only the forward implication here. Suppose A is strictly
linearly fibered over X . By making a linear change of coordinates if necessary,
we can assume the projection π : M(A) → M(AeX) is given by π(x1, . . . , xℓ) =
(x1, . . . , xℓ−1). Let Q =

∏n
i=1 αi be the defining polynomial of Q. For a fixed choice

of x ∈ M(AeX), write Q(t) = Q(x1, . . . , xℓ−1, t) and consider it as a polynomial in
one variable. By hypothesis, Q(t) has no multiple roots.
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Now Hi ≤ X if and only if the linear form αi does not depend on the variable
t = xℓ, so we can write Q(t) = Q1 ·Q2(t), where

Q1 =
∏

i : Hi≤X
αi(x) and Q2(t) =

∏

i : Hi 6≤X
αi(x, t),

and Q1 does not depend on t. The condition that Q(t) has no multiple roots means
that, if αi(x, t) and αj(x, t) are proportional for some x ∈ Cℓ−1 (with i 6= j), then
Q1 vanishes. That is, there is a hyperplane H ≤ X for which (x, t) ∈ H , for all
values of t.

But this is to say that (Hi ∩Hj) +X = H . Similarly, for each flat Y ∈ L2(A)
with Y 6≤ X , then the hyperplane Y +X is contained in the arrangement A. By
Lemma 3.20, X is modular. �

Corollary 3.26. A complex arrangement A is supersolvable if and only if it
is fiber-type.

Proof. Use induction on the rank of A, the rank 1-case being obvious. If
ℓ = rk(A) ≥ 2 and A is supersolvable, then it has a modular coatom Xℓ−1. By
Theorem 3.25, A is strictly linearly fibered overXℓ−1. Since AXℓ−1

is supersolvable,
it is fiber-type, by induction, and A is too (Definition 1.26).

Similarly, if A is fiber-type, it is fibered over a modular coatom Xℓ−1, by
Theorem 3.25. By definition, AeX is fiber-type, hence supersolvable. The modular
elements in the chain X0 < X1 < · · · < Xℓ−1 are also modular in L(A), by

Lemma 3.19. Extending the chain by Xℓ = 1̂ shows A is supersolvable. �

3.4.5. Cohomology rings. The combinatorial and topological characteriza-
tions of supersolvability complement each other, as we see in particular when it
comes to the cohomology of M(A). For example, if A is strictly linearly fibered
over X , the E2-term of the Leray-Serre spectral sequence of the fibration

(3.9) Fm = C− {m points} // M(A)
πX // M(AeX)

is Epq2 = Hp(M(AX), Hq(Fm,Z)). This is zero except for q = 0, 1, where Ep02 =

Hp(M(AX),Z) and Ep12 = Hp(M(AX),Zm). Falk and Randell [131] show that

the action of π1(M(AX)) on the cohomology of the fiber Fm is trivial, so Ep12
∼=

Hp(M(AX)) ⊗ Zm. The existence of a section to πX implies that the spectral
sequence collapses at E2. Since our spectral sequence converges to H•(M(A),Z),
there is a short exact sequence for each p ≥ 1,

0 // Hp(M(AX),Z) // Hp(M(A),Z) // Hp−1(M(AX),Z)⊗Z Zm // 0.

Taken together, these short exact sequences say that, additively,

(3.10) 0 // A(AX) // A(A) // A(AX)(−1)⊗Z Zm // 0.

But the Leray-Serre spectral sequence is compatible with cup products, so (3.10)
is actually a short exact sequence of A(AX)-modules.

Recall that, for any X ∈ L(A), the restriction πX : M(A) → M(AX) induces
a ring map π∗ : A(AX)→ A(A) so A(A) is a module over A(AX).

Proposition 3.27. If X is a coatom of A, then X is modular if and only if
A(A) is a free A(AX)-module.
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Proof. If X is modular, then both ends of (3.10) are free A(AX)-modules,
so A(A) is too. We leave the converse as an exercise. (Use Lemma 3.17 and
Corollary 1.45.) �

Note that, on the level of Betti numbers, the short exact sequence (3.10) implies
π(A, t) = (1+mt)π(AX , t) (as in (3.8)), because π(A, t) is the Poincaré polynomial
of the algebra A(A). So, even though we saw in Example 3.24 that the factorization
of the Poincaré polynomial does not imply supersolvability, a stronger statement
on the level of algebras does.

Another way to formulate (3.10) is to let Tm denote the cohomology ring of
Fm:

Tm = H•(Fm,Z)

= Z[e1, . . . , em]/(eiej : 1 ≤ i < j ≤ m),

a truncated (skew-commutative) polynomial ring with m generators. Then

(3.11) A(A) ∼= A(AX)⊗Z Tm

as A(AX)-modules. Missing from this formula is the algebra structure: this will
appear in the Theorem below.

Bringing in the combinatorics of Orlik-Solomon algebras at this point makes a
more complete understanding possible. Once again, the codimension-2 part of the
lattice is in the spotlight. In view of Corollary 1.38, the next Lemma provides yet
another proof of the Poincaré polynomial factorization (3.8). It is convenient to
have some additional notation.

Definition 3.28. Suppose X is a modular coatom of A. For any distinct
hyperplanes H and H ′ with H,H ′ 6≤ X , let H ◦X H ′ = (H ∨H ′) ∧ X . It follows
from the modularity of X that H ◦X H ′ is a hyperplane of AX .

Proposition 3.29. Let X be a modular coatom of an arrangement A. If the
hyperplanes of A are ordered so that hyperplanes AX come first, then

nbc(A) = nbc(AX) ∪
⋃

H∈A−AX

{S ∪ {H} : S ∈ nbc(AX)} .

Proof. For brevity, let B = A \ AX . First note that, if H,H ′ ∈ B are
distinct, then H , H ′, and H ◦X H ′ form a circuit. Since H ◦X H ′ ∈ AX , both
H,H ′ ≻ H ◦X H ′, so {H,H ′} is a broken circuit.

So if S ∈ nbc(A), it contains at most one member of B. If S ∩ B = ∅, then
S ∈ nbc(AX), and conversely. If S ∩ B = {H}, let S′ = S − {H}. A fortiori, S′ is
a nbc set for AX .

It remains to check that, if S ∈ nbc(AX), then {H} ∪ S ∈ nbc(A). If not,
there would be a broken circuit A ∪ {H} with A ⊆ S. The corresponding circuit
A∪{H,H ′} would necessarily have H ′ ∈ AX , since H ′ is its least element, and the
hyperplanes AX come first in order. Then A∪{H ′} ⊆ AX , but since H 6∈ AX , the
set A ∪ {H,H ′} cannot be a circuit. �

The last generalization of Theorem 3.21 is the following.

Theorem 3.30. Suppose that X is a modular coatom of an arrangement A.
Then A(A) is a graded-commutative A(AX)-algebra, presented by

(3.12) A(A) ∼= A(AX)[eH : H ∈ A−AX ]/J,
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where the generators {eH} are in degree 1 and the ideal J is generated by

(3.13) eHeH′ − (eH − eH′)eH◦XH′ ,

for all pairs H,H ′ ∈ A−AX .

Proof. Again, let B = A−AX , and define a A(AX)-algebra map

φ : A(AX)[eH : H ∈ B]→ A(A)

by letting φ(eH) = eH , for H ∈ B. Clearly φ is surjective, So we need to check that
the relations (3.13) generate the kernel of φ. As we saw above, for eachH 6= H ′ ∈ B,
the hyperplanes {H,H ′, H ◦X H ′} form a circuit and give the relation (3.13), so
J ⊆ ker(φ).

To see that J = ker(φ), recall that A(A) is a free A(AX)-module of rank m+1
by Proposition 3.27, and so is A(AX)[eH : H ∈ B]/J . �

3.4.6. Quadratic Gröbner bases. As noted in Chapter 1, Björner showed in
[23] that the monomials corresponding to broken circuits generate the initial ideal
of the Orlik-Solomon ideal I with respect to lex order, and in [25] Björner and
Ziegler showed that supersolvability is equivalent to the existence of an ordering for
which the minimal broken circuits all have size two. Taken together, these results
imply that if A is supersolvable, then there exists a quadratic Gröbner basis for
I(A).

In [256] Peeva showed that the converse holds. To see this, note that if ≺ is
any monomial order in which e1 ≻ e2 ≻ · · · ≻ en, and ≺lex is the lex order which
orders the variables in the same way, then

(3.14) in≺ I = in≺lex
I.

To see this, note that for a circuit m, ∂(m) consists of monomials which (pairwise)
differ in a single entry. For a pair of such monomials, p ∧ ei ≺ p ∧ ej if and only if
p ∧ ei ≺lex p ∧ ej . Thus,

in≺(∂(m)) = in≺lex
(∂(m))

By Björner’s result, in≺lex
(I) = 〈b | b a broken circuit〉, and combining this with

the previous observation shows that

in≺lex
(I) ⊆ in≺(I).

If the containment were proper, then in≺(I) would of necessity contain a monomial
corresponding to a non-broken circuit p. If deg(p) = i, then

dimk (E/ in≺(I))i 6= dimk (E/ in≺lex
(I))i ,

contradicting the fact that passing to initial ideals preserves the Poincaré series.
Hence, equality (3.14) holds, and this yields:

Theorem 3.31. I(A) has a quadratic Gröbner basis iff A is supersolvable.

This algebraic characterization of supersolvability highlights one special prop-
erty of Orlik–Solomon ideals. Any monomial order must order the variables, and
in the case of the Orlik–Solomon ideal, the initial ideal that results is the same as
that obtained using the lex order. In particular, this determines all possible initial
ideals of I. For an arbitrary ideal, this is typically an involved process, but for
Orlik–Solomon ideals it is simple.



3.5. HYPERSOLVABLE ARRANGEMENTS 61

One important consequence of the existence of a quadratic Gröbner basis for
the Orlik–Solomon algebra A is the fact that this implies A is Koszul. This was
shown by Fröberg, see his survey [149] for more information. As we shall see in
Chapter 5, the Koszul property has important topological consequences. Although
the existence of a quadratic Gröbner basis for a k–algebra implies the algebra is
Koszul, it is not necessary. In [111] Eisenbud-Reeves-Totaro show that if k is an
infinite field and I is generated by e generic quadratic forms in k[x1, . . . , xe+n], with
e, n ≥ 0, then if 3n <

(
e−1
2

)
, the ideal I does not admit a quadratic Gröbner basis.

Open Problem 3.32. Let A be an arrangement, with Orlik–Solomon algebra
A = E/I. Does A Koszul imply that I has a quadratic Gröbner basis (hence, that
A is supersolvable)?

Example 3.33 (X2 arrangement). It is easy to find examples of arrangements
where I is minimally generated by quadrics, but does not have a quadratic Gröbner
basis. The following arrangement in C3 was first studied by Kohno; the defining
polynomial is Q = xyz(x+ y)(x− z)(y − z)(x+ y − 2z) and

π(A, t) = (1 + t)(1 + 6t+ 10t2)

1

2

3

4
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Figure 3.4. Intersection with a two-plane, and matroid of A

The intersection of A with the two-plane determined by z = 1 as well as the
matroid of A are shown in Figure 3.4. For this example, it can be checked that A
is not Koszul.

3.5. Hypersolvable arrangements

The class of supersolvable arrangements has a natural generalization to hyper-
solvable arrangements. Let A = {H1, . . . , Hn} be a central arrangement in the
complex vector space V . Denote also by A = {a1, . . . , an} ⊂ P(V ∗) its set of
defining equations, viewed as points in the dual projective space. Let B ⊂ A be a
proper, non-empty sub-arrangement, and set B := A \ B. We say that (A,B) is a
solvable extension if the following conditions are satisfied.

(I) No point a ∈ B sits on a projective line determined by α, β ∈ B.
(II) For every a, b ∈ B, a 6= b, there exists a point α ∈ B on the line passing

through a and b. (In the presence of condition (I), this point is uniquely
determined, and will be denoted by f(a, b).)

(III) For every distinct points a, b, c ∈ B, the three points f(a, b), f(a, c), and
f(b, c) are either equal or collinear.
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Figure 3.5. Axioms for solvable extensions

Note that only two possibilities may occur: either rk(A) = rk(B) + 1 (fibered
case), or rk(A) = rk(B) (singular case).

Definition 3.34 ([176]). The arrangement A is called hypersolvable if it has
a hypersolvable composition series, i.e., an ascending chain of sub-arrangements,
A1 ⊂ · · · ⊂ Ai ⊂ Ai+1 ⊂ · · · ⊂ Aℓ = A, where rkA1 = 1, and each extension
(Ai+1,Ai) is solvable.

The length of a composition series depends only on A; it will be denoted by
ℓ(A). Note that the property of being hypersolvable is purely combinatorial. In
fact, given an arrangementA, one can decide whether it is hypersolvable or not, only
from the elements of rank one and two of L(A), since the definitions only involve
the collinearity relations in A. The class of hypersolvable arrangements includes
supersolvable arrangements, cones of generic arrangements (for which ℓ(A) = |A|),
and many others.

We may assume, whenever necessary, that a given hypersolvable arrangement is
also essential. Indeed, one knows how to associate to an arbitrary central arrange-
ment A an essential arrangement, Aess, without changing the homotopy types of
the complements, X(A) and X ′(A), and the intersection lattice L(A).

The connection between hypersolvable and supersolvable (or fiber-type) ar-
rangements comes from the following fact. If the solvable extension (A,B) is fibered,
then there is a Serre fibration X(A)→ X(B), with homotopy fiber C \ {m points},
where m = |B|. The (topological) definition of fiber-type arrangements may be
rephrased in hypersolvable terms, as follows.

Definition 3.35. The arrangement A is supersolvable (or, fiber-type) if it has
a supersolvable composition series, that is, a hypersolvable composition series as in
Definition 3.34, for which all extensions are fibered.

We thus see that all fiber-type arrangements are hypersolvable. On the other
hand, if (A,B) is a solvable extension that is not fibered, then there is a fibered

extension (Â,B) such that A is a hyperplane section of Â; see [176]. This implies,
for instance, that a hypersolvable arrangement A is aspherical if and only if A is
fiber-type, which happens precisely when ℓ(A) = rk(A); again, see [176].

3.6. Graphic arrangements

Let Γ be a graph, with vertex set [ℓ] = {1, . . . , ℓ}, and edge-set E. We shall
assume Γ is a simple graph, that is, there are no loops or multiple edges.
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Definition 3.36. The graphic arrangement associated to Γ is the following
arrangement of hyperplanes in Cℓ:

AΓ = {zi − zj = 0 | (i, j) ∈ E}.
If Γ = Kℓ is the complete graph on ℓ vertices, then clearly AΓ is the Braid

arrangement Aℓ−1 defined in Example 1.8. There are often pleasing connections
between invariants of Γ and invariants of AΓ, which we now describe.

A coloring of a graph Γ with n colors is an assignment of an integer in {1, . . . , n}
to each vertex of Γ, such that no two adjacent vertices share the same number. The
chromatic function χ(Γ, n) is the number of colorings of Γ with n colors.

Definition 3.37. Fix an edge {i, j} of Γ. The deletion Γ′ = Γ \ {i, j}, and the
contraction Γ′′ is obtained by identifying vertex i and j.

Clearly Γ′ has the same set of vertices as Γ, but one less edge, while Γ′′ has one
less vertex than Γ, and at least one less edge than Γ. In particular, Γ′′ may not be
a simple graph.

Lemma 3.38. For (Γ,Γ′,Γ′′) as above, χ(Γ′, t) = χ(Γ, t) + χ(Γ′′, t).

Proof. A coloring of Γ clearly gives a coloring of Γ′, so there is an inclusion
of sets {colorings of Γ} ⊂ {colorings of Γ′}. The complement of this set inclusion
consists of colorings of Γ′ which have the same color assigned at vertices i and j;
such colorings correspond to colorings of Γ′′. �

Recall that under the operation of deletion–restriction, the Poincaré polynomial
satisfies the relation π(A, t) = π(A′, t) + tπ(A′′, t). Combining this relation and
Equation ?? shows that the characteristic polynomial satisfies:

χ(A′, t) = χ(A, t) + χ(A′′, t)

Applying deletion-restriction to a graphic arrangement, with H the hyperplane
associated to edge {i, j}, we have

χ(AΓ′ , t) = χ(AΓ, t) + χ(AΓ′′ , t)

In sum, the characteristic polynomial of a graphic arrangement satisfies the same
identity as the chromatic polynomial, and an inductive argument proves:

Proposition 3.39. If AΓ is a graphic arrangement, then χ(AΓ, t) = χ(Γ, t).

An induced subgraph of Γ is a subgraph obtained by specifying a subset S of
the vertices of Γ, and deleting all edges with vertices outside of S. An induced cycle
of Γ is an induced subgraph which is a cycle. The induced cycles of Γ appear in
the cohomology ring of M(AΓ) in a very natural way:

Lemma 3.40 ([289]). Let AΓ be the arrangement corresponding to a graph Γ.
If we write aj for the number of minimal generators of degree j of I(AΓ), then, for
all j > 2,

(3.15) aj = #{chordless (j + 1)-cycles of Γ}.
Proof. Chordless m-cycles are circuits, and give rise to degree m−1 elements

of the Orlik-Solomon ideal. The correspondence is one-to-one because a circuit
{e1, . . . , em} gives a relation

∑

i

(−1)ie1 · · · êi · · · em.
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Figure 3.6. A non-hypersolvable graph

The lead monomial of some lower degree element of I divides e1 · · · em−1 if and only
if that monomial corresponds to a chord of {1, . . . ,m}, contradicting the fact that
{1, . . . ,m} is a circuit. �

Example 3.41. Let Γ be the one-skeleton of the Egyptian pyramid, shown in
Figure 3.6. The arrangement AΓ is the simplest example (in terms of number of
vertices) of a graphic arrangement which is not hypersolvable. By Lemma 3.40,
the Orlik-Solomon ideal has four quadratic generators, and one cubic generator,
corresponding to the base of the pyramid. Using Proposition 3.39 and Deletion-
Contraction, we compute that π(AΓ, t) = 1 + 8t+ 24t2 + 31t3 + 14t4.

Combining Lemma 3.40 with Theorem 3.31 shows that a necessary condition
for supersolvability of AΓ is that Γ be chordal: the minimal induced cycles are
triangles. In fact, this is both necessary and sufficient.

Theorem 3.42 (Stanley [301]). The arrangement AΓ is supersolvable if and
only if the graph Γ is chordal.

Combining this with Theorem 3.31 solves Problem 3.32 in the graphic case: AΓ

is Koszul exactly when AΓ is supersolvable.
Will LCS ranks be on table yet We close by mentioning that for graphic

arrangements, the connection between the fundamental group and the cohomology
ring is very close. For example, Kohno proved in [195] that the LCS ranks of the
braid arrangement An−1 are given by:

(3.16)
∞∏

k=1

(1− tk)φk = π(An−1,−t) =
n−1∏

i=1

(1− it),

This will be explored in great detail in Chapter 6.



CHAPTER 4

Resonance varieties

We return to the Orlik-Solomon algebra of an arrangement A, focusing now
on the ring structure. We construct and analyze certain algebraic invariants of the
graded ring A = A(A), called resonance varieties, which will play a central role
throughout the remainder of the book.

The resonance varieties were defined in [124], where they were used by Falk
to distinguish the ring structure of OS-algebras of arrangements for which many
other invariants (e.g., characteristic and Tutte polynomials) coincide. Now the main
motivation for the study of resonance varieties comes from the tangent cone formula
(Section 10.1), which relates the degree-one resonance varieties to the characteristic
varieties of π1(M(A)).

The description of degree-one resonance varieties leads to some interesting and
intricate combinatorics, geometry, and homological algebra. The combinatorial and
geometric aspects of resonance varieties will be the topic of this chapter; algebraic
aspects will be taken up in Chapter 7. Higher degree resonance varieties are a topic
of current research—we will sketch some of what is currently known.

4.1. The cochain complex determined by a one-form

4.1.1. The resonance varieties of a graded algebra. Let k be a field.
Suppose A is a graded, graded-commutative, connected k-algebra of finite type,
satisfying a2 = 0 for a ∈ A1. (This is automatic unless k has characteristic two.)
For an element a ∈ A1, consider the map A→ A given by x 7→ ax. This is a graded
homomorphism of degree one, and squares to zero, so we have a cochain complex

(4.1) A0 a // A1 a // · · · a // Ar
a // · · ·

We denote this complex by (A, a), and its cohomology by H∗(A, a).

Definition 4.1. Let p ≥ 0. The degree-p resonance variety of A is the set

Rp(A) =
{
a ∈ A1 | Hp(A, a) 6= 0

}
.

The set Rp(A) is filtered by the dimension of Hp(A, a). That is, Rp(A) =
Rp1(A) is the largest of the decreasing sequence of subsets

(4.2) Rpk(A) = {a ∈ A1 | dimHp(A, a) ≥ k},
defined for all k ≥ 1. If bp = dimk A

p denotes the p-th Betti number of A, we have
for every p ≥ 0 a filtration

(4.3) A1 ⊇ Rp1(A) ⊇ · · · ⊇ Rpbp
(A) ⊇ Ribp+1(A) = ∅.

Evidently, if Ap = 0, then Rpk(A) = ∅, for all k ≥ 1. In degree 0, things are very
simple: R0

1(A) = {0}, while R0
k(A) = ∅, for k > 1.

65
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It is easy to check that Rpk(A) is a Zariski closed subset of the affine space

A1 ∼= kb1 . Indeed,Rpk(A) is defined by the vavishing minors of matrices representing
the multiplication maps a : Ap−1 → Ap and a : Ap → Ap+1. The entries of these
matrices are linear in a, so Rpk(A) is a determinantal variety.

Clearly, H∗(A, a) = H∗(A, ca), for all c ∈ k\{0}. Thus, each resonance variety
Rp(A) is homogeneous. The projective image of Rp(A) in P(A1) is called the p-th
projective resonance variety of A, and is denoted by R̄p(A); likewise for Rpk(A).

4.1.2. Resonance varieties of arrangements. Now let A = {H1, . . . , Hn}
be a central arrangement of rank ℓ, and let A = H∗(M(A), k) be the OS-algebra
of A over k. Since H∗(M(A),Z) is torsion-free, we have a2 = 0 for all a ∈ A1, by
universal coefficients. Thus, the resonance varieties of the OS-algebra, Rpk(A), are
defined even if chark = 2.

The study of the cohomology groups H∗(A, a) was initially motivated by the
results of [115, 284] relating H∗(A(A), a) to the cohomology of the rank-one local
system on the complement M(A) associated with a (see Theorem 8.17). In the
remainder of this section we prove some general “non-resonance” results concerning
H∗(A, a), culminating in a vanishing theorem of Yuzvinsky [338] (Theorem 4.6).
These results give necessary conditions for an element a ∈ A1 to lie in Rp(A), for
p < rk(A) − 1.

The natural basis for A1 will be denoted by e1, . . . , en. For a ∈ A1, we write
a =

∑n
i=1 aiei. Recall the map ∂ : A→ A of Section 1.4.4, defined by ∂(ei) = 1 for

1 ≤ i ≤ n, and ∂(ab) = (∂a)b+ (−1)deg(a)a(∂b) for a, b ∈ A.

Proposition 4.2. If a ∈ A1 and ∂a 6= 0, then H∗(A, a) = 0.

Proof. Let c = ∂a ∈ k − {0}. As a straightforward check shows, c−1∂ is a
chain homotopy between the identity and the zero maps of the cochain complex
(A, a). Hence the complex is exact. �

Let Ā be the projectivization of A. The projective OS-algebra A(Ā) is the
kernel of ∂, a subalgebra of A. We denote A(Ā) by Ā.

If a ∈ A1 satisfies ∂a = 0, then a ∈ Ā1, so by restriction we have a complex
(Ā, a).

Proposition 4.3. If a ∈ A1 with ∂a = 0, then there is a split short exact
sequence of graded k-vector spaces,

0 // H∗(Ā, a) // H∗(A, a) // H∗(Ā, a)[−1] // 0 .

In particular, for each p ≥ 0,

Hp(A, a) ∼= Hp(Ā, a)⊕Hp−1(Ā, a)

Proof. Under the hypothesis that ∂a = 0, the short exact sequence of Theo-
rem 1.47(ii) is actually a short exact sequence of cochain complexes,

0 // (Ā, a) // (A, a)
∂ // (Ā[−1],−a) // 0 .

Moreover, the splitting map s : Ā[−1] → A defined by s(x) = enx gives rise to a
(degree zero) map of cochain complexes, s : (Ā[−1],−a) → (A, a). It follows that
the long exact sequence in cohomology splits into split short exact sequences, as
claimed. �
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Recall from Section 1.4.5 that the Euler characteristic χ(M(Ā)) coincides (up
to sign) with the beta invariant β(A), see (1.29); for complexified arrangements, this
is the number of bounded chambers of the underlying real arrangement. As is well-
known, a cochain complex and its cohomology have the same Euler characteristic,
see e.g. [168, Thm. 2.44]. In our setting, this implies the following equality.

Proposition 4.4. Suppose a ∈ Ā1. Then

ℓ−1∑

i=0

(−1)i dimHi(Ā, a) = χ(M(Ā)) = (−1)rk(A)−1β(A).

Example 4.5. Let A be a generic central arrangement of n hyperplanes in Cℓ.
Let Ē =

∧
(Ā1). Then dim(Ē1) = n − 1, and Ā ∼= Ē/(Ēℓ). This follows from the

presentation 1.4.4 obtained by specifying a hyperplane at infinity. Then

(4.4) χ(M(Ā)) = χ(Ē/(Ēℓ)) =
ℓ−1∑

p=0

(−1)p
(
n− 1

p

)
.

(This is the number of bounded chambers in a generic arrangement of n− 1 affine
hyperplanes in Rℓ−1, up to sign.)

Any nonzero element a ∈ Ā1 can be included in a basis of Ā1. Since Āp = Ēp for
p < ℓ−1, it follows that Hp(Ā, a) = 0 for p < ℓ−1. Then Hℓ−1(A(Ā, a)) ∼= kβ(A).
By Proposition 4.3, Hp(A, a) vanishes for 0 ≤ p < ℓ−1, and is isomorphic to kβ(A)

for p = ℓ− 1, ℓ.

The preceding example was generalized to arbitrary arrangements in [338].
For a general central arrangementA of rank ℓ, the cohomology groups Hp(A(A), a)
vanish for p < ℓ−1, provided a satisfies some numerical conditions we specify below.
This yields necessary conditions for Hp(A(A), a) to be nonzero for p < ℓ − 1, in
which case we say the element a ∈ A1 is resonant.

4.1.3. Yuzvinsky’s vanishing theorem. A proof of the vanishing theorem
below appears in the book [244], using a different approach. We will reproduce
the original argument of [338]. The sheaf of OS-algebras on the finite poset L0

used in the proof ought to be more generally applicable, while at the same time the
argument gives nice, simple examples of computations of sheaf cohomology. We
refer to [20] for generalities about sheaves on posets.

Let L = L(A) be the intersection lattice. For X ∈ L, let AX denote the lo-
calization of A at X , and let AX = A(AX). There is then a canonical surjection
A ։ AX , corresponding to the inclusion of spaces M(A) ⊆ M(AX)—see Theo-
rem 2.4. For an element a ∈ A1, denote by aX its image in AX .

Let L0 = L(dA) = {X ∈ L | X 6≥ Hn} be the intersection semi-lattice of the
decone of A relative to Hn; for the purpose of using sheaves, we order L0 by
inclusion. In particular, L0 has always a largest element, namely, Hn. We use the
notion of rank from L, but notice that rank becomes a decreasing function on L0.

Recall from Theorem 1.54 the affine Brieskorn decomposition

(4.5) Āp ∼=
⊕

X∈L0

rk(X)=p

ApX .

Let us say X is irreducible if AX is an irreducible arrangement (Section 1.4.5).
Note that each hyperplane H ∈ A is irreducible.
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Theorem 4.6. Suppose a ∈ Ā1 and ∂(aX) 6= 0 for every irreducible X ∈ L0.
Then

(i) Hp(Ā, a) = 0, for p < ℓ− 1.
(ii) Hp(A, a) = 0, for p < ℓ− 1.
(iii) Hℓ−1(Ā, a) ∼= Cβ(A).
(iv) Hℓ−1(A, a) ∼= Hℓ(A, a) ∼= Cβ(A).

Proof. The last three statements follow from the first, by Propositions 4.4
and 4.3. The first statement is proved by induction on rk(A). If rk(A) is one or
two, then A is generic, and the result holds by Example 4.5. Assume (i)– (iv) hold
for all arrangements of rank less than ℓ. We define a complex of sheaves Y with L0

as the underlying topological space. An open set in L0 is an increasing set, that is,
a set U with the property X ∈ U and Y ≥ X implies Y ∈ U . Let UX = L(AX);
these sets form a basis for the topology. We set Γ(UX ,Yp) = ApX . Using 4.5, we
see that there is a projection ρpXY : ApX → ApY whenever UX ⊇ UY . Set ρpXY = 0 if
rk(Y ) 6= p. This defines a presheaf Yp on L0 for each p. By (4.5),

(4.6) Γ(U,Y) ∼=
⊕

X∈U
rk(X)=p

ApX .

The sheaf axioms follow. Moreover, each Yp is flasque: any element of Γ(U,Yp) is
the restriction of an element of Γ(L,Yp). The space of global sections Γ(L0,Yp) is
isomorphic to Āp.

Multiplication by aX defines a homomorphism Γ(UX ,Yp) → Γ(UX ,Yp+1).
These homomorphisms define a complex of sheaves

(4.7) Y0 // Y1 // · · · // Yℓ // 0 .

Restricting to the stalk at X we get a cochain complex,

(4.8) 0 // A0
X

// A1
X

// · · · // ApX
// 0 ,

where p = rk(X). Since 1̂ 6∈ L0, p < ℓ. Then the inductive hypothesis ensures
that the latter complex is acyclic, as follows. If ∂aX 6= 0, and H∗(A(AX ), aX) = 0
by Proposition 4.2. If ∂aX = 0, then X is reducible, so β(AX) = 0 by Proposi-
tion 1.57. The inductive hypothesis implies Hq(A(AX), aX) = 0, for q < p−1, and
Hp−1(A(AX), aX) ∼= Hp(A(AX ), aX) ∼= Cβ(AX) = 0 as well.

Thus 4.7 defines a flasque resolution of the kernel E of the 0th differential
Y0 → Y1. E is a skyscraper sheaf, more precisely, it has the only nonzero stalk at
the largest element of L0, and this stalk is C. Then the complex of global sections

(4.9) Γ(L0,Y0) // Γ(L0,Y1) // · · · // Γ(L0,Yℓ−1) // 0 ,

computes the cohomology of the base space L0, with coefficients in E . But the
complex of global sections is just the OS algebra complex

(4.10) Ā0 a // Ā1 a // · · · a // Āℓ−1 .

The proof is completed by showing Hp(L0, E) = 0 for p < ℓ − 1. This goes
as follows. First use the exact cohomology sequence arising from the short exact
sequence of sheaves

(4.11) 0 // E // K // K0
// 0 ,
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where K denotes the constant sheaf on L0, and K0 its restriction to L0 \ Hn.
The cohomology H∗(L0,K) is the cohomology of the order complex |L0| of Defi-
nition 1.13. The latter complex is contractible because L0 has a largest element.
Then Hp(L0, E) ∼= Hp−1(L0,K0). Finally since L0 \ Hn is an open interval in a
geometric lattice we have Hp−1(L0 \ Hn,K0) = 0 for p < ℓ − 1 by the Folkman
theorem (see [145]). �

As an immediate corollary we obtain an extension of Example 4.5 to “almost
generic” arrangements.

Corollary 4.7. Suppose there is a hyperplane Hi ∈ A such that the ar-
rangement A \ {Hi} is generic. Let a ∈ Ā1 with with aj 6= 0 for j 6= i. Then
Hp(A, a) = Hp(Ā, a) = 0 for 0 ≤ p < ℓ− 1.

Theorem 4.6 can be restated in terms of resonance varieties. If we set KX =
{a ∈ Ā1 | ∂(aX) = 0}, the theorem states that Rp(A) is contained in the union of
the KX for X ∈ L0 with β(AX) 6= 0, for p < rk(A) − 1.

4.2. Degree-one resonance varieties

Let A = {H1, . . . , Hn} be a central arrangement, and A = Ak(A) the OS-
algebra of A over a field k. In this section we give a simple description of the
degree-one resonance variety R1(A). For notational convenience, we denote this
variety by R(A).

There is a decomposition {RΓ(A)} of R(A) parametrized by certain partitions
Γ of subarrangements of A. Each of these partitions Γ determines a linear subspace
KΓ of Ā, andRΓ(A) is a subvariety of KΓ. The projective image R̄Γ(A) is naturally
ruled by lines, with the ruling determined in a simple way by Γ.

In the next section we will specialize further, assuming k has characteristic
zero. In this case, the varieties RΓ(A) are linear and intersect trivially. In fact,
there is only one known example, over any field, for which R(A) is not a union of
linear subspaces—we exhibit that example at the end of this section.

4.2.1. Resonant pairs. Let a ∈ A1. Observe that a ∈ R(A) if and only if
there exists b ∈ A1 not proportional to a such that ab = 0. If this is the case, then
b ∈ R(A) also. It is this symmetry that makes the case p = 1 special. In fact,
the entire plane spanned by a and b lies in R(A); this is where the ruling of R̄(A)
comes from. In this situation we call the pair (a, b) a resonant pair.

The first step is to treat the rank-two case. Recall Ā1 = A1(Ā) = {a ∈ A1 |∑n
i=1 ai = 0}.

Theorem 4.8. Suppose A has rank two. Then R(A) = Ā1 if |A| ≥ 3, and
R(A) = ∅ otherwise.

Proof. By Proposition 4.2, R(A) ⊆ Ā1. Since A has rank two, Ā2 = 0.
Then, since Ā is a subalgebra of A, we have ab = 0 for every a, b ∈ Ā1. Finally,
dim Ā1 = |A| − 1, so, given a ∈ Ā1, there exists b ∈ Ā1 not proportional to a if and
only if |A| ≥ 3. �
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Now supposeA is an arrangement of arbitrary rank. We appeal to the Brieskorn
decomposition of A2, from Section 1.4.3:

(4.12) A2 ∼=
⊕

X∈L
rk(X)=2

A2
X

We write aX for the image of a ∈ A under the projection A → AX . Then we
have aXbX = (ab)X for a, b ∈ A1, by Theorem 1.44. Combining Theorem 4.8 with
formula (4.12), we obtain the following corollary.

Corollary 4.9. Let a, b ∈ A1. Then ab = 0 if and only if, for every X ∈ L
with rk(X) = 2, either

(i) aX and bX are proportional, or
(ii) |AX | ≥ 3 and ∂aX = ∂bX = 0.

By convention, the zero vector is proportional to every vector. Note that ∂aX =∑
Hi∈AX

ai.

4.2.2. Neighborly partitions. The dichotomy in the preceding result leads
us to neighborly partitions. For technical reasons it is more convenient to describe
these in terms of more general symmetric relations on A, which we think of as
graphs with vertex set A. A clique in a graph is a set of vertices which are pairwise
adjacent.

Definition 4.10. A graph Γ with vertex set A is A-neighborly if, for every
X ∈ L with rk(X) = 2, and for every H ∈ AX , the set AX \ {H} is a clique of Γ
only if AX is a clique of Γ.

With the vertex set understood to be A, we write Γ as a set of edges, and
abbreviate {Hi, Hj} ∈ Γ to {i, j} ∈ Γ. If a, b ∈ A1, let

(4.13) Γ(a,b) =

{
{i, j} |

[
ai aj
bi bj

]
= 0

}
.

Theorem 4.11. Suppose (a, b) is a resonant pair. Then the graph Γ(a,b) is
A-neighborly.

Proof. Suppose X is a rank 2 flat in L(A). Let Hi ∈ AX with AX \ {Hi} a
clique of Γ = Γ(a,b), and suppose AX itself is not a clique of Γ. Then aX and bX
are not proportional, so ∂aX = ∂bX = 0 by Corollary 4.9. Then, for any Hk ∈ AX
with k 6= i, det

[
∂aX ak
∂bX bk

]
= 0. Since {j, k} ∈ Γ for every Hj ∈ AX with j 6= i, it

follows that det

[
ai ak
bi bk

]
= 0, which implies {i, k} ∈ Γ. Then AX is a clique of Γ,

a contradiction. �

Now suppose a and b are not proportional, i.e., Γ(a,b) is not a clique. Then
ai = bi = 0 if and only if Hi is a cone vertex of Γ(a,b), adjacent to every other vertex.
If we delete these vertices from Γ(a,b), the maximal cliques of the induced subgraph
are its connected components. A neighborly partition is a neighborly graph whose
components are cliques. In this case we refer to the maximal cliques as the blocks
of Γ. Every A-neighborly graph induces a neighborly partition of a subarrangement
of A, and, conversely, any neighborly partition of a subarrangement of A extends
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(a) The braid arrangement A3 (b) The non-Fano arrangement

Figure 4.1. Neighborly partitions

to an A-neighborly graph by coning on the other vertices of A. The set of non-cone
vertices of Γ is called the support of Γ.

By way of example, we illustrate in Figure 4.1 a pair of neighborly partitions,
depicted as partitions of the underlying matroids. The blocks are labelled with
capital letters.

4.2.3. Decomposing the first resonance variety. Let Γ be anA-neighborly
graph. Note, if |AX | = 2 then AX is a clique in Γ. Let

(4.14) XΓ = {X ∈ L | rk(X) = 2 and AX is not a clique of Γ}
and

(4.15) KΓ =
{
a ∈ A1 | ∂aX = 0 for all X ∈ XΓ

}
.

A Γ-resonant pair is a pair (a, b) of non-proportional elements of KΓ with aS
proportional to bS , for all cliques S of Γ.

Let RΓ(A) ⊆ A1 consist of those a in KΓ for which there exists b ∈ KΓ such
that (a, b) is a Γ-resonant pair. Let N(A) denote the set of A-neighborly graphs.

Theorem 4.12.

R(A) =
⋃

Γ∈N(A)

RΓ(A).

Proof. Suppose Γ ∈ N(A) and (a, b) is a Γ-resonant pair. Let X ∈ L, with
rk(X) = 2. If ∂aX 6= 0 or ∂bX 6= 0, then X 6∈ XΓ. Then AX is a clique in Γ, so

det

[
ai aj
bi bj

]
= 0, for every Hi, Hj ∈ AX . Then aX and bX are proportional, and

so ab = 0 by Corollary 4.9. Thus a ∈ R(A).
Conversely, let a ∈ R(A). Then there exists b ∈ A1 such that (a, b) is a

resonant pair. By Theorem 4.11, the graph Γ = Γ(a,b) is neighborly. If X ∈ XΓ,
then ∂aX = ∂bX = 0 by Corollary 4.9(ii). Thus a, b ∈ KΓ. Then (a, b) is a
Γ-resonant pair, and a ∈ RΓ(A). �
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4.2.4. Local and non-local components. Henceforth let us assume k is al-
gebraically closed. The inclusion-wise maximal elements of {RΓ(A) | Γ ∈ N(A)}
are called the constituents of R(A). In the next section we will see that the con-
stituents of R(A) are linear if k has characteristic zero. So they are the irreducible
components of R(A) in that case. In general the constituents of RΓ(A) need not be
linear; it is still an open question whether they are irreducible when k has positive
characteristic.

Each rank-two lattice element X satisfying |AX | ≥ 3 gives rise to a compo-
nent of R(A) supported on AX , via Theorem 4.8. The neighborly graph Γ = ΓX
corresponds to the partition of AX into singletons, and

(4.16) RΓ(A) = KΓ = {a | ai = 0 for Hi 6∈ AX and partial aX = 0} .
Theorem 4.13. The set RΓX

(A) is a linear component of R(A), of dimension
|AX | − 1.

Proof. We show KΓX
is a constituent of R(A). Since KΓX

is linear, it is
irreducible, and the first assertion of the theorem will follow. The second statement
is clear.

So suppose Γ ∈ N(A) and RΓ(A) strictly contains KΓX
(A). We claim for every

Hi ∈ AX and Hj 6∈ AX , {i, j} ∈ Γ. Suppose not. Then Y = Hi∩Hj ∈ XΓ. Choose
Hk ∈ AX with k 6= i, and set a = ai − ak. Then a ∈ KΓX

⊆ KΓ, so ∂aY = 0. This
is a contradiction, since aY = ai.

this needs finishing Assume without loss of generality that the support of
Γ is A. Since RΓ(A) strictly contains KΓX

, the support of Γ must strictly contain
AX . �

The varieties RΓX
(A) are called the local components of R(A).

Example 4.14. Let A be the the reflection arrangement of type D3, with
defining equation

Q(x, y, z) = (x+ y)(x− y)(x+ z)(x− z)(y + z)(y − z).
A is linearly equivalent to the rank-three braid arrangement (Example 1.8). There
are four rank-two flats AX of size greater than two, namely

{H1, H3, H6}, {H1, H4, H5}, {H2, H3, H5} and {H2, H4, H6}.
(The hyperplanes are ordered according to the order of factors in Q(x, y, z) above.)
Each of these yields a two-dimensional local component of R(A). For instance, the
first is given by a1 + a3 + a6 = 0, a2 = a4 = a5 = 0.

There is a fifth component of R(A), corresponding to the neighborly partition
Γ = {{1, 2}, {3, 4}, {5, 6}} of A. This is the partition pictured in Figure 1(a). XΓ

consists of all four rank-two lattice elements listed above, and a ∈ KΓ if and only if

a1 + a3 + a6 = 0

a1 + a4 + a5 = 0

a2 + a3 + a5 = 0

a2 + a4 + a6 = 0.

This system has rank four over any field. Then KΓ is two-dimensional, with
basis {a, b} where a = (1, 1, 0, 0,−1,−1) and b = (0, 0, 1, 1,−1,−1). Note that
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det

[
ai aj
bi bj

]
= 0 for every {i, j} ∈ Γ. This implies the same is true for every pair

of elements in KΓ, hence RΓ(A) = KΓ is a two-dimensional linear component of
R(A).

Arrangements which support non-local components of R(A) over some field
are relatively rare. The preceding was the first example to be discovered. More
examples appear in [124, 58, 206, 221, 341, 128, 135, ?].

4.2.5. Rulings by lines. For the rest of the section we study the projective
resonance variety R̄(A), and its constituents R̄Γ(A), in P(A1). We will see that
R̄Γ(A) has a simple geometric description in terms of the Grassmannian of lines in
P(A1).

Let Γ be a graph with vertex setA. For S ⊆ A and a ∈ A1 set aS =
∑

Hi∈S aiei.
(So aX = aAX

.) For each maximal clique S of Γ, let

DS = {a ∈ A1 | aS = 0}.
Let D̄S be the projective image of DS in P(A1). The subspaces D̄S are called
directrices. Let L(Γ) be the set of projective lines in P(A1) which meet D̄S for
every maximal clique S of Γ.

Theorem 4.15. R̄Γ(A) is the union of the lines of L(Γ).

Proof. Suppose (a, b) is a Γ-resonant pair, with Γ ∈ N(A). Then any linear
combination of a and b is also in RΓ(A). Thus the projective line a ∗ b spanned
by ka and kb in P(A1) is contained in R̄Γ(A). Let S be a maximal clique of Γ.
By the determinant condition, the vectors aS and bS are proportional. Then there
is a linear combination c of a and b satisfying cS = 0. Because a and b are not
proportional, c 6= 0. Thus (a ∗ b) ∩ D̄S 6= ∅.

Conversely, if ka and kb span a line of L(Γ), then a and b lie in KΓ by definition.
Let S be each maximal clique of Γ. Then, by definition of LΓ, some nonzero linear
combination c of a and b satisfies cS = 0. Then aS and bS are proportional. Thus
(a, b) is a Γ-resonant pair. �

The set of lines L(Γ) is an algebraic line complex, an algebraic subvariety of
the Grassmannian of lines in P(A1), which we can identify with G2(kn). The set
of lines meeting D̄S is a (special) Schubert variety [153], obtained by intersecting
the Grassmannian, in its Plücker embedding, with a linear subspace. Thus L(Γ)
is a linear line complex, an intersection of special Schubert varieties. This yields
Schubert calculus formulas for the dimension and degree of RΓ(A), under certain
conditions. See [128] for more details.

Theorem 4.15 indicates that the structure of RΓ(A) is governed by two things:
the dimension of KΓ, and the placement of the subspaces DS as S ranges over
maximal cliques of Γ. Both of these depend on the characteristic of the ground
field. We close this section with two examples demonstrating these phenomena.

Example 4.16. Let A be the non-Fano arrangement, with defining polynomial

Q(x, y, z) = (x + y)(x− y)(x+ z)(x− z)(y + z)(y − z)z.
As usual, order the hyperplanes according to the order of factors in Q. There are
six local components in R(A), each of dimension two. There are three neighborly
graphs supported on rank-three subarrangements of A, each isomorphic to the



74 4. RESONANCE VARIETIES

rank-three braid arrangement, thus giving rise to three two-dimensional non-local
components of R(A) as in Example 4.14.

In addition, there is one A-neighborly partition Γ, illustrated as a partition of
the underlying matroid in Figure 1(b). Γ has one nontrivial block, of size three; all
other blocks are singletons. XΓ consists of six elements, and KΓ is the kernel of the
associated 6 × 7 incidence matrix J . If k has characteristic zero, this matrix has
rank six, so KΓ is one-dimensional, implying RΓ(A) = ∅.

On the other hand, if k has characteristic two, J has rank four, so dimKΓ = 3.
Then K̄ = P(KΓ) is a plane in P(A1). For the singleton blocks S of Γ, DS is a line
in K̄, so every line of K̄ meets D̄S . For the nontrivial block S = {H1, H2, H7}, the
directrix D̄S is the singleton {kc}, where c = (0, 0, 1, 1, 1, 1, 0). Then L(Γ) is the set
of all lines in K̄ passing through kc, and R̄Γ(A) = K̄, a non-local two-dimensional
component of R̄(A) that only appears in the characteristic two case. Finally, we
note that dimH1(A, c) = 2, while H1(A, a) = 1 for all a in RΓ(A) \ kc.

Example 4.17. The most interesting example in this context is the Hesse
arrangement. The defining polynomial Q(A) is

xyz

2∏

i,j=0

(x+ ωiy + ωjz),

where ω = exp(2π
√
−1/3). The projective arrangement Ā consists of twelve lines,

intersecting in 12 double points and 9 points of multiplicity four. Thus R(A) has
nine local components each of dimension three. A diagram of the A as an abstract
configuration of lines (so-called plane of order three) appears in [242, Figure 6.3].

In addition, there is a neighborly partition Γ of A into four blocks of size three.
The blocks S1, S2, S3, S4 of Γ are the subarrangements of A defined by the linear
factors of the four polynomials

P1 = xyz,

P2 = x3 + y3 + z3 − 3xyz,

P3 = x3 + y3 + z3 − 3ωxyz,

P4 = x3 + y3 + z3 + 3ωxyz.

Setting Hij = ker(x+ ωiy + ωjz), the last three blocks of Γ are

{H00, H12, H21}, {H01, H10, H22}, and {H02, H11, H20},
respectively. The corresponding subarrangements of A are all general position
arrangements, yielding the 12 double points. XΓ consists of all nine rank-two flats
of size four, each of which contains one line from each block of Γ.

So K = KΓ is the kernel of a 9× 12 incidence matrix J . If k has characteristic
zero, the rank of J is nine, so dimkK = 3. One sees that the four directrices
are lines in the plane K̄. In fact Di = DSi

is spanned by the three (dependent)
vectors

∑
Hq∈Sj

eq −
∑
Hr∈Sk

er with j, k 6= i. Thus RΓ(A) = KΓ is a tenth linear

component of dimension three. This is the only known example of a non-local
resonance component of dimension greater than two over a field of characteristic
zero. We will embellish this example further in each of the next two sections.

On the other hand, if k has characteristic three, then the rank of J drops to
six, so dimK = 6. The directrices are planes in K̄ ∼= P5. Indeed, in this case



4.3. RESONANCE OVER A FIELD OF ZERO CHARACTERISTIC 75

∑
Hj 6∈Si

ej lies in Di. The four directrices span the diagonal hyperplane K̄0 in K̄

defined by
∑n

i=1 ei = 0 (compare Proposition 4.2).
The line complex L(Γ) is the set of common transversals to four skew planes

D̄i in K̄0
∼= P4. These planes are not quite in general position: the three points

D̄i ∩ D̄j , j 6= i are collinear in D̄i for each i. This implies the six points D̄i ∩ D̄j

are coplanar. The ruled variety R̄Γ(A) is an irreducible cubic threefold in P4 with
singularities along the plane of the D̄i ∩ D̄j . In particular, RΓ(A) is not linear. No
other such example is known.

4.3. Resonance over a field of zero characteristic

When the ground field has characteristic zero we can get a more precise de-
scription of RΓ(A), resulting in further restrictions on the neighborly partition Γ
and the geometry of R(A). The theory becomes related also to certain combi-
natorial and algebraic geometric questions. This section is based on the original
treatment by Libgober and Yuzvinsky in [206], relating resonance to generalized
Cartan matrices.

Let A be a central arrangement, k a field of characteristic zero, and A = Ak(A).
Suppose Γ is a neighborly partition with support A, and RΓ(A) a constituent of
R(A). Write A = {H1, . . . , Hn} and XΓ = {X1, . . . , Xm}. Define a matrix J by

(4.17) Jij =

{
1 if Xi ⊂ Hj ,

0 otherwise.

Recall
KΓ = {a ∈ A1 | ∂aX = 0 for all X ∈ XΓ}.

Thus KΓ is the kernel of J .
The key idea, from [206], is to consider the matrix QΓ = JTJ −E, where E is

the matrix whose every entry is 1. Since k has characteristic zero, we have Q ⊆ k,
and A ∼= AQ(A) ⊗Q k. The varieties R(A) and RΓ(A) are defined over Q, and
the matrices J , E, and QΓ have integer entries. It will be no loss of generality to
assume in what follows that k = Q. The general case will follow by extension of
scalars.

Identify A1 with Qn using the basis coming from the hyperplanes of A. Then
∂ : A1 → A0 = Q is given by ∂x =

∑n
i=1 xi. Note that ker(E) = ker(∂) contains

RΓ(A) by Proposition 4.2.

Lemma 4.18. With notation as above,

KΓ ∩ ker(E) = ker(QΓ) ∩ ker(E).

Proof. Denote the standard positive-definite inner product on Qn by 〈 , 〉.
on A1, under which JT is the adjoint of J . Suppose a ∈ A1 satisfies Qa = 0 and
Ea = 0. Then JTJa = 0. Then 〈JTJa, a〉 = 0, whence 〈Ja, Ja〉 = 0. Then Ja = 0.
Thus ker(Q) ∩ ker(E) ⊆ KΓ ∩ ker(E). The opposite inclusion is easy to prove. �

The matrix Q = QΓ is a symmetric integer matrix with diagonal entries Qii
equal to ti− 1, where ti is the number of flats in X which are contained in Hi. The
assumption that the support of Γ is equal to A implies that Qii > 0 for 1 ≤ i ≤ n.
An off-diagonal entry Qij is equal to zero when Hi ∩Hj is an element of XΓ, and is
equal to −1 otherwise. In particular, QΓ is a (generalized) Cartan matrix—a real
n× n matrix satisfying three conditions:
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(i) Qii > 0 for 1 ≤ i ≤ n;
(ii) Qij ≤ 0 for 1 ≤ i 6= j ≤ n;
(iii) Qij = 0 implies Qji = 0 for 1 ≤ i 6= j ≤ n.

Such matrices were classified by E. Vinberg, see [181]. First we write QΓ as a
direct sum of indecomposable matrices, as follows. Define a graph Γ′ with vertices
{1, . . . , n} and an edge connecting i to j if and only if Qi,j 6= 0. The connected
components S1, . . .Sk determine submatrices Qi = [Qpq]p,q∈Si

, for 1 ≤ i ≤ k, of Q,

and Q = Q1 ⊕ · · · ⊕Qk. The matrices Qi are also symmetric Cartan matrices, and
are indecomposable under direct sum.

Lemma 4.19. The graph Γ′ is a subgraph of Γ, with XΓ′ = XΓ. Consequently,
Γ′ is a neighborly partition, and RΓ(A) ⊆ RΓ′(A).

Proof. Suppose (i, j) ∈ Γ′. Then Qij 6= 0, which implies Hi∩Hj 6∈ XΓ. Then
(i, j) ∈ Γ. This implies XΓ ⊆ XΓ′ . Suppose X ∈ XΓ′ . Then there exist i and j with
(i, j) 6∈ Γ′ and Hi ∩Hj = X . Then Qij = 0, which implies X ∈ XΓ.

It follows easily that RΓ(A) ⊆ RΓ′(A). Then RΓ′(A) 6= 0, so Γ′ is neighborly.
�

By the preceding lemma, if RΓ(A) is a constituent of R(A), then Γ can be
replaced by the partition associated with the decomposition of QΓ. We adopt this
as a convention for the remainder of this chapter.

According to Vinberg’s classification, each of the indecomposable Cartan ma-
trices Q1, . . . , Qk is one of three possible types. Write u > 0 if ui > 0 for all
i.

(1) Qi is finite if Qiu > 0 for every u > 0;
(2) Qi is affine if Qiu ≥ 0 for every u > 0, and ker(Qi) = Rui for some ui > 0;
(3) Qi is indefinite if Qiu < 0 for some u > 0.

Lemma 4.20. Suppose Γ is a neighborly graph with supp(Γ) = A, and RΓ(A)
a constituent of R(A). Then QΓ = Q1 ⊕ · · · ⊕ Qk has at least three affine blocks,
and no finite or indefinite blocks.

Proof. By Lemma 4.19, we may assume that Γ = Γ′. Then Q = QΓ has no
finite blocks, or else Γ would be supported on a proper subset of A. Also k ≥ 3
since Γ is neighborly. Suppose some Qi is indefinite, say, i = 1. The matrix Q2 is
either affine or indefinite, so there exist nonnegative (nonzero) vectors u1 and u2 in
A1, with support S1 and S2 respectively, such that Qu1 < 0 and Qu2 ≤ 0. We can
arrange that ∂(u1) = ∂(u2), equivalently, Eu1 = Eu2. Since S1 and S2 are disjoint,
〈, u1, u2〉 = 0. Then

0 < 〈J(u1 − u2), J(u1 − u2)〉 = 〈u1 − u2, J
TJ(u1 − u2)〉

= 〈u1 − u2, Q(u1 − u2)〉
= 〈u1, Qu1〉+ 〈u2, Qu2〉
< 0.

Therefore Q can have no indefinite blocks. �

Corollary 4.21. For each 1 ≤ i ≤ k, the vector space ker(Qi) is one-
dimensional, spanned by a positive vector.
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Theorem 4.22. If Γ is the partition of A arising from the decomposition of
Q into indecomposable matrices, then any two linearly independent elements of
ker(Q) ∩ ker(E) form a Γ-resonant pair.

Proof. By Lemma 4.20, QΓ = Q1⊕· · ·⊕Qk with k ≥ 3 and each Qi an affine
indecomposable Cartan matrix. By assumption, the blocks of Γ are the supports
S1 . . . ,Sk of the matrices Qi. For 1 ≤ i ≤ k let ui ∈ Qn be a non-negative vector
with support Si corresponding to a positive generator of ker(Qi). We can rescale
so that ∂(ui) = ∂(uj) for every i and j. Then

(4.18) ker(Q) ∩ ker(E) =

{
k∑

i=1

ciui |
k∑

i=1

ck = 0

}
.

By Lemma 4.18, ker(Q) ∩ ker(E) ⊆ KΓ. The restriction of any element of
ker(Q)∩ker(E) to a block Si of Γ is a multiple of ui, for 1 ≤ i ≤ k. This establishes
the assertion of the theorem. �

Corollary 4.23. If k has characteristic zero, and RΓ(A) is a constituent of
R(A, k) with support equal to A, then RΓ(A) = KΓ∩ker(E). In particular, RΓ(A)
is linear.

Proof. By Lemma 4.18, KΓ ∩ ker(E) = ker(Q) ∩ ker(E). By Lemma 4.19 we
may replace Γ with the partition of A corresponding to the decomposition of QΓ

into indecomposables. Then Theorem 4.22 implies KΓ ∩ ker(E) ⊆ RΓ(A). The
converse follows from Proposition 4.2. �

Example 4.17 shows that the preceding result is false without the assumption
on k. Corollary 4.23 and Theorem 4.12 together imply that the constituents of
R(A, k) are its irreducible components, provided k has characteristic zero.

Corollary 4.24. If k has characteristic zero, and RΓ(A) and RΓ′(A) are
distinct constituents of R(A), then RΓ(A) ∩RΓ′(A) = 0.

Proof. Suppose a ∈ RΓ(A) ∩RΓ′(A). The set Z(a) = {b ∈ A1 | ab = 0} is a
linear space, and is contained inR(A). By Theorem 4.22, Z(a) contains bothRΓ(A)
and RΓ′(A), contradicting the assumption that they are distinct constituents �

If k has positive characteristic, distinct constituents of R(A) may have non-
trivial intersection, as the following example from [128] shows.

Example 4.25. Let A be the arrangement with defining polynomial

Q(x, y, z) = (x+ y + z)(x+ y − z)(x− y − z)(x− y + z)(x− z)x(x+ z)z.

This is a deletion of the reflection arrangement of type B3, the celebrated deleted
B3 arrangement of A. Suciu [304]. Label the hyperplanes of A according to the
order of factors in the expression above. The underlying matroid is pictured in
Figure 4.25.

Figure 4.2. The matroid of the deleted B3 arrangement

Let k be a field of characteristic two. The deletions A \ H5 and A \ H7 are
copies of the non-Fano arrangement, and thus yield two 3-dimensional non-local
components of R(A, k), as in Example 4.16. These components are determined by
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the neighborly partitions Γ1 = 145|2|3|6|8 and Γ2 = 237|1|4|6|8, respectively, with
RΓi

(A, k) = KΓi
for i = 1, 2. One can check KΓ1 ∩ KΓ2 is the plane spanned by

λ1 = (0, 1, 1, 0, 0, 1, 0, 1) and λ2 = (1, 0, 0, 1, 0, 1, 0, 1). See [128, Example 4.3] for
details.

4.4. Nets and multinets

We continue our focus on the degree-one resonance variety over the field k = C.
While studying necessary conditions on arrangements for having these varieties,
we can intersect our arrangement with a general position subspace of dimension
three, obtaining a rank three arrangement that has the same degree-one resonance
variety as the initial arrangement. Thus it is no loss to restrict our discussion to
arrangements of rank three. Let us remark however that the resonance varieties of
arrangements of rank higher than three form a much smaller class than those of
rank three. Relevant results can be found in [257].

In the foregoing discussion of resonance varieties, the Orlik-Solomon algebra A
was treated as an abstract algebra, given by generators and relations. In the rest of
the chapter we will also use the concrete version of A as an algebra of differential
forms on the complement M . We will sketch the results of [135], which gave a com-
plete characterization of the arrangements which support components of resonance
varieties, in both combinatorial and geometric terms. The combinatorial descrip-
tion involves an enhancement of neighborly partition called a multinet. The lines of
A are assigned integer multiplicities, and partitioned into at least three equinumer-
ous classes (counting multiplicities), satisfying certain incidence conditions. This
structure in turn is shown to arise from a pencil of curves on CP2 whose singular
elements are products of the linear forms (with multiplicities) corresponding to the
classes.

4.4.1. Pencils of curves. We begin with a brief primer on pencils of projec-
tive plane curves. For us a curve C in CP2 is a homogeneous polynomial f(x, y, z),
up to nonzero constant multiple. We do not assume that f is reduced. Then C
may be identified with the zero locus of f , with a positive integer multiplicity at-
tached to each irreducible component; in other words, C is an effective divisor on
CP2. A curve f is completely reducible if f is a product of (not necessarily distinct)
homogeneous linear forms.

A pencil π of degree d curves is a one-dimensional projective subspace of the
projective space of all plane curves of degree d. Each curve in π is its f iber. Let f1
and f2 be two distinct curves in π. Then

(4.19) π =
{
af1 + bf2 | [a : b] ∈ CP1

}
.

The base locus B of π is the set of points in CP2 common to all curves in the
pencil. Thus B = {f1 = 0} ∩ {f2 = 0}. A positive-dimensional component of B is
called an embedded component of π. We only consider pencils with no embedded
components, so that the base locus is a finite set of points.

Any point [x : y : z] ∈ CP2 \ B lies on a unique curve in π, corresponding to
[a : b] = [−f2(x, y, z) : f1(x, y, z)]. Thus π consists of the fibers of the rational
map π = [−f2(x, y, z) : f1(x, y, z)] : CP2

 CP1, whose indeterminacy locus is B.
Conversely, any rational map π : CP2

 CP1 determines a pencil. We will refer to
pencils of curves and the corresponding rational maps interchangeably.
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The indeterminacy of the rational map π is resolved by (iteratively) blowing
up CP2 at the points of the base locus. Thus there is a surface S and regular maps
p : S → CP2 and π̂ : S → CP1 such that p restricts to an isomorphism S \p−1(B)→
CP2\B and π̂ = π◦p on S\p−1(B). Each fiber of π̂ contains the corresponding fiber
of π as a Zariski-dense subset. For a more complete exposition of this material, see
[161] or [167].

The singular fibers of π are the fibers over singular values of the map π. By
Bertini’s Theorem (or the implicit function theorem), the nonsingular fibers are
indeed smooth away from the base locus.

The following notion plays an important role in the proof of Theorem 4.31
below.

Definition 4.26. The pencil π is connected if for some choice of resolution
p : S → CP2, the corresponding map π̂ has connected fibers.

To motivate the main theorem, we present two examples.

Example 4.27. We return to the D3 arrangement of Example 4.14, adopting
the notation of that example. The neighborly partition Γ = {{1, 2}, {3, 4}, {5, 6}}
corresponds to a factorization of the defining polynomial Q(x, y, z) into homoge-
neous quadrics: Q(x, y, z) = (x2 − y2)(x2 − z2)(y2 − z2). The three factors are
collinear in the projective space of quadrics:

(4.20) (x2 − y2)− (x2 − z2) + (y2 − z2) = 0.

In fact, they are the singular fibers in the pencil of quadrics

ax2 + by2 + cz2 = 0, [a : b : c] ∈ CP2, a+ b+ c = 0.

The base locus consists of four points [±1 : ±1 : 1], corresponding to the flats in
XΓ. The corresponding rational map, [x2−y2 : x2−z2] : CP2

 CP1, restricts to a
regular map Φ: M → C, where C = CP1 \{[1 : 0], [0 : 1], [1 : 1]} is the set of regular
values. This map is a fibration, with fiber a nonsingular quadric with four points
removed. (The local triviality follows from Thom’s second isotopy lemma—see
[135].)

We have H1(C) ∼= C2 with generators represented by the forms τ1 = dz
z and

τ2 = d(z−1)
z−1 , where z is a standard affine coordinate on C. The product τ1 ∧ τ2

vanishes for dimensional reasons. The pullbacks

Φ∗(τ1) = d log(x2− y2)−d log(x2− z2) and Φ∗(τ2) = d log(x2− z2)−d log(y2− z2)

are the one-forms corresponding to the resonant weights (1, 1,−1,−1, 0, 0) and
(0, 0,−1,−1, 1, 1). (In the latter case this holds because of the relation 4.20.) These
weights have the form ui − uj where u1 = (1, 1, 0, 0, 0, 0), u2 = (0, 0, 1, 1, 0, 0),
u3 = (0, 0, 0, 0, 1, 1) are positive vectors spanning the kernel of Q = JTJ − E as in
the proof of Theorem 4.22.

Example 4.28. Consider the reflection arrangement of type B3, with defining
polynomial

Q(x, y, z) = x(y + z)(y − z)y(x+ z)(x− z)z(x+ y)(x− y).
Ordering the hyperplanes according to the order of the linear factors above, the
decomposition Q = Q1 ⊕ Q2 ⊕ Q3 of Q into indecomposables corresponds to the
neighborly partition Γ = {{1, 2, 3}, {4, 5, 6}, {7, 8, 9}}. The kernel of Qi is spanned
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by the positive vector (2, 1, 1) for each i. Then the weights u1, u2, u3 correspond to
the one-forms d log(x2(y2− z2)), d log(y2(x2− z2)), d log(z2(x2− y2)), respectively.
It is natural to consider the lines x = 0, y = 0, and z = 0, each with multiplicity
two, and assign to A the non-reduced defining polynomial

Q̃(x, y, z) = x2(y + z)(y − z)y2(x+ z)(x− z)z2(x+ y)(x− y).
The partition Γ corresponds to the factorization of Q̃ into three quartics, which

are again collinear in the projective space of quartics:

x2(y2 − z2)− y2(x2 − z2) + z2(x2 − y2) = 0.

So there is a pencil of quartics, corresponding to the rational map π = [x2(y2−z2) :

y2(x2−z2)] : CP2
 CP1, with three singular fibers given by the factors of Q̃ above.

There are seven base points: [±1 : ±1 : ±1], [1 : 0 : 0], [0 : 1 : 0], and [0, 0, 1], which
correspond to the flats in XΓ. If we count multiplicities, each block of Γ consists of
four lines, and each flat of XΓ contains the same number of lines from each block:
the last three contain two lines from each block. The restriction π|M : M → C
maps M to the complement of [1 : 0], [0 : 1], and [1 : 1] in CP1, and resonant pairs
of one-forms in RΓ(A) are obtained by pulling back generators of H1(C).

Again in this case the three singular fibers that make up
⋃
H∈AH are the

only singular fibers. So π|M is a fibration. Since the two generating curves have
multiplicity two at the three points [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], the fiber of π|M
is a quartic with nodes at these three points, (hence genus zero), with the nodes
removed.

4.4.2. Multinets. In light of the preceding example, we consider multiar-
rangements (A,m) where m : A → Z>0 assigns a positive integer multiplicity mH

to each H ∈ A.

Definition 4.29. Let (A,m) be a multiarrangement with rk(A) = 3. A (k, d)-
multinet on (A,m) is a partition A1 ∪ · · · ∪ Ak of A into k ≥ 3 blocks, together
with a set X of rank-two lattice elements, satisfying

(1)
∑

H∈Ai
mH = d, independent of i;

(2) For every H ∈ Ai and H ′ ∈ Aj , with i 6= j, H ∩H ′ is in X ;
(3) For eachX ∈ X , the sum nX =

∑
H∈Ai,H⊃X mH is constant, independent

of i.
(4) For each 1 ≤ i ≤ k, and for any H,H ′ ∈ Ai, there is a sequence of

H = H0, ℓ1, . . . , Hr = H ′ such that Hj−1 ∩Hj 6∈ X for 1 ≤ j ≤ r.
(5) The multiplicities m(H) are mutually relatively prime.

Note, if (1)–(4) are satisfied, then (5) can be accomplished by dividing all
multiplicities by their greatest common divisor, and (1)–(4) still hold. Condition
(4) says that the blocks Ai are connected, in a sense. Partitions satisfying only
(1)–(3) above are called weak multinets. Note that the partition determines the set
X , via (2) and (3). We refer to X as the base locus, for reasons to become clear
shortly. A multinet on an ordinary arrangement A (with all multiplicities equal to
one) for which nX = 1 for all X ∈ X is called a (k, d)-net, see [341].

The partitions appearing in Examples 4.27 and 4.28 determine multinets. In
fact the partition in the first example is a (3, 2)-net. In the second example, the
coordinate planes are assigned multiplicity two, and the partition determines a
(3, 4)-multinet. The base locus X consist of seven elements corresponding to the
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seven points given in the example; the multiplicity nX is equal to two for X on
the coordinate planes, and is equal to one otherwise. The connectivity condition is
easy to confirm by hand.

4.4.3. Pencil of Ceva type. As in those examples, multinets are the combi-
natorial manifestation of special kinds of rank-one pencils of degree d curves.

Definition 4.30. A pencil of Ceva type is a connected pencil π : CP2 → CP1,
with no embedded components, having at least three completely reducible fibers.

Recall the convention: if RΓ(A) is a component of R(A), then Γ is the partition
of A corresponding to the decomposition Q1⊕· · ·⊕Qk of QΓ into indecomposables
(see Lemma 4.19). Denote this partition by Π = {A1, . . . ,Ak}.

Theorem 4.31. The following are equivalent:

(i) RΓ(A,C) is a component of R(A, C) with support equal to A.
(ii) For some m : A → Z>0, Γ and X = XΓ define a multinet on (A,m).
(iii) The blocks of Γ express A as the union of the completely reducible fibers

in a pencil of Ceva type.

Proof. (i) ⇒ (ii). Assume RΓ(A) is a component of R(A). Write QΓ =
Q1 ⊕ · · · ⊕ Qk with Qi indecomposable of affine type, and k ≥ 3. Let ui be a
positive integer vector spanning the kernel of Qi. Let si be the sum of the entries
in ui, and let d be the least common multiple of s1, . . . , sk. Replacing ui by d

si
ui,

we may assume that si = d for all i, and that the entries of u1, . . . , uk have no
common divisor greater than 1. Then define m : A → Z>0 by assigning to H ∈ A
the corresponding entry of ui, where H ∈ Ai. Then, by construction, condition (1)
of Definition 4.29 holds.

Suppose now that H and H ′ belong to different blocks of Π. Then the (H,H ′)
entry of Q is zero, whence the (H,H ′) entry of JTJ is 1. This implies some X ∈ X
is in both H and H ′, i.e., H ∩H ′ ∈ X .

Then, for every i, j, the vector ui − uj lies in the kernel of E, hence also in the
kernel of J , since ker(Q) ∩ ker(E) = ker(J) ∩ ker(E). This implies that condition
(3) holds. Thus (Γ,X ) is a weak (k, d)-multinet.

To prove (4) we note that the indecomposable blocks Q1, . . . , Qk of Q are
precisely the restrictions of Q to the connected components of Γ. So, if H,H ′ ∈
Ai for some i then the pair (H,H ′) indexes an entry in Qi, an indecomposable
component of Q. Thus there is a path in Γ from H to H ′, i.e., there is a sequence
H = H0, H1, . . . , Hr = H ′ such that Hj−1 ∩Hj 6∈ X for 1 ≤ j ≤ q. By condition
(2), already proven, each Hj is in Ai. Thus (4) holds, and (Γ,X ) is a multinet.

(ii) ⇒ (iii). For each H ∈ A choose a linear functional αH with kernel H and
put Ci =

∏
H∈Ai

αmH

ℓ . Denote by π the pencil of degree d curves determined by
C1, C2. One needs to prove that every Ci is a linear combination of C1 and C2

and π is connected. We will prove these statements for the case where the multinet
(Γ,X ) is a net and refer the reader to [135] for a more involved proof of the general
case.

So assume the multinet (Γ,X ) is a net, i.e., mH = 1 for every H ∈ A, and
every X ∈ X is a simple point on every curve Ci. Then every triple (C1, C2, Ci)
with i = 3, . . . , k satisfies the condition of [152, Proposition 5.5.1(1)]; thus, the
first statement follows immediately from the Fundamental Max Noether theorem.
Furthermore, since every X ∈ X is simple on Ci, the proper transform of Ci after
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blowing up the points in X is connected. This proper transform is a fiber of a
regular map π̃ : S → CP1 that is the lift of π to the blowup of CP2 at all points of
X . Now the Stein factorization theorem (see for instance [167], Corollary III.11.5)
implies that all the fibers of π̃ are connected, i.e., π is connected.

(iii) ⇒ (i). Here we denote by Ci, i = 1, . . . , k, all the completely reducible
fibers of a Ceva pencil π of degree d plane curves. Write Ci =

∏
α
mij

ij , where αij is
a linear functional and mij is a positive integer, and denote by Ai the arrangement

of lines Hij with i fixed and Hij defined in CP2 by the equation αij = 0. Notice
that since the base of π is finite {A1, . . . ,Ak} is a partition of A =

⋃
iAi.

Now we define k − 1 elements ai in the degree one component of the Orlik-
Solomon algebra A of A by putting

ai =
dCi
Ci
− dCk

Ck
,

for i = 1, . . . , k − 1. Having expressed every Ci (i = 2, . . . , k − 1) as a linear
combination of C1 and Ck, one easily obtains aiaj = 0 for arbitrary i and j. Also
note that the set {a1, . . . , ak−1} is linearly independent; indeed, for each i, the
support of ai in terms of the standard basis {eij} does not lie in the union of the
supports of the other aj . Thus, these elements span an isotropic subspace of A1 of
dimension k− 1. If this subspace could be extended to a larger isotropic subspace,
then, by the other parts of the proof, the pencil π would have more completely
reducible fibers, contradicting the construction. �

4.5. Bounds on dimH1(A, a)

One of the applications of Theorem 4.31 is to find a strong uniform upper bound
on the dimension of the first resonance components, and thus on dimH1(A, a). To
do this we follow the Dissertation [302] and the paper [?].

Theorem 4.32. Let k be the number of the completely reducible fibers of a Ceva
pencil of degree d > 1. Then k ≤ 4.

The condition d > 1 is necessary. Indeed a pencil of lines consists of all lines
passing through a point p and every fiber of this pencil is completely reducible.
For arrangements, the case d = 1 corresponds to local components of resonance
varieties whose dimensions are not uniformly bounded.

This theorem immediately implies the following corollary.

Corollary 4.33. For every arrangement, the maximal possible dimension of
every non-local component of the first resonance variety is three and dimH1(A, a) ≤
2 for every element a ∈ A1 from a non-local component .

Before we prove the theorem we need to study the Hessians of the fibers of a
Ceva pencil.

Let π be a Ceva pencil of plane curves (i.e., homogeneous polynomials in three
indeterminates of degree d (d > 1) defined up to non-zero multiplicative constants).
We assume from the beginning that π has at least four completely reducible fibers
Fi, i = 1, 2, 3, 4. We denote the base of the pencil by B; it follows from the
conditions on π that B is finite and |B| > 1. Choosing the fibers F1 and F2 as
generators we have Fi = λiF1+µiF2, i = 3, 4, for some [λi : µi] ∈ P1. For symmetry,
we put (λ1, µ1) = (1, 0) and (λ2, µ2) = (0, 1). We also put F (λ, µ) = λF1 + µF2.
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Now we study the family parametrized by [λ : µ] ∈ CP1 of the Hessians of the
polynomials F (λ, µ). Let us recall that the Hessian of a homogeneous polynomial
of three variables x, y, z is the polynomial H(F ) that is the determinant of the
3× 3-matrix of the second derivatives of F . The points of F = 0 where H(F ) = 0
are either multiple points or flexes, see for instance [152]. In particular, H(F ) is
divisible by F if F is completely reducible. Also H(F ) is identically zero if and
only if F = 0 is the union of concurrent lines.

We put H(λ, µ) = H(F (λ, µ)). Notice that H(λ, µ) is a homogeneous polyno-
mial of degree 3d − 6 in the variables x, y, z, whose coefficients are cubic forms in
λ and µ.

Lemma 4.34. For every [λ : µ] ∈ P1, the curve H(λ, µ) passes through every
point p ∈ B.

Proof. For a fixed p ∈ B, the polynomial H(λ, µ) evaluated at p is a cubic
form in λ and µ that has at least four zeros at (λi, µi). Thus this form is identically
0, which implies the statement. �

Lemma 4.34 is false for pencils with just three completely reducible fibers. In
fact, we need a much stronger statement than Lemma 4.34: we need to check that
the triple (F1, F2, H(λ, µ)) satisfies at any p ∈ B the conditions of the Max Noether
Fundamental Theorem ([152, p. 120]). Then we will be able to apply that theorem.
For that, we need to discuss the multiplicities of the base points at the fibers of the
pencil.

Fix a point p ∈ B, and without any loss assume that p = [0 : 0 : 1]. Then the lo-
cal ringOp(CP2) may be identified with C(x,y)[x, y]. Also for any homogeneous poly-

nomial F in the variables x, y, z, put F ∗ = F (x, y, 1) and write F ∗ =
∑

i≥m F
(i),

where F (i) is the homogeneous component of degree i of F ∗, and F (m) 6= 0. Here
the non-negative integer m = mP (F ) = multP (F ) is the multiplicity of p on F .
The curve F (m) in CP2 is the union of concurrent lines with some multiplicities,
and each of these lines is a tangent line at p to F .

For the rest of this section, any time we fix a point p ∈ B, we assume that
p = [0 : 0 : 1].

Lemma 4.35. With notation as above,

(i) The multiplicity mp(F ) of any point p ∈ B is the same on any fiber F .
(ii) No two fibers have a common tangent line at any point p ∈ B.

Proof. (i) Fix a point p ∈ B and suppose there are fibers J and K such
that m = mp(J) < mp(K). Then since J and K linearly generate all fibers,
we have mp(F ) = m for every fiber F different from K. Moreover, since the
number of the completely reducible fibers is at least four, there exist two fibers,
say F1 and F2, among the completely reducible ones different from K. Since for
a completely reducible fiber F the polynomial F (m) is the product of all factors

(with their multiplicities) of F that pass through P , we conclude that F
(m)
1 and

F
(m)
2 are linearly independent over C. Hence F (m) 6= 0 for every fiber F , and this

contradicts the assumption about K.
(ii) Suppose there exist fibers J and K and a linear form α such that α divides

J (m) and K(m), where m = mp(F ) for every fiber F . Then α divides F (m) for every
fiber F , in particular, for completely reducible fibers F1 and F2. This implies that
α divides F1 and F2, which contradicts the assumption about B. �
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Next we study the multiplicity of the Hessians at the base points. First we
record a simple general lemma.

Lemma 4.36. Let P = [0 : 0 : 1] be a point, F a plane curve of degree d that is
not the union of lines passing all through P , and m = mP (F ) > 1. Let H = H(F )
be the Hessian of F . Then mP (H) = 3m− 4 and F (m) divides H(3m−4).

Proof. It is clear from the definitions that mP (H) ≥ 3m − 4, and also
H(3m−4)z3(d−m)−2 = H(G), where G = F (m)zd−m. Notice that by the condi-
tion on F we have d − m ≥ 1. Thus the curve G is a union of non-concurrent
lines, and so G divides its Hessian, which is not identically zero. Both statements
follow. �

Remark 4.37. Notice that the previous lemma can be applied to every fiber
F of π and to every point p ∈ B with mp(F ) > 1. Indeed, if F were the union
of lines passing through p, then p would have been the only point in B, which is
impossible by the conditions imposed on π.

Now we can prove what we need.

Lemma 4.38. For all [λ : µ] ∈ P1, Noether’s conditions (see [152]) are satisfied
for (F1, F2, H(λ, µ)) at every p ∈ B.

Proof. Fix [λ : µ] ∈ P1. There are three cases to consider.
Case 1. mp(Fi) = 1, for i = 1, 2. The claim follows from Lemma 4.34 and [152,

Proposition 5.5.1(1)].
Case 2. m = mP (Fi) ≥ 3, for i = 1, 2. Then mp(F (λ, µ)) = m by Lemma 4.35,

whence by Lemma 4.36 mp(H(λ, µ)) = 3m− 4 ≥ 2m− 1. The claim follows from
[152, Proposition 5.5.1(3)].

Case 3. mp(Fi) = 2, for i = 1, 2. By Lemma 4.36 mp(H(λ, µ)) = 2 also. Since
no readily available criterion applicable to this case is known to us, we need to
work with Noether’s conditions directly. To simplify notation, put F = F (λ, µ)
and H = H(λ, µ). It suffices to prove that H∗ ∈ (F ∗

1 , F
∗
2 ) in C(x,y)[x, y]. Using

Lemma 4.36 again we see that there exists c ∈ C∗ such thatH(2) = c(λF
(2)
1 +µF

(2)
2 ).

Now put H1 = H − cFz2d−6 and notice that mp(H1) ≥ 3. Thus for F1, F2, H1 the
criterion from [152, Proposition 5.5.1(3)] holds, whence H∗

1 ∈ (F ∗
1 , F

∗
2 ) in the local

ring C(x,y)[x, y]. Since this inclusion holds trivially for H∗ −H∗
1 , we are done. �

Remark 4.39. Let us briefly discuss the simple case d = 2. First of all, every
point of the base must have multiplicity equal to one on any fiber. Indeed, if a point
p has multiplicity two (the maximum possible) on F1, then p is the only point of B,
which creates a contradiction (cf. the previous remark). Thus |B| = 4, which means
that all the special fibers are completely reducible and the union of all completely
reducible fibers forms a (k, 2)-net, for some k > 2. It is an easy property of nets
that the only (k, 2)-net (up to linear isomorphism) is the (3, 2)-net from Example
4.27, see for instance [341, p. 1617]. Because of this, we will assume for the rest of
this section that d ≥ 3.

Now we are ready to prove an important result about the family of the Hessians.
Recall that for each completely reducible fiber F the Hessian H(F ) is divisible by F
and put H(Fi) = CiFi for i = 1, 2, 3, 4 where each Ci is a homogeneous polynomial
of degree 2d− 6.



4.5. BOUNDS ON dimH1(A, a) 85

Theorem 4.40. There exist homogeneous polynomials A and B of degree 2d−6
in x, y, z, whose coefficients are homogeneous cubic polynomials in λ and µ such
that H(λ, µ) = AF1 + BF2, for all [λ : µ] ∈ P1. Moreover, these polynomials can
be chosen so that

(4.21) A(λi, µi) = λiCi and B(λi, µi) = µiCi, for i = 1, . . . , 4.

Proof. First of all, Lemma 4.38 allows us to apply the Max Noether Fun-
damental Theorem which implies the following: For every (λ, µ) ∈ C2 there exist
homogeneous polynomials A = A(λ, µ), B = B(λ, µ) ∈ C[x, y, z] of degree 2d − 6
such that H(λ, µ) = AF1 +BF2.

Now we prove the statement, namely that A and B can be chosen depending
polynomially on λ and µ and satisfying conditions (4.21). For that, we use ele-
mentary linear algebra over a polynomial ring. Indeed the coefficients of A and B
are solutions of a finite system Σ of linear equations whose coefficients are complex
numbers (in fact, the coefficients of the polynomials F1 and F2), and the right-
hand sides are values of cubic forms in λ and µ (the coefficients of the polynomials
H(λ, µ)). It follows from the previous paragraph that this system is consistent for
each values of λ and µ. This implies that reducing the coefficient matrix of Σ to a
row echelon form one can skip the zero rows and moving the free-variables columns
to the right-hand side obtain an equivalent system Σ′ with a square non-degenerate
matrix of scalar coefficients.

Now we take care of the free variables. To get a solution that depends polyno-
mially on λ and µ, it is enough to choose the free variables depending on parameters
as arbitrary homogeneous cubic polynomials. We want however to find a special
solution satisfying the ‘boundary’ conditions (4.21) at the special values of the
parameters. Since the conditions (4.21) give a solution of the system Σ′ for these
special values of the parameters, there are values of the free variables corresponding
to them. Thus, for each free variable there exists a (unique) cubic form admitting
each of these special values at the respective special value of the parameters. Now
combining cubic forms in the right-hand side and using Cramer’s rule, we obtain a
solution with the required properties. �

Remark 4.41. If d ≤ 5, the solution of the system Σ is unique, whence it is
automatically polynomial and satisfies conditions (4.21). In this case there are no
free variables. If however d > 5, then one can easily find non-polynomial solutions
by choosing free variables depending non-polynomially on the parameters.

Theorem 4.40 has the following corollary.

Corollary 4.42. The homogeneous polynomial H(λ, µ) = H(F (λ, µ)) is given
by

H(λ, µ) = DλF1 + EµF2,

where D and E are forms of degree 2d−6 in x, y, z whose coefficients are quadratic
forms in λ and µ. Moreover, D(λ, 0) = λ2C1, E(0, µ) = µ2C2, and D(λi, µi) =
E(λi, µi) = Ci for i = 3, 4.

In fact, we can say more about the forms D and E.

Proposition 4.43. In Corollary 4.42, we also have D(0, 1) = uC2 and E(1, 0) =
vC1, for some u, v ∈ C.
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Proof. We prove that the polynomial D(0, 1) is proportional to E(0, 1). Then
the first formula will follow from Corollary 4.42, while the second one can be proved
similarly.

Consider the pencil G(a, b) = aD(0, 1) + bE(0, 1). It is projective (see [62,
p. 32]) to the degenerate pencil generated by 0 and F2. By the Chasles theorem
(ibid.) the correspondence G(a, b)↔ aF2 is one-to-one, which is impossible unless
D(0, 1) and E(0, 1) are proportional. �

Corollary 4.44. The polynomials D and E can be expressed in terms of C1

and C2 as follows:

D(λ, µ) = λ2C1 + λµX + uµ2C2,(4.22)

E(λ, µ) = vλ2C1 + λµY + µ2C2,

where X and Y are some forms in x, y, z of degree 2d− 6.

We are now ready to prove the property of the pencil of the Hessians we need
to prove Theorem 4.32.

Proposition 4.45. There exists a form C of degree 2d− 6 in x, y, z and qua-
dratic forms P and Q in λ and µ such that

(4.23) H(λ, µ) = C(PλF1 +QµF2),

for all (λ, µ) ∈ C2.

Proof. Assume without any loss that C1 and C2 are not identically zero.
Recalling that D(λi, µi) = E(λi.µi) for i = 3, 4 and using Corollary 4.44, we obtain
the equalities

λiµi(X − Y ) = C1λ
2
i (v − 1) + C2µ

2
i (1 − u),(4.24)

for i = 3, 4. Since λiµi 6= 0 for i = 3, 4 and also λ3µ4 − λ4µ3 6= 0, we can eliminate
Y −X to obtain

(4.25) (v − 1)λ3λ4C1 = (1− u)µ3µ4C2.

The equalities v = u = 1 would imply that X = Y , whence D = E and F (λ, µ)
divides H(λ, µ) for all [λ : µ]. Since this is impossible for generic fibers, the equality
(4.25) implies that C1 and C2 are proportional. Since we used about F1 and F2

only that they are completely reducible we can change the basis of the pencil and
extend this statement to an arbitrary pair (Ci, Cj), i 6= j. Choosing C = C1 we see
that every Ci is proportional to C.

Then consider again the equalities (4.22) and (4.23). Plugging in λ = λ3 and
µ = µ3 yields (together with Corollary 4.42) that X and Y are proportional to C
and after factoring out C we obtain (4.23). �

Now we are ready to proof Theorem 4.32.

Proof. Since for each completely reducible fiber its Hessian is divisible by the
fiber the respective values of λ and µ form a root of the polynomial

R(λ, µ) = P (λ, µ)λµ−Q(λ, µ)λµ

of degree four. If there are five such fibers then R is identically zero whence

H(λ, µ) = P (λ, µ)CF (λ, µ),

which is impossible for generic (λ, µ). �
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Theorems 4.31 and 4.32 imply in particular that (k, d)-multinets do not exist for
k > 4. There are many not linearly isomorphic multinets and even nets for k = 3,
see [341]. Generalizing the method used above for upper bounds, it is possible
to prove that every multinet with k = 4 must be a net, see [?]. The only known
example of such a net is the (4, 3)-net determined by the neighborly partition on
the Hesse arrangement from Example 4.17. It is possible to prove that any (4, 3)-
net is isomorphic (perhaps with conjugation) to this net and no (4, d)-nets exist for
3 < d ≤ 8. The question about the existence of (4, d)-nets with d > 8 is still open.

4.6. Higher-degree resonance

Starting with p = 2, little is known about the varieties Rp. Besides the the-
orems from Section 4.1 about cohomology vanishing in general position, there are
only two general results, which we outline in this section.

4.6.1. Propagation of resonance. The first result about the higher reso-
nance varieties of arrangements is the following “propagation” theorem.

Theorem 4.46. Let A be a central arrangement in Cℓ. Suppose a ∈ A1 satisfies
Hp(A, a) 6= 0, for some p < ℓ; then Hq(A, a) 6= 0, for every p < q ≤ ℓ. Equivalently,
Rp(A) ⊂ Rq(A), for every such p and q .

Although the statement is very elementary, the only known proof of this theo-
rem is somewhat involved, and so we are sending the reader to the original paper
of Eisenbud, Popescu, and Yuzvinsky [110]. There is however a simple proof found
by J. Pereira (personal communication) for the special case when p = 1.

Proof. Assume that a ∈ A1 satisfies H1(A, a) 6= 0 and Hq(A, a) = 0, for
some q > 1. Let b ∈ A1 \ Ca with ab = 0. Since a and b can be identified with
some rational one-forms, there exists a rational function h such that b = ha. This
immediately implies that the cocycle spaces for a and b in all degrees r coincide:
Zra = Zrb . In particular, this is true for r = p − 1 and r = p. Since by assumption
Bpa = Zpa , where Bpa is the space of coboundaries of degree p for a, we obtain
Bpa = Bpb .

Now consider the isomorphisms φa, φb : A
p−1/Zp−1

a → Bpa, given by multi-
plication with a and b, respectively, and the automorphism φ = φ−1

a φb of C =
Ap−1/Zp−1. If c ∈ Ap−1 is such that its projection to C is an eigenvector of φ, then
we have bc = λac for some λ ∈ C∗. But since also bc = hac, we have h = λ, which
contradicts the choice of b. �

4.6.2. The singular variety. The second result is a description of the sub-
space of A1 consisting of all a such that H∗(A, a) 6= 0. Due to propagation of
resonance, this condition is equivalent to Hℓ(A, a) 6= 0, where ℓ is the highest
degree of the Orlik-Solomon algebra.

In fact, the subspace we are looking for is a particular case of an invariant of a
module over the exterior algebra E. Let X be such a module. An element a ∈ E1 is
said to be singular on X if the set of elements of X annihilated by a is not the same
as aX . The set sing(X) of singular elements is an algebraic subset of E1, called
the singular variety of X . We refer to Aramova, Avramov, and Herzog [7] for a
discussion, but note that the term rank variety is used there instead of singular
variety. These authors prove, among other things, that the dimension of sing(X) is
the complexity of X , defined as the exponent of growth of the Betti numbers of X .
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For finitely generated modules over an exterior algebra, this notion of complexity
plays a role analogous to that of projective dimension for finitely generated modules
over a polynomial ring.

In order to compute the singular variety of the Orlik-Solomon algebra of an
arrangement A as a module over E, we need to recall some basic notions. Recall
that the product A1×A2 of arrangements Ai in Cℓi is the arrangementA in Cℓ1+ℓ2
consisting of the hyperplanes H ×Cℓ2 for H ∈ A1 and the hyperplanes Cℓ1 ×H for
H ∈ A2. Any arrangement can be expressed uniquely as the product of irreducible
arrangements. The following remark shows that, in order to compute the singular
variety of A, it suffices to treat the irreducible case.

Proposition 4.47. The Orlik-Solomon algebra of a product A = A1 × A2 of
two arrangements is given by A(A) = A(A1) ⊗K A(A2), the tensor product in the
category of graded skew-commutative K-algebras. Thus,

singA(A) = singA(A1)× singA(A2).

Proof. A minimal dependent set of hyperplanes in A, or a minimal set with
empty intersection, comes from a similar set either in A1 or in A2, proving the
first statement. The second statement follows because A(A)1 is the direct sum of
the corresponding spaces for A1 and A2. A linear form x = (x1, x2) is singular for
A(A) if xi is singular on A(Ai), for both i = 1 and 2. �

Now we are ready to prove the second main result of this section.

Theorem 4.48. Let A be an irreducible hyperplane arrangement.

(1) If A is noncentral then the singular variety of A is A1 = E1.
(2) If A is central then the singular variety of A is the hyperplane of A1

spanned by the elements eH − eH′ , with H,H ′ ∈ A.

Proof. If the singular variety of A does not contain an element e ∈ A1, then A
is a free module over the subring K[e]/e2. It follows that the Poincaré polynomial
1 + t of K[e]/e2 divides the Poincaré polynomial π(A, t) of A.

On the other hand, as shown in [66] (see also [284, Sect. 2]), if B is an irre-
ducible central arrangement with deconing A, then

π(A(B), t)/(1 + t)|t=−1 6= 0.

It follows that in this case the singular variety of A contains every element of degree
1. In particular, if A is an irreducible noncentral arrangement, we may apply this
observation to B = cA. Part (1) follows.

If now A is an irreducible central arrangement, then the singular variety of A
is equal to the singular variety of A(dB), which implies the result. �

From 4.48 and 4.47 we obtain the general case.

Corollary 4.49. The singular variety of the Orlik-Solomon algebra A of an
arrangement A is the linear subspace of A1 given by the system of equations

∑

H∈Aj

xH = 0

(one for each central factor Aj), with respect to the canonical basis {eH}H∈A. In
particular, the codimension of singA(A) equals the number of central factors in an
irreducible decomposition of A.



CHAPTER 5

Fundamental Group

In this chapter, we study a basic topological invariant associated to an arrange-
ment: the fundamental group of the complement. After some preparatory material,
we describe a procedure for finding a (finite) presentation for such a group. We end
with a discussion of some of the qualitative properties of arrangement groups.

5.1. Fundamental group and covering spaces

We start with a quick review of two basic notions in Topology: fundamental
groups and covering spaces. For a detailed treatment, see Munkres [231]; for a
faster introduction, see Hatcher [168].

Let X be a space, with basepoint x0 ∈ X . The fundamental group π1(X,x0) is
the set of homotopy classes of loops in X , based at x0, with multiplication defined
by concatenation of loops, identity the constant loop at x0, and inverse of a loop
the loop traversed backwards. If X is path-connected, and x0 and x1 are two
basepoints, then π1(X,x0) ∼= π1(X,x1).

Example 5.1. The fundamental group of the circle S1 = {z ∈ C | |z| = 1} is
isomorphic to the (additive) group of integers

(5.1) π1(S
1, s0) ∼= Z.

The isomorphism takes the homotopy class [γ] of a loop γ based at s0 = 1 to its
winding number,

∫
γ dz/z.

The construction is functorial: if f : X → Y is a continuous map, then f
induces a homomorphism, f♯ : π1(X,x0)→ π1(Y, f(x0)), given by [γ] 7→ [f ◦ γ]. An
important property is homotopy invariance: if f and g are homotopic maps, then
f♯ and g♯ coincide, up to an isomorphism of π1(Y ). In particular, if X and Y are
homotopy equivalent spaces, then π1(X) and π1(Y ) are isomorphic.

More generally, one may define homotopy groups πn(X,x0) for all n ≥ 1, as
homotopy classes of maps (Sn, s0)→ (X,x0). For n ≥ 2, these groups are abelian,
and enjoy the same naturality and homotopy invariance properties.

A useful technique for computing fundamental groups is the following theorem,
due to Seifert and van Kampen.

Theorem 5.2. Let X = U ∪V be an open cover. Assume U , V , and U ∩V are
all path-connected, and pick a basepoint x0 ∈ U ∩V . Then π1(X,x0) is the pushout
of the following square of inclusion-induced homomorphisms,

π1(U ∩ V, x0)
i∗ //

j∗

��

π1(U, x0)

l∗

��
π1(V, x0)

k∗ // π1(X,x0)

89



90 5. FUNDAMENTAL GROUP

The Seifert–van Kampen Theorem can be restated in terms of group presen-
tations, as follows. Suppose π1(U, x0) = 〈u | r〉 and π1(V, x0) = 〈v | s〉, while
π1(U ∩ V, x0) is generated by w = {wα}. Then

(5.2) π1(X,x0) = 〈u, v | r, s, i∗(wα)j∗(w
−1
α )〉.

As a simple application, suppose (X,x0) and (Y, y0) are pointed spaces, and let
X ∨Y be their wedge sum, i.e., the space obtained from the disjoint sum X

∐
Y by

identifying x0 and y0, and endowing the result with the quotient topology. If both
basepoints are non-degenerate (i.e., they have neighborhoods that deform-retract
onto them), then the fundamental group of X ∨ Y (based at the wedge point, z0)
decomposes as the free product of the fundamental groups of the factors:

(5.3) π1(X ∨ Y, z0) ∼= π1(X,x0) ∗ π1(Y, y0)

Using (5.1) and (5.3), we obtain the following: if
∨n

S1 is the wedge sum of n
copies of the circle (also known as a bouquet of n circles), then π1(

∨n S1) = Fn,
the free group of rank n. This allows us to compute with no effort the fundamental
group of the complement of the simplest kind of hyperplane arrangement: the one
consisting of finitely many points in C. Removing n points from the complex line
yields a space which deform-retracts onto a bouquet of n circles. Thus,

(5.4) π1(C \ {n points}) = Fn.

Another useful technique for computing fundamental groups is to bring into
play the relation between the homotopy groups of base and total space in a covering
space. More generally, let p : E → B be a fibration, with B path-connected. Choose
basepoints b0 ∈ B and x0 ∈ F = p−1(b0).

Theorem 5.3. With notation as above, there is a long exact sequence

· · · // πn(F, x0) // πn(E, x0)
p♯ // πn(B, b0) // πn−1(F, x0) // · · ·

Now consider the case when p : E → B is a covering space (i.e., F is discrete),
and assume E is path-connected. Then, the above sequence breaks down into

isomorphisms p♯ : πn(E)
∼=−→ πn(B) for n ≥ 2, and a short exact sequence at the tail

end,

(5.5) 1 // π1(E, x0)
p♯ // π1(B, b0) // π0(F, x0) // 1 .

Thus, π1(E, x0) = ker(p♯) is a normal subgroup of π1(B, b0), of index equal to the
number of sheets in the cover.

5.2. The braid groups

We now review the braid groups, based on foundational work by Emil Artin
[10], and the books by Birman [22] and Hansen [166].

Let Bn be the group of braids on n strings. For each 1 ≤ i < n, let σi be the
“elementary” braid depicted in Figure 5.1.

�� ��
· · ·

����
· · ·

�� ��

1 2 i i+1 n−1 n

Figure 5.1. The elementary braid σi ∈ Bn
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The braid group Bn is generated by the elementary braids σ1, . . . , σn−1, subject
to the relations

σiσi+1σi = σi+1σiσi+1 for 1 ≤ i < n− 1,

σiσj = σjσi for 1 ≤ i < j − 1 < n− 1.

The group Bn acts on the free group Fn = 〈x1, . . . , xn〉 via the Artin representation
αn : Bn → Aut(Fn), given by

(5.6) σi(xj) =





xixi+1x
−1
i if j = i,

xi if j = i+ 1,

xj otherwise.

As shown by Artin, this representation is faithful (i.e., the homomorphism αn is
injective).

Let Pn = ker(Bn → Sn) be the subgroup of braids with trivial permutation of
the strings. This group has generators

(5.7) Aij = σj−1 · · ·σi+1σ
2
i σ

−1
i+1 · · ·σ−1

j−1

for 1 ≤ i < j ≤ n. The pure braid group acts on the free group Fn by restricting
the Artin representation. Explicitly:

(5.8) Aij(xr) =





xr if r < i or r > j,

xixrx
−1
i if r = j,

xixjxrx
−1
j x−1

i if r = i,

[xi, xj ]xr [xi, xj ]
−1 if i < r < j.

The group Bn may be realized as the mapping class group Mn
0,1 of orientation-

preserving diffeomorphisms of the disk D2, permuting a collection of n marked
points. Upon identifying π1(D

2 \ {n points}) with the free group Fn, the action
of Bn on π1 yields the Artin representation, αn : Bn → Aut(Fn). As showed by
Artin, this representation is faithful. Hence, we may—and often will—identify a
braid θ ∈ Bn with the corresponding braid automorphism, αn(θ) ∈ Aut(Fn).

5.3. Polynomial covers and Bn-bundles

Following the treatment from Cohen and Suciu [55], we begin by reviewing
polynomial covering maps. These were introduced by Hansen in [165], and studied
in detail in his book [166], which, together with Birman’s book [22], is our basic
reference for this section. We then consider bundles whose structure group is Artin’s
braid group Bn, and relate them to polynomial n-fold covers.

LetX be a path-connected space that has the homotopy type of a CW-complex.
A simple Weierstrass polynomial of degree n is a map f : X × C→ C given by

(5.9) f(x, z) = zn +

n∑

i=1

ai(x)z
n−i,

with continuous coefficient maps ai : X → C, and with no multiple roots for any
x ∈ X . Given such f , the restriction of the first-coordinate projection map pr1 : X×
C→ X to the subspace

(5.10) E = E(f) = {(x, z) ∈ X × C | f(x, z) = 0}
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defines an n-fold cover π = πf : E → X , the polynomial covering map associated
to f .

Since f has no multiple roots, the coefficient map a = (a1, . . . , an) : X → Cn
takes values in the complement of the discriminant set, Bn = Cn \ ∆n. Over
Bn, there is a canonical n-fold polynomial covering map πn = π

fn
: E(fn) → Bn,

determined by the Weierstrass polynomial

(5.11) fn(x, z) = zn +

n∑

i=1

xiz
n−i.

Clearly, the polynomial cover πf : E(f) → X is the pull-back of πn : E(fn) → Bn

along the coefficient map a : X → Bn:

(5.12) E(f) //

πf

��

E(fn)

πn

��
X

a // Bn

This can be interpreted on the level of fundamental groups as follows. The
fundamental group of the configuration space, Bn, of n unordered points in C is
the Artin braid group Bn. The map a determines the coefficient homomorphism
a = a∗ : π1(X) → Bn, unique up to conjugacy. One may characterize polynomial
covers as those covers π : E → X for which the characteristic homomorphism to
the symmetric group, χ : π1(X) → Σn, factors through the canonical surjection
τn : Bn → Σn as χ = τn ◦ a.

Now assume that the simple Weierstrass polynomial f is completely solvable,
that is, factors as

(5.13) f(x, z) =
n∏

i=1

(z − bi(x)),

with continuous roots bi : X → C. Since the Weierstrass polynomial f is simple,
the root map b = (b1, . . . , bn) : X → Cn takes values in the complement, Pn, of the
braid arrangement

(5.14) An = {ker(wi − wj)}1≤i<j≤n.
Over Pn, there is a canonical n-fold covering map, qn = π

Qn
: E(Qn) → Pn,

determined by the Weierstrass polynomial Qn(w, z) = (z − w1) · · · (z − wn). Evi-
dently, the cover πf : E → X is the pull-back of qn : E(Qn) → Pn along the root
map b : X → Pn:

(5.15) E //

πf

��

E(Qn)

qn

��
X

b // Pn

The fundamental group of the configuration space, Pn, of n ordered points in
C is the group, Pn = ker τn, of pure braids on n strands. The map b determines the
root homomorphism β = b∗ : π1(X)→ Pn, unique up to conjugacy. The polynomial
covers which are trivial covers (in the usual sense) are precisely those for which the
coefficient homomorphism factors as α = ιn◦β, where ιn : Pn → Bn is the canonical
injection.
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Now let f : X×C→ C be a simple Weierstrass polynomial. Let πf : E(f)→ X
be the corresponding polynomial n-fold cover, and a : X → Bn the coefficient map.
Consider the complement

(5.16) Y = Y (f) = X × C \ E(f),

and let p = pf : Y (f)→ X be the restriction of pr1 : X × C→ X to Y .

Theorem 5.4 (Cohen-Suciu [55]). The map p : Y → X is a locally trivial
bundle, with structure group Bn and fiber Cn = C \ {n points}. Upon identifying
π1(Cn) with Fn, the monodromy of this bundle may be written as αn ◦ α, where
α = a∗ : π1(X)→ Bn is the coefficient homomorphism.

Moreover, if f is completely solvable, the structure group reduces to Pn, and
the monodromy factors as αn ◦ ιn ◦ β, where β = b∗ : π1(X) → Pn is the root
homomorphism.

Proof. We first prove the theorem for the configuration spaces, and their
canonical Weierstrass polynomials. Start with X = Pn, f = Qn, and the canonical
cover qn : E(Qn)→ Pn. Clearly, Y (Qn) = Cn+1 \E(Qn) is equal to the configura-
tion space Pn+1. Let ρn = p

Qn
: Pn+1 → Pn be the restriction of pr1 : Cn×C→ Cn.

As shown by Fadell and Neuwirth [116], this is a bundle map, with fiber Cn, and
monodromy the restriction of the Artin representation to Pn.

Next, considerX = Bn, f = fn, and the canonical cover πn : E(fn)→ Bn. For-
getting the order of the points defines a covering projection from the ordered to the
unordered configuration space, κn : Pn → Bn. In coordinates, κn(w1, . . . , wn) =
(x1, . . . , xn), where xi = (−1)isi(w1, . . . , wn), and si are the elementary symmetric
functions. By Vieta’s formulas, we have

(5.17) Qn(w, z) = fn(κn(w), z).

Let Y n+1 = Y (fn) and pn = pfn
: Y n+1 → Bn. By the above formula, we see that

κn × id : Pn × C → Bn × C restricts to a map κ̄n+1 : Y (Qn) → Y (fn), which fits
into the fiber product diagram

(5.18) Pn+1
ρn //

κ̄n+1

��

Pn

κn

��
Y n+1

pn // Bn

where the vertical maps are principal Σn-bundles. Since the bundle map ρn : Pn+1 →
Pn is equivariant with respect to the Σn-actions, the map on quotients, pn : Y n+1 →
Bn, is also a bundle map, with fiber Cn, and monodromy action the Artin repre-
sentation of Bn. This finishes the proof in the case of the canonical Weierstrass
polynomials over configuration spaces.

Now let f : X × C → C be an arbitrary simple Weierstrass polynomial. We
then have the following cartesian square:

(5.19) Y //

p

��

Y n+1

pn

��
X

a // Bn

In other words, p : Y → X is the pullback of the bundle pn : Y n+1 → Bn along
the coefficient map a. Thus, p is a bundle map, with fiber Cn, and monodromy
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representation αn ◦α. When f is completely solvable, the bundle p : Y → X is the
pullback of ρn : Pn+1 → Pn along the root map b. Since α = ιn◦β, the monodromy
is as claimed. �

Remark 5.5. Let us summarize the above discussion of braid bundles over
configuration spaces. From the Fadell-Neuwirth theorem, it follows that Pn is a
K(Pn, 1) space. Since the pure braid group is discrete, the classifying Pn-bundle

(in the sense of Steenrod) is the universal cover P̃n → Pn. We considered two
bundles over Pn, both associated to this one:

(i) qn : E(Qn)→ Xn, by the trivial representation of Pn on {1, . . . , n};
(ii) ρn : Pn+1 → Pn, by the (geometric) Artin representation of Pn on Cn.

Since Bn is covered by Pn, it is a K(Bn, 1) space, and the classifying Bn-bundle is

B̃n → Bn. There were three bundles over Bn that we mentioned, all associated to
this one:

(iii) κn : Xn → Bn, by the canonical surjection τn : Bn → Σn;
(iv) πn : E(fn) → Bn, by the above, followed by the permutation representa-

tion of Σn on {1, . . . , n};
(v) pn : Y n+1 → Bn, by the (geometric) Artin representation of Bn on Cn.

Finally, note that π1(Y
n+1) is isomorphic to B1

n = Fn ⋊αn
Bn, the group of braids

on n+1 strands that fix the endpoint of the last strand, and that Y n+1 is a K(B1
n, 1)

space.

5.4. Braid monodromy and fundamental group

In this section, we describe a procedure for finding a finite presentation for
the fundamental group of the complement of an arrangement, G(A) = π1(X(A)).
The information encoded in the intersection lattice is not a priori enough; we need
slightly more information, encoded in the braid monodromy of the arrangement. As
shown by Cohen and Suciu [55], the resulting presentation is Tietze-I equivalent to
the presentations of Randell [265] and Arvola [14].

For an increasingly ordered set I = {i1, . . . , ir} ⊂ [n], let Ǐ = {i1, . . . , ir−1},
and let

(5.20) AI = Ai1i2Ai1i3Ai2i3Ai1i4Ai2i4Ai3i4 · · ·Ai1ir · · ·Air−1ir

be the braid in Pn which performs a full twist on the strands corresponding to I,
leaving the other strands fixed.

Now choose a generic linear projection p : C2 → C, and a point y0 ∈ C, with
Re(y0)≫ 0. Let l0 be the line p−1(y0). Label the lines li and the vertices vq so that
Re(p(v1)) > · · · > Re(p(vs)) and Re(l0 ∩ l1) < · · · < Re(l0 ∩ ln). Pick a basepoint
ỹ0 ∈ C2 so that ỹ0 ∈ l0, but ỹ0 /∈ li. Let xi be the meridian loops to li, based at
ỹ0, and oriented compatibly with the complex orientations of li and C2. There are
then pure braids

(5.21) a1 = Aδ1I1 , . . . , as = Aδs

Is
,

where ab := b−1ab, such that G = G(A) has braid monodromy presentation

(5.22) G = G(a1, . . . , as) := 〈x1, . . . , xn | αq(xi) = xi for i ∈ Ǐq and q ∈ [s]〉.
The conjugating braids δq may be obtained as follows. In the case where A is

the complexification of a real arrangement, each vertex set Iq gives rise to a partition
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[n] = I ′q ∪ Iq ∪ I ′′q into lower, middle, and upper indices. Let Jq = {i ∈ I ′′q | min Iq <

i < max Iq}. Then δq is the subword of the full twist A12...n =
∏n
i=2

∏i−1
j=1 Aji,

given by

(5.23) δq =
∏

i∈Iq

∏

j∈Jq

Aji,

see [173, 64, 55]. In the general case, the braids δq can be read off a “braided
wiring diagram” associated to A and the projection p, see [55] for further details.

l1

l2

l3

l4

v1

v2

v3

v4

I1
•

2
•/
//
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��
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��
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4
•/
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//
//
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/

I4
•

��
��
��
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Figure 5.2. An arrangement of 4 lines in C2 and its intersection poset

Example 5.6. Here is a simple example which illustrates the procedure. Let
A be the arrangement of 4 lines in C2 defined by QA = z(z − y)(z + y)(2z −
y + 1). The lines l1, l2, l3, l4, together with the vertices v1, v2, v3, v4 are depicted
in Figure 5.2. The intersection lattice is also shown. Take p : C2 → C to be the
projection p(y, z) = y, and choose y0 = 2. The corresponding braid monodromy

generators are: a1 = A23, a2 = AA23
13 , a3 = A124, a4 = A34. Replacing a2 by

a1a2a
−1
1 = A13 gives an equivalent presentation for G = π1(X(A)). We obtain:

G = G(A23, A13, A124, A34)

=

〈
x1, x2, x3, x4

∣∣∣∣
x1x2x4 = x4x1x2 = x2x4x1,
[x1, x3] = (x2, x3) = (x4, x3) = 1

〉

∼= F2 × Z2.

Example 5.7 (X3 arrangement). Consider the arrangement in C3 defined by
the polynomial Q = xyz(y + z)(x− z)(2x+ y).

1

2

3

45

Figure 5.3. The deconed arrangement X3

The fundamental group of the complement of the decone has presentation

G∗ = G(A34, A24, A14, A12, A135, A
A35
25 )

=

〈
x1, . . . , x5

∣∣∣∣
x1x3x5 = x5x1x3 = x3x5x1,
[x1, x2] = [x1, x4] = [x2, x4] = [x3, x4] = [x2, x5] = 1

〉
.
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5.5. Fox calculus and Alexander invariants

Consider a finitely-presented group G, with presentation G = 〈x1, . . . , xn |
r1, . . . , rm〉. Let XG be the 2-complex modelled on this presentation, X̃G its uni-

versal cover, and C∗(X̃G) its augmented cellular chain complex. Picking as genera-

tors for the chain groups the lifts of the cells of XG, the complex C∗(X̃G) becomes
identified with

(5.24) (ZG)m
∂2=

„

∂ri

∂xj

«φ

// (ZG)n

∂1=

0

@

x1 − 1
· · ·

xn − 1

1

A

// ZG
ǫ // Z // 0 ,

where ǫ is the augmentation map, φ : Fn → G is the projection associated to the
presentation, and ∂

∂xj
: ZFn → ZFn are the Fox derivatives, defined by the rules

(5.25)
∂1

∂xj
= 0,

∂xi
∂xj

= δij ,
∂(uv)

∂xj
=

∂u

∂xj
ǫ(v) + u

∂v

∂xj
.

As a consequence of these rules, one has ∂v−1

∂xj
= − ∂v

∂xj
, for u ∈ Fn. Hence, ∂(uv−1)

∂xj
=

∂u
∂xj
− ∂v

∂xj
.

Example 5.8. Let G = 〈x1, x2 | x1x2x1 = x2x1x2〉. We compute:

∂r

∂x1
=
∂(x1x2x1)

∂x1
− ∂(x2x1x2)

∂x1
= 1 + x1x2 − x2,

∂r

∂x2
=
∂(x1x2x1)

∂x2
− ∂(x2x1x2)

∂x2
= x1 − 1− x2x1.

Thus, the equivariant chain complex (5.24) takes the form:

ZG

“

1− x2 + x1x2 −1 + x1 − x2x1

”

// (ZG)2

0

@

x1 − 1
x2 − 1

1

A

// ZG
ǫ // Z // 0 .

Exercise 5.9. Compute the equivariant chain complex of G = 〈x1, x2, x3 |
x1x2x3 = x3x1x2 = x2x3x1〉.

For simplicity, assume thatH1(G) ∼= Zn. Let ab: G→ Zn be the abelianization
map, and set ti = ab(xi). This choice of generators for Zn identifies the group ring
ZZn with the ring of Laurent polynomials Λn = Z[t±1

1 , . . . , t±1
n ] The Alexander

matrix of G is the m × n matrix AG, with entries in Λn, obtained by abelianizing
the Fox Jacobian of G (see [146, 22]):

(5.26) AG = Jab
G .

Let ψ : Λn → Z[[λ1, . . . , λn]] be the ring homomorphism given by ψ(ti) = 1−λi
and ψ(t−1

i ) =
∑

q≥0 λ
q
i , and let ψ(h) be its homogeneous part of degree h. Since

H1(G) ∼= Zn, the entries of AG are in the augmentation ideal I = (t1−1, . . . , tn−1),
and so ψ(0)AG is the zero matrix. The linearized Alexander matrix of G is the m×n
matrix

(5.27) Alin
G = ψ(1)AG,

obtained by taking the degree 1 part of the Alexander matrix. Its entries are
integral linear forms in λ1, . . . , λn. As noted in [221], the coefficient matrix of Alin

G
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can be interpreted as the augmented Fox Hessian of G:

(5.28) (Alin
G )i,j =

n∑

k=1

ǫ
( ∂2ri
∂xk∂xj

)
λk.

Now let A be an arrangement, with |A| = n, L2(A) = {I1, . . . , Is}, and

braid monodromy generators αq = A
δq

Iq
∈ Pn. The Alexander matrix of G(A) =

G(a1, . . . , as) can be computed directly from the Gassner representation of the braid
monodromy generators, whereas the linearized Alexander matrix can be computed
directly from the intersection lattice:

(a) The Gassner representation of the pure braid group, Θ: Pn → GL(n,Λn),
is defined by

(5.29) Θ(a) =

(
∂a(xi)

∂xj

)ab

.

(b) The matrix AG is obtained by stacking the matrices Θ(a1) − id, . . . ,
Θ(as)− id, and selecting the rows corresponding to Ǐ1, . . . , Ǐs.

(c) The matrix Alin
G is obtained by stacking the matrices Alin

I1
, . . . , Alin

Is
, where

(5.30) (Alin
I )i,j = δj,I

(
λi − δi,j

∑

k∈I
λk

)
, for i ∈ Ǐ and j ∈ [n].

and δj,I = 1 if j ∈ I, and 0 otherwise.

Example 5.10. For the “near-pencil” of 4 lines in Example 5.6, the Alexander
matrix, and its linearization, are as follows:

A =




t1(t2t4 − 1) t1(1− t1) 0 t1t2(1− t1)
1− t2 t1t2(t4 − 1) + t1 − 1 0 t1t2(1− t2)

t1(t3 − 1) 0 t1(1 − t1) 0
0 t2(t3 − 1) t2(1 − t2) 0
0 0 t3(t4 − 1) t3(1− t3)



,

Alin =




−λ2 − λ4 λ1 0 λ1

λ2 −λ1 − λ4 0 λ2

−λ3 0 λ1 0
0 −λ3 λ2 0
0 0 −λ4 λ3



.

5.6. The K(π, 1) problem and torsion-freeness

5.6.1. Aspherical arrangements. An arrangement A is called an aspheri-
cal arrangement if the complement M = M(A) is aspherical, i.e., the homotopy

groups πi(M) vanish, for all i ≥ 2 (equivalently, the universal cover M̃ is con-
tractible). In this case, M is an Eilenberg-MacLane space of type K(G, 1), where
G = π1(M), and so the homotopy type of the complement is completely determined
by its fundamental group.

Examples of aspherical arrangements include fiber-type arrangements (Falk-
Randell [130]) and simplicial arrangements (Deligne [72]). On the other hand, as
shown by Hattori [169], generic arrangements are never aspherical, except in some
very special cases.

In [123], M. Falk gave a combinatorial test (the “weight test”) for asphericity,
in the case of complexified 3-arrangements. The test relies on the construction of a
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2-dimensional CW-complexK, which has the homotopy type ofM . This complex is
a modified version of the Salvetti complex, and is built from information extracted
from the real picture of the arrangement. The asphericity test (based on Gersten’s
weight test, and work of Stallings on triangles of groups) involves assigning positive
real numbers around each vertex of the real diagram of the arrangement, so that
certain conditions are satisfied.

Using Falk’s weight test, L. Paris showed that complexified, factored 3-arrange-
ments are always aspherical.

5.6.2. Rational K(π, 1) arrangements.

5.6.3. Torsion-freeness. A group G is said to be torsion-free if it has no
element of finite order, besides the identity.

Question 5.11 (Orlik). Let G be an arrangement group. Is G torsion-free?

As is well-known, if a group G admits a finite-dimensional K(G, 1), then G
is torsion-free. Thus, if A is an aspherical arrangement, then its group, G(A), is
torsion-free.

5.7. Residual properties

Let P be a class of groups. Following P. Hall, a group G is said to be residually
P if, for every 1 6= g ∈ G, there is an epimorphism φ : G ։ H onto a group H ∈ P
such that φ(g) 6= 1. In other words, every non-trivial element of G is detected in a
quotient from P .

A related, yet stronger property, is as follows. A group G is fully residually P
if, for every finite subset S ⊂ G, there is an epimorphism φ : G ։ H onto a group
H ∈ P such that φ restricts to an injection on S. In this section, we discuss several
important cases of this notion, in the context of arrangement groups.

5.7.1. Residually finiteness and profinite completion. Let us writeH ≤f
G for a finite-index subgroup of G, and similarly H ⊳f G for a normal, finite-index
subgroup. Define the profinite completion of G as the inverse limit

(5.31) Ĝ := lim←−
H⊳fG

G/H,

and let ιG : G → Ĝ the canonical homomorphism defined by ιG(g) = {gH}. The
following result is well-known.

Proposition 5.12. For a group G, the following are equivalent:

(1) G is residually finite.
(2)

⋂
H:H≤fG

H = {1}.
(3)

⋂
H:H⊳fG

H = {1}.
(4) ιG is injective.

The geometric motivation for this notion is as follows. Suppose X is a path-
connected space, with fundamental group G = π1(X,x0). Then G is residually
finite if and only if any non-nullhomotopic loop at x0 can be realized as a non-
trivial deck-transformation in a finite, regular cover of X .

Let G be a finitely generated group. Then G is residually finite if and only if it
is Hopfian, i.e., every epimorphism G ։ G is an isomorphism. The automorphism
group Aut(G) is again residually finite. And, finally, G has solvable word problem.
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Groups admitting faithful linear representations are residually finite. Well-
known examples of residually finite groups are the finitely generated free groups
Fn, the surface groups π1(Σg), and the Artin braid groups Bn. It is also known
that all 3-manifold groups are residually finite. On the other had, infinite simple
groups are obviously not residually finite.

An old question attributed to J.-P. Serre asks whether fundamental groups of
complex algebraic varieties are residually finite. In [316], D. Toledo answered this
question, by producing examples of smooth projective varieties with non-residually
fundamental groups. With these examples and counterexamples in mind, it is
natural to raise the following question.

Question 5.13. Let G be an arrangement group. Is G residually finite?

Question 5.14 (Suciu). Is the profinite completion of an arrangement group
combinatorially determined? In other words, if A and A′ are two arrangements

with L(A) ∼= L(A′), is it true that Ĝ(A) ∼= Ĝ(A′)?

A related property of groups was introduced by J.-P. Serre in [292], and was
studied in detail by Grunewald, Jaikin-Zapirain, and Zalesskii in [162]. A group

G is said to be good if the induced homomorphism ι∗G : H∗(Ĝ,M) → H∗(G,M)
is an isomorphism, for every G-module M that is finite as a set. Goodness is
preserved under direct products, and is invariant under commensurability. The
finitely generated free groups Fn, the braid groups Bn, and the pure braid groups
Pn are all good. This naturally leads to the following question.

Question 5.15 (Suciu). Are arrangement groups good?

5.7.2. Residual nilpotency. IfG is a non-trivial, residually torsion-free nilpo-
tent group, then G is indicable.

In [132], Falk and Randell showed that fundamental groups of fiber-type ar-
rangements (in particular, the pure braid groups Pn) are residually (torsion-free)
nilpotent. This naturally leads to the following question.

Question 5.16. Let G be an arrangement group.

(1) Is G residually nilpotent?
(2) Is G residually torsion-free nilpotent?

By way of comparison, it is known that the braid groups of closed surfaces are
not always residually nilpotent. On the other hand, the pure braid groups of closed
surfaces are residually torsion-free nilpotent.

5.7.3. Residual freeness.

5.7.4. Virtual properties. A group G is said to be virtually P if G possesses
a finite-index subgroup H ≤f G such that H belongs to the class P .





CHAPTER 6

Lie Algebras attached to arrangements

6.1. Lie algebras

6.1.1. Definition, examples, LCS and derived series. Multiplication in
a ring A is an associative operation; if we remove this hypothesis and assume only
that multiplication is bilinear, then the resulting object is a non-associative algebra.

Fix a field k of characteristic 0.

Definition 6.1. A Lie algebra g is a nonassociative algebra, such that the
bilinear multiplication (denoted [·, ·], and called the (Lie) bracket) satisfies

• skew symmetry: [x, x] = 0
• Jacobi identity: [x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0

For example, if V is a finite-dimensional k–vector space, then End(V ) becomes
a Lie algebra if we define [M,N ] = MN − NM . More generally, if A is any
associative algebra, we obtain a Lie algebra Lie(A) by defining a product in this
way.

Definition 6.2. For any k–algebra A, associative or non-associative, a deriva-
tion (or k–derivation) is a homomorphism D of k–modules, D : A → A, satisfying
the Leibnitz rule:

D(ab) = aD(b) + bD(a)

Denote the set of all derivations by Der(A); it is a k–module. In fact, Der(A) can be
given the structure of a Lie algebra, using the construction above: [D1, D2] (ab) =
D1(D2(ab))−D2(D1(ab)).

6.1.2. Graded Lie algebras, free Lie algebra. Most of the Lie algebras we
will encounter, will have an additional structure—a grading, which is compatible
with the Lie bracket.

Definition 6.3. A graded Lie algebra is a graded vector space g =
⊕

k≥1 gk,

endowed with a Lie bracket [·, ·] satisfying

[gk, gm] ⊂ gk+m.

An important example is a free Lie algebra, which is defined as a Lie algebra
satisfying a universal property.

Definition 6.4. The free Lie algebra on a set B is the unique Lie algebra L(B)
such that any Lie algebra g and k–module map from a free k–module on B to g

extends uniquely to a homomorphism of Lie algebras L(B)→ g.

This is a graded Lie algebra, with grading given by bracket length.

101
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Example 6.5. If B is a finite set with 3 elements{x, y, z}, then a basis for L(B)
is:

bracket length i = 1 2 3 · · ·
basis of L(B)i = x [x, y] [x, [x, y]]

y [x, z] [x, [x, z]]
z [y, z] [y, [x, y]]

[y, [x, z]]
[y, [y, z]]
[z, [x, y]]
[z, [x, z]]
[z, [y, z]]

For n ∈ N, let µ(n) denote the Möbius function

µ(n) =





0 if n has repeat factors

1 if n = 1

(−1)k if n has k distinct prime factors.

Then the free Lie algebra on p generators has

1

m

∑

n|m
µ(n)pm/n

monomials of degree m.

6.1.3. LCS and derived series.

Definition 6.6. An ideal of a Lie algebra g is a k–submodule h ⊆ g such that
[g, h] ⊆ h. An ideal is itself a Lie algebra.

Clearly, [g, g] is an ideal, written g2, and if we define gn =
[
gn−1, g

]
, we obtain

a chain of ideals called the lower central series:

g ⊇ g2 ⊇ g3 ⊇ · · ·
Definition 6.7. A Lie algebra is nilpotent if some gn = 0.

A second important series associated with g is the derived series:

g ⊇ g(2) = [g, g] ⊇ g(3) =
[
g(2), g(2)

]
⊇ · · ·

Definition 6.8. A Lie algebra is solvable if some g(n) = 0.

put some examples here

6.1.4. Universal enveloping algebra and PBW. If g is a Lie algebra, then
the universal enveloping algebra U(g) is an associative algebra which “envelops” g

g
i→֒ U(g),

and possessing a universal property: for any associative algebra A and homomor-

phism g
k→ A, there exists a unique map U(g)

j→ A such that ji = k. As Weibel
notes in [325], the construction of U(g) from g is similar in spirit to the construc-
tion of the group ring from a group, and has similar consequences; for example the
category of g–modules is isomorphic to the category of U(g)–modules.
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Definition 6.9. The universal enveloping algebra U(g) of a Lie algebra g is
the quotient of the tensor algebra T (g) by the relations

x⊗ y − y ⊗ x− [x, y]

Notice that if g is an abelian Lie algebra (all brackets are zero), then this
construction produces a symmetric algebra. In the last section, we saw that an
arbitrary associative algebra A gives rise to a Lie algebra Lie(A). Let Lie denote
this functor; one can show ([325], Exercise 7.3.3) that the functors Lie and U are
adjoint:

HomLie(g,Lie(A)) ∼= Homk-alg(U(g), A)

The most important theorem relating g and U(g) is the Poincaré-Birkhoff-Witt
theorem:

Theorem 6.10 (Poincaré-Birkhoff-Witt). If ei are an ordered basis for g, then
eI with I an increasing sequence are an ordered basis for U(g).

example here

6.2. Quadratic algebras, Koszul algebras, duality

In this section we give an overview of quadratic algebras and their duals, and
also discuss Koszul algebras and Koszul duality. A good quick reference is Exercise
17.22 of [107], which we essentially reproduce in what follows. Let V be a finite
dimensional k–vector space, and T = T (V ) the tensor algebra on V . A two sided
ideal I ⊆ T (V ) is quadratic if it is generated by J ⊂ V ⊗ V ; in other words

I = T · J · T.
A quotient T/I is a quadratic algebra if I is quadratic.

Definition 6.11. If J ⊂ V ⊗ V , define

J⊥ = {a⊗ b ⊆ V ∗ ⊗ V ∗ | a(α) · b(β) = 0, ∀ α⊗ β ∈ J}
For a quadratic algebra R = T (V )/J , the quadratic dual is R⊥ = T (V ∗)/J⊥.

Example 6.12. Let V have basis {e1, . . . , en}, and consider the ideal J =
〈ei ⊗ ej − ej ⊗ ei〉. Then T (V )/J is the symmetric algebra Sym(V ). It is easy to
see that

J⊥ = 〈ei ⊗ ej + ej ⊗ ei, ei ⊗ ei〉
(ei ⊗ ei obviously superfluous if char(k) 6= 2). So Sym(V )⊥ = Λ(V ∗).

Let V have basis {e1, . . . , en}. Given a quadratic algebra A = T (V )/J , we
define the Priddy complex

P (A) : A // A⊗k A
⊥
1

// A⊗k A
⊥
2

// A⊗k A
⊥
3

// · · · ,
with differential given by

α 7→ α ·
n∑

i=1

ei ⊗ e∗i

By Exercises A3.28 and 17.22 in [107], it follows that A⊥ ∼= k⊗P (A); the cycles in
k⊗P (A) are a subalgebra of k⊗P (A) which maps onto Ext∗A(k, k); multiplication
in Ext∗A(k, k) is the Yoneda product.
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Definition 6.13. If M,N,P are R-modules, then the Yoneda product µ is a
map:

ExtnR(N,P )⊗R ExtmR (M,N)
µ // Extn+m

R (M,P ) .

Take a projective resolutions (Pi, di) for M and (Qi, δi) for N . An element of
ExtmR (M,N) is θ ∈ Hom(Pn, N) such that θ ◦ dm+1 = 0; and an element of
ExtnR(N,P ) is χ ∈ Hom(Qn, P ) such that χ ◦ δn+1 = 0. This gives a diagram:

Pm+1
dm+1 // Pm

dm //

θ
��

Pm−1
// · · ·

Qn+1
δn+1 // Qn

δn //

χ
��

Qn−1
// · · · // Q1

δ1 // Q0
π // N

P

Since Pm is projective, there is a map Pm
γm→ Q0 such that θ = π ◦ γm. Since

θ ◦ dm+1 = 0, we also have π ◦ γm ◦ dm+1 = 0, so that γm ◦ dm+1 maps Pm+1 to

the image of δ1. We obtain a map Pm+1
γm+1→ Q1 such that γm+1 ◦ dm+2 has image

contained in the image of δ2. Iterating the process yields a commuting diagram:

Pm+n+1
//

yyrrrrrr
Pm+n

//

xxrrrrrrr
· · · // Pm+1

dm+1 //

γm+1{{xxx
xx

x
Pm

dm //

θ
��γm{{ww

ww
ww

Pm−1
// · · ·

Qn+1
δn+1 // Qn

δn //

χ
��

Qn−1
// · · · // Q1

// Q0
π // N

P

The map Pm+n
γm+n→ Qn satisfies im(γm+n ◦ dm+n+1) ⊆ im(δn+1). In particular,

χ ◦ γm+n ◦ dm+n+1 = 0, so that χ ◦ γm+n represents a class in Extn+m
R (M,P ).

It follows from results of Löfwall (see [208]) that the map fromA⊥ to ExtA(k, k)

is injective, with image isomorphic to the “diagonal” Ext algebra
⊕

i ExtiA(k, k)i.

Definition 6.14. A quadratic algebra is Koszul if A⊥ ∼= Ext∗A(k, k). This is
equivalent to the condition that k has a minimal free resolution over A which is
linear; linear means that the resolution has the form:

· · · // Ab3(−3) // Ab2(−2) // Ab1(−1) // A // k // 0 .

Since k has a linear resolution over A, b0 = 1 and we have that

1 = HS(k, t) = HS(A, t) ·
∑

i≥0

(−1)ibit
i.

Combining this with the isomorphism A⊥ ≃⊕i≥0 ExtiA(k, k)i yields:

Theorem 6.15. If A is a Koszul algebra, then HS(A, t) ·HS(A⊥,−t) = 1.

Example 6.16. Continuing with Example 6.12, if V is an n-dimensional vector
space, then Koszul duality tells us that HS(Sym(V ), t) ·HS(Λ(V ),−t) = 1. As we
have seen that

HS(Sym(V ), t) =
1

(1− t)n , and HS(Λ(V ), t) = (1 + t)n,

this is indeed the case.
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6.3. Lie algebras attached to a group

To a finitely generated group G one can attach several graded Lie algebras,
reflecting some of the structure of the group: the associated graded Lie algebra,
the holonomy Lie algebra, and the Malcev Lie algebra. In this section, we discuss
each one of these constructions, and how they relate to each other.

6.3.1. The associated graded Lie algebra.

Definition 6.17. The lower central series (LCS) of G is a chain of normal
subgroups,

G = γ1G ⊲ γ2G ⊲ γ3G ⊲ · · · ,
defined inductively by γ1G = G, and for k ≥ 1,

γk+1G = [γkG,G].

Note that γk+1G is contained in the commutator subgroup of γkG. Thus, the
quotient group grk(G) := γkG/γk+1G is abelian. Moreover, since G is finitely
generated, grk(G) is also finitely generated. We will denote by

(6.1) φk(G) = rk grk(G)

the rank of the k-th LCS quotient of G.
Now fix a field k of characteric 0.

Definition 6.18. The associated graded Lie algebra of G is the graded vector
space

gr(G)⊗ k =
⊕

k≥1

grk(G)⊗ k,

with Lie bracket induced from the commutator in G.

6.3.2. The holonomy Lie algebra. Again, for a field k (not of characteristic
2 or 3) we may define the holonomy Lie algebra of a connected CW-complex X with
finite 1-skeleton to be the the free Lie algebra on H1(X, k), modulo the relations
imposed by the image of the dual of the cup product,

(6.2) H2(X, k)
∪∗

// H1(X, k) ∧H1(X, k) .

Denote this Lie algebra by hX . For a finitely generated group G, define hG =
hK(G,1). For a CW-complex X as above, with fundamental G = π1(X), it is readily
checked that hG = hX .

6.3.3. The Malcev Lie algebra and 1-formality.

6.4. The associated graded Lie algebra of an arrangement

Probably the most studied numerical invariants of an arrangement group G are
the ranks of its lower central series quotients, φk(G) = rk γkG/γk+1G. The impetus
came from the work of Kohno [195], who used rational homotopy theory to compute
φk(Pℓ), the LCS ranks of the braid arrangement group. Falk and Randell [130],
using more direct methods, established the celebrated LCS formula for the broader
class of fiber-type arrangements, expressing φk(G(A)) in terms of the exponents of
the arrangement A. Recent work by a number of authors has further clarified the
meaning of this formula, and greatly expanded its range of applicability.
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Let h = h(A) denote the rational holonomy Lie algebra of the complement
M(A). Since M(A) is formal, k(A) is isomorphic to gr(π1(M(A))).

Since the cup product for arrangements is well understood, the image of (6.2)
is easy to describe explicitly. Namely,

Proposition 6.19. For any arrangement A, the holonomy Lie algebra of M(A)
is given by the presentation

h ∼= 〈xH | [xH′ ,
∑

H∈X
xH ]〉

with one generator for each H ∈ A, and with one relation for each X ∈ L2(A), and
for each H ′ ∈ X.

6.4.1. The Koszul property. While the fibre-type arrangements were known
to be K(π, 1) spaces, Falk observed that the converse did not hold by means of an
explicit calculation with the D4 arrangement: that is, not every K(π, 1) arrange-
ment satisfied the LCS formula.

The paper of Shelton and Yuzvinsky [294] clarified the nature of the LCS for-
mula by showing that it holds for those arrangements whose Orlik-Solomon algebra
is Koszul. In particular, fibre-type arrangements have Koszul OS-algebras, and so
this recovers the LCS formula of Falk and Randell.

On the other hand, Papadima and Yuzvinsky [252] showed that the property of
an arrangement’s OS-algebra being Koszul (and hence satisfying the LCS formula)
was equivalent to the complement M(A) being not a K(π, 1) but a rational K(π, 1).
It became apparent that there were examples of arrangements whose complements
were rational K(π, 1) but not K(π, 1)’s, and vice-versa.

6.4.2. LCS resonance conjecture. In the late 1990s, tantalizing parallels
emerged to other, seemingly unrelated objects associated to the group G—namely,
its resonance varieties. In [303], the following conjecture was formulated, expressing
(under certain conditions) the ranks of the LCS quotients of G in terms of the
dimensions of the components of the (first) resonance variety of G.

Write R1(G,C) = L1 ∪ · · · ∪ Lq, and set dimLi = di.

Conjecture 6.20 (Resonance LCS formula, [303]). Suppose φ4(G) = θ4(G).
Then,

(6.3)

∞∏

k=2

(1 − tk)φk(G) =

q∏

i=1

1− dit
(1− t)di

,

for k sufficiently large.

The conjecture has been verified for two important classes of arrangements:
decomposable arrangements (essentially, those for which all components of R1

1(A)
arise from sub-arrangements of rank two), and graphic arrangements (i.e., sub-
arrangements of the braid arrangement); see [289, 249, 290, ?].

6.5. The Chen Lie algebra of an arrangement

Another direction was started by Cohen and Suciu [54, 57], with the study of
the ranks of Chen groups of arrangements, θk(G) = φk(G/G

′′). The θ-invariants
can provide stronger information than the φ-invariants, distinguishing, in some
cases, groups of fiber-type arrangements from the corresponding direct products of
free groups.
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6.5.1. The Chen ranks conjecture. Let A be a complex hyperplane ar-
rangement, with complement X . As shown by Schenck and Suciu [289], the Chen
ranks of G = π1(X) are equal to the graded Betti numbers of the linear strand in a
minimal, free resolution of the cohomology ring A = H∗(X, k), viewed as a module
over the exterior algebra E on A:

(6.4) θk(G) = dimk TorEk−1(A, k)k, for k ≥ 2,

where k is a field of characteristic 0.

Conjecture 6.21 (Chen ranks conjecture, [303]). For k sufficiently large,

(6.5) θk(G) = (k − 1)
∑

r≥1

hr

(
r + k − 1

k

)
,

where hr is the number of r-dimensional components of the projective resonance
variety R1(A).

Work from [289] on the resolution of A over E and equality (6.4) yield a proof
of the conjecture for graphic arrangements. In particular, this result recovers the
computation of the Chen ranks of the pure braid groups from [54].

Example 6.22. If A = A(Kn) is the braid arrangement in Cn, then G is
isomorphic to Pn, the pure braid group on n strings. Applying formula (7.25), we
find:

(6.6) θk(Pn) = (k − 1) ·
(
n+ 1

4

)
, for all k ≥ 3.

The Chen ranks of the pure braid groups were first computed in [54], using an
arduous Gröbner basis computation.

Using results on the geometry of R1(A) and a localization argument, Schenck
and Suciu [290] establish the inequality

(6.7) θk(G) ≥ (k − 1)
∑

r≥1

hr

(
r + k − 1

k

)
, for k ≫ 0,

for arbitrary A. They show that there is a polynomial P (t) of degree equal to the
dimension of R1(A), such that θk(G) = P (k), for all k ≫ 0.

The reverse inequality in (6.5) has an algebro-geometric interpretation in terms
of the sheaf on Cn determined by the linearized Alexander invariant. The conjec-
ture has been verified for two important classes of arrangements: decomposable
arrangements (essentially, those for which all components of R1

1(A) arise from sub-
arrangements of rank two), and graphic arrangements (i.e., sub-arrangements of
the braid arrangement); see [249, 290].

6.6. The homotopy Lie algebra of an arrangement

This is a subtlety of rational homotopy theory that arises because π1(M(A)) is
not nilpotent in general, and this hypothesis is essential to comparing the homotopy
groups of the rationalizationM(A) with the rationalized homotopy groups ofM(A).
Consequently, the higher homotopy groups of an arrangement complement are not
neatly determined by the cohomology ring A(A), even rationally. What is known
about them is surveyed in [246, 247, 93].
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1 2 3

4 5 6

7 8 9

Figure 6.1. The Ceva(3) matroid

On the other hand, there is an (algebraic) homotopy Lie algebra that is defined
in terms of the OS-algebra, generalizing the lower central series Lie algebra. Such
an object has been put to good use in the study of local algebras: for example,
see [17, 19]. In principle, it is determined by the underlying matroid. However, an
explicit description of this Lie algebra is known only in special cases, see [82]. The
homotopy Lie algebra of an arrangement need not be finitely presented, as recent
examples of J.-E. Roos [271] show. For homotopy Lie algebras of certain classes of
subspace arrangements, see [247, 82, 67].

6.7. Examples

Example 6.23.



CHAPTER 7

Free Resolutions and the Orlik–Solomon algebra

7.1. Introduction

This chapter is devoted to free resolutions involving the Orlik-Solomon algebra;
in particular the resolution of A and A∗ over the exterior algebra E, as well as the
resolution of k over A. To simplify notation, throughout this chapter, we will write

bij = dimk TorEi (A, k)j

b∗ij = dimk TorEi (A∗, k)j

b′ij = dimk TorAi (k, k)j

and call these the graded Betti numbers. We begin in §7.2 by studying the numbers
bij ; these numbers are computed from a minimal free E–resolution of A:

(7.1) P• : · · · //
⊕

j E
b2j (−j) //

⊕
j E

b1j (−j) // E // A // 0 ,

While determining the graded Betti numbers bij is an interesting problem in its
own right, further motivation is provided by a remarkable relation between these
numbers and the fundamental group.

As we saw in Chapter 6, associated to the fundamental group of an arrange-
ment complement there are certain graded Lie algebras. The ranks of the graded
components of these algebras are two series of integers, the Chen ranks θk and
the LCS ranks φk. In §7.4 and §7.5 we describe the relations between the Chen
and LCS ranks and homological invariants of the Orlik-Solomon algebra. If A is
an essential, central arrangement in Cℓ, with complement M(A), and fundamental
group G = π1(M(A)), then:

(7.2) θk(G) = dimk TorEk−1(A, k)k, for k ≥ 2.

The LCS ranks φk(G) are also computed from certain Tor groups, but in a
slightly more involved form:

(7.3)

∞∏

k=1

1

(1− tk)φk(G)
=

∞∑

i=0

dimk TorAi (k, k)it
i.

The point is that homological methods provide an alternative to the Lie-theoretic
perspective on θk(G) and φk(G).

Open Problem 7.1. Give a formula for the numbers bij and b′ij . Formulas
are known only for certain special classes of arrangements.

One important fact is that the regularity of A is bounded by the rank of A, so
bij = 0 if j ≥ i+ rkA. In Chapter 5, we observed that if H is a generic C3, then

G = π1(M(A)) ≃ π1(M(A)|H)

109
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Thus, if the primary objective is to use the homological approach to study the Chen
and LCS ranks of G, we can always restrict A to a generic C3, without changing
θk(G) and φk(G). The regularity bound means that in this case only bi,i+1 and
bi,i+2 may be non-zero.

In §7.3 we give a detailed treatment of the proof of [110] that A∗ ∼= annE(I)
has a linear free resolution over E:

(7.4) · · · // Er2(−a− 2) // Er1(−a− 1) // Er0(−a) // A∗ // 0 .

The proof involves tools of combinatorial commutative algebra. As a consequence of
this, Eisenbud-Popescu-Yuzvinsky also show that (as a complex of S–modules) the
Aomoto complex is exact; this follows from a powerful algebraic tool, the Bernstein-
Gelfand-Gelfand (BGG) correspondence.

In §7.4 we describe BGG and how it can be used to prove (7.2), and sketch
the proof of a tight asymptotic lower bound for these ranks. For certain classes of
arrangements the bk−1,k can be described, and so Equation (7.2) yields the Chen
ranks.

In the final section, we describe the connections between the LCS ranks φk(G)
and the numbers b′kk obtained from the minimal resolution of k over A. The genesis
of (7.3) is Kohno’s result [195] for the φk(G) of the pure braid arrangement in Cn:

(7.5)

∞∏

k=1

(1− tk)φk = P (M(A),−t) =

n−1∏

i=1

(1 − it),

where P (M(A), t) =
∑
bit

i is the Poincaré polynomial of the complement of M(A)
in Cn. In [130], Falk and Randell give a generalization to fiber-type arrangements,
i.e. those whose complement can be factored as a chain of linear fibrations with
fiber Fi ≃ C \ {p1, . . . , pik}. As shown by Terao in [312], this is equivalent to
supersolvability of A. Supersolvability is equivalent to the existence of a quadratic
Gröbner basis for A, which implies that A is Koszul. In [294], Shelton and Yuzvin-
sky interpret the LCS formula (7.3) in terms of Koszul duality.

If A is not Koszul, then there is no formula and no regularity bound for the
numbers b′ij ; compared to the numbers bij , they grow very quickly. In §7.5, we
relate the two sets of numbers using the change of rings spectral sequence. The
final section describes differential graded algebras and Sullivan’s construction of
the 1-minimal model of a DGA, which has a surprising connection to the spectral
sequence.

7.2. Resolution of the Orlik-Solomon algebra over the exterior algebra

We start with an examination of the minimal free resolution of the Orlik-
Solomon algebra over the exterior algebra. While no formula is known (in general)

for the numbers bij , the number b12 is obviously
(
b1
2

)
− b2, so is easy to obtain.

Taking this as our cue, we begin by studying the numbers bi,i+1; these numbers are
determined by the subcomplex

(7.6) F• : · · · // Eb34 (−4) // Eb23 (−3) // Eb12(−2)
φ // E // A // 0 ,

of the minimal free resolution. The map φ is determined by any minimal set
of generators for the quadratic component I2 of the Orlik-Solomon ideal I, and
subsequent differentials in the subcomplex are given by matrices of homogeneous
linear forms in E. We shall call F• the “2-linear strand” of the resolution.
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7.2.1. 2-linear Strand. As we saw in Chapter 1,

(7.7) dimAi = bi =
∑

X∈Li(A)

(−1)iµ(X),

Since I is generated in degree ≥ 2, we have

(7.8) b12 =

(
n

2

)
− b2 =

∑

X∈L2(A)

(
µ(X)

2

)
.

A is quadratic if b1j = 0 for j > 2. No explicit combinatorial formula for the
numbers b1j (j > 2) is known in general; but there is a regularity bound:

Lemma 7.2. Let A be an essential, central arrangement of rank ℓ. If j ≥ i+ ℓ,
then

TorEi (A, k)j = 0.

Proof. To study the free E-resolution of A, we may pass to a decone of A.
Let A′ = E′/I ′ be the OS-algebra of the decone. Then A′

j = 0, for j ≥ ℓ. The free
E′-resolution of k is linear, so after tensoring this resolution with A′, we obtain a
complex of modules with i-th term

⊕
A′(−i), which vanishes in degrees i+ ℓ and

higher. �

The importance of this is that the ith term in the free resolution P• of (7.1)
has generators only in degrees between i+ 1 and i+ ℓ − 1. Since


∑

i

(−1)i
∑

j

bijt
j


 · P (E, t) = P (A, t),

this means that if A consists of n hyperplanes in Cℓ, then

(7.9)

( ∞∑

i=0

ℓ−1∑

j=0

(−1)ibi,i+jt
i+j

)
· (1 + t)n =

ℓ∑

i=0

bit
i

We now examine certain very simple syzygies in the 2–linear strand, which arise
from those X ∈ L2(A) having µ(X) ≥ 2:

Example 7.3. Let A = {H0, H1, H2} be an arrangement of 3 lines through the
origin of C2. The Orlik-Solomon ideal is generated by ∂e012 = (e1− e2)∧ (e0− e2).
It is readily seen that the minimal free resolution of A over E is:

0← A←− E

“

∂e012

”

←−−−−−− F1

“

e1 − e2 e0 − e2

”

←−−−−−−−−−−−−−−− F2

0

@

e1 − e2 e0 − e2 0
0 e1 − e2 e0 − e2

1

A

←−−−−−−−−−−−−−−−−−−−−−−−− F3 ←−

· · · ←− Fi

0

B

B

B

@

e1 − e2 e0 − e2 0 · · · 0 0
0 e1 − e2 e0 − e2 · · · 0 0

0 0 0 · · · e1 − e2 e0 − e2

1

C

C

C

A

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− Fi+1 ←− · · ·

with Fi = Ei(−i− 1). Thus, bi,i+1 = i, for i ≥ 1, and bi,i+r = 0, for r > 1.

More generally, let A = {H0, . . . , Hn} be a central arrangement of n + 1 ≥ 3
hyperplanes whose common intersection is of codimension two. The Orlik-Solomon
ideal is generated by all elements ∂eijk = (ej−ei)∧(ek−ei) with 0 ≤ i < j < k ≤ n.
So A is quadratic, and a bit of linear algebra shows that (ej − e0) ∧ (ek − e0), for
1 ≤ j < k ≤ n is a minimal set of generators. After a suitable linear change
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Figure 7.1. The arrangement X3 and its associated matroid

of variables, the ideal I becomes identified with the monomial ideal m2, where
m = (e1, . . . , en), and results of [7] show that only nonzero bij are given by:

(7.10) bi,i+1 = i

(
n+ i− 1

i+ 1

)
, for all i ≥ 1,

Going back to an arbitrary arrangement, we observe that for each flat X ∈ L2(A)
with µ(X) ≥ 2 there are linear syzygies of the type discussed in the examples above,
which we will call local linear syzygies. In fact, these syzygies persist in the free
resolution of A over E, as the next lemma shows.

Lemma 7.4. Let A be an arrangement. Then:

(7.11) bi,i+1 ≥ i
∑

X∈L2(A)

(
µ(X) + i− 1

i+ 1

)
.

Moreover, if equality holds for i = 2, then it holds for all i ≥ 2.

Proof. Sets of local linear syzygies corresponding to different elements of
L2(A) are linearly independent. Indeed, they are supported only on generators
coming from the same element of L2(A). �

Lemma 7.4 suggests isolating the class of arrangements for which the 2–linear
strand of a minimal free resolution of A over E is wholly governed by the Möbius
function of L2(A).

Definition 7.5. An arrangement is called minimal linear strand (MLS) if

(7.12) b23 = 2
∑

X∈L2(A)

(
µ(X) + 1

3

)
.

For example, if A is an MLS arrangement of n hyperplanes in C3, then com-
bining Lemma 7.4 and Equation 7.9 yields all the bij :

bi,i+1 = i
∑

X∈L2(A)

(
µ(X) + i− 1

i+ 1

)
(7.13)

bi,i+2 = bi+1,i+2 +

(
i+ 1

2

)(
n+ i− 2

i+ 2

)
−
(
n+ i− 2

i

) ∑

X∈L2(A)

(
µ(X)

2

)
(7.14)
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Example 7.6. Let A be the X3 arrangement, with defining polynomial Q =
xyz(x − z)(y + z)(y + 2x), see Figure 5.3. We have {X1, X2, X3} ⊆ L2(A) with
µ(Xi) = 2, and so b12 = 3. Moreover, b13 = 1, and so condition (7.12) is satisfied.
Equations 7.13 and 7.14 yield:

bi,i+1 = 3i

bi,i+2 =
i(i+ 1)(i2 + 5i− 2)

8

A second class of examples where the numbers bi,i+1 can also be determined
explicitly are graphic arrangements. Recall that Lemma 3.40 shows that b1j =
|chordless (j + 1)-cycles of Γ|. As we saw in Chapter 3, the chromatic polynomial
of Γ is equal to the characteristic polynomial of AΓ. Let κi denote the number of
complete subgraphs on i+ 1 vertices (the number of cliques in Γ). In [137], Farrell
computes the first few coefficients for χ(A, t); combining those results with Lemma
3.40 and a Hilbert series computation shows that:

b1 = κ1

b2 =
(
b1
2

)
− b12

b3 =
(
b1
3

)
− b1b12 − b13 + 2(κ2 + κ3)

It follows from this that there are b23 = 2(κ2 + κ3) linear first syzygies on the
generators of I2. This is illustrated in the next example, and turns out to be the
key to understanding the 2–linear strand of any graphic arrangement.

•

•

e0

22
22

22
22

22
22

22
22

2

e1
•

e2

��
��
��
��
��
��
��
��
�

•
e3

e4
DDD

DDD
DDD

DD

e5
zzz

zzz
zzz

zz

Figure 7.2. The complete graph K4

Example 7.7. The complete graph K4 defines a central arrangement in C4

with defining equation ∏

1≤i<j≤4

(zi − zj).

Projecting along the subspace of C4 spanned by (1, 1, 1, 1) yields an essential, central
arrangementA in C3, with defining polynomial Q = xyz(x−y)(x−z)(y−z). From
the matroid in Figure 7.2, it is easy to see that

〈∂e145, ∂e235, ∂e034, ∂e012, ∂eijkl〉 = I,

where ijkl runs over all four-tuples; the elements ∂eijkl are consequences of the
quadrics, so are redundant. The free resolution of A as a module over E begins:

0 Aoo Eoo E4(−2)
∂1oo E10(−3)

∂2oo · · ·oo ,

where ∂1 =
(
∂e145 ∂e235 ∂e034 ∂e012

)
, and ∂2 =
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0 1

2

4

35

5

4

1

3

2

0

Figure 7.3. The braid arrangement and its matroid

0

B

B

B

B

@

e1 − e4 e1 − e5 0 0 0 0 0 0 e3 − e0 e2 − e0

0 0 e2 − e3 e2 − e5 0 0 0 0 e0 − e1 e0 − e4

0 0 0 0 e0 − e3 e0 − e4 0 0 e1 − e5 e2 − e5

0 0 0 0 0 0 e0 − e1 e0 − e2 e3 − e5 e4 − e5

1

C

C

C

C

A

.

To see this, write the generators of I2 as fi = αi∧βi (i = 1, . . . , 4); for example,
f1 = ∂e145 = (e1 − e4) ∧ (e1 − e5). Each fi generates two local linear syzygies, αi
and βi, which appear in columns 2i− 1 and 2i of the matrix ∂2. Let

η1 = e0 − e1 − e3 + e5 and η2 = e0 − e2 − e4 + e5.

A check shows that η1 ∧ η2 = f1 − f2 + f3 + f4 ∈ I2, which gives rise to a pair
of linear syzygies, refecting the fact that ηi ∧ (η1 ∧ η2) = 0 in E3. Reducing these
two syzygies by the eight local linear syzygies yields the last two columns of ∂2.
It is easy to see that the columns of ∂2 are linearly independent. Since Γ is a K4,
b23 = 2(κ2 + κ3) = 10. Hence, the columns of ∂2 form a complete set of linear first
syzygies on I2; a computation shows that no minimal first syzygies are quadratic.

Each of these 5 pairs of linear syzygies generates i+1 (independent) linear i-th
syzygies. This is trivially true for the local syzygies; for example, the pair (αi, βi)
yields αi∧αi = βi∧βi = αi∧βi+βi∧αi = 0 as linear second syzygies. This follows
for the remaining two linear syzygies by similar reasoning. There can be no other
linear second syzygies, because any such syzygy would have to involve the last two
columns, and in each entry of those columns, the variables which appear are distinct
from the variables in the entry of the remaining columns. Hence, bi,i+1 = 5i, for
all i ≥ 2. This result generalizes:

Lemma 7.8. [289] Let A = AΓ be a graphic arrangement. If i ≥ 2, then

bi,i+1 = i(κ2 + κ3).

Open Problem 7.9. Give a graph theoretic interpretation for the bij . Lemmas
3.40 and 7.8 give such interpretations for b1j and bj,j+1. For example, b14 is the
number of chordless pentagons, and b34 = 3(κ2 +κ3). So if we know χ(G), then we
can solve for b24. However, just as in the general case, there is no explicit formula
for the bij of a graphic arrangement.

7.2.2. Resonance and b23. In Chapter 4, we saw that the first resonance
variety R1(A) is defined via:

{µ ∈ E1 | ∃λ ∈ E1, λ 6= c · µ with µ ∧ λ ∈ I2}.
R1(A) consists of decomposable two tensors in I2. Since

∂(eiejek) = (ei − ej) ∧ (ei − ek),
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the generators of I2 give components of R1(A), called the local components. The
most interesting components of R1(A) come from another source. Notice that in
Example 7.7, it follows from the definition that the line in P(E1) spanned by the
points η1 and η2 belongs to R1(A). As we saw in Chapter 4, components of R1(A)
arise from neighborly partitions: a partition Π of the hyperplanes of A such that
for any rank two flat Y ∈ L2(A) and any block π of Π,

(7.15) µ(Y ) ≤ |Y ∩ π| =⇒ Y ⊆ π,
In Example 7.7, η1 and η2 correspond to the neighborly partition Π = (05|13|24).
The upshot of this is that decomposable two tensors in I2 have two manifesta-
tions: they correspond to components of R1(A), and they give rise to elements of
TorE2 (A, k)3 (possibly non-minimal).

Theorem 7.10. For an MLS arrangement, all components of R1(A) are local.

Proof. If there is non-local resonance, then there exist nonzero a, b ∈ E1 with
0 6= a ∧ b ∈ I2. Say, I2 = (f1, . . . , fk), so a ∧ b =

∑
cifi. Then 0 = a ∧ a ∧ b =

a ∧∑ cifi =
∑

(cia ∧ fi). Hence,


c1a
...
cka


 ·

(
f1 . . . fk

)
= 0,

and so we have a linear syzygy. We may assume c1 6= 0; since the syzygy involves
f1 = (er − es) ∧ (et − es) and, by assumption, all linear syzygies are local, the
only variables that can appear in a correspond to hyperplanes incident on the flat
X ∈ L2(A) containing {r, s, t}. Now pick any fi corresponding to a flat Y ∈ L2(A)
(so µ(Y ) ≥ 2) with Y 6= X . Since |X ∩ Y | ≤ 1, the element a must be equal to
some eu, which is impossible. �

1
2

5

7 3

0

4

6

Figure 7.4. The deleted MacLane matroid

The converse to Theorem 7.10 is false. The deleted MacLane arrangement is
a real arrangement of eight lines, with matroid as in Figure 7.4. The resonance
variety has 7 local components, corresponding to the triple points; a computation
shows that b23 = 15, rather than 14. This jump can be explained by the partition
(06|13|27|45), which is “almost” neighborly, though not neighborly.

Definition 7.11. A partition Π of A is almost neighborly if, for any rank two
flat Y ∈ L2(A) with µ(Y ) > 1 and any block π of Π,

(7.16) µ(Y ) ≤ |Y ∩ π| =⇒ Y ⊆ π.



116 7. FREE RESOLUTIONS AND THE OS–ALGEBRA

In characteristic zero, an almost neighborly partition cannot contribute to
R1(A) (only neighborly partitions can contribute). However, computations in-
dicate that a jump in the dimension of b23 is often related to the presence of almost
neighborly partitions. It would be interesting to find an explicit formula.

7.3. The resolution of A∗

In this section, we give a detailed treatment of the proof that A∗ has a linear
free resolution over E. In contrast to the numbers b′ij studied in the previous
section, the entire story is known for the numbers b∗ij , and is quite beautiful. The
proof involves three main ingredients, and makes substantial use of combinatorial
commutative algebra, which we describe in depth in the next section. In [110],
Eisenbud, Popescu, and Yuzvinsky show:

Theorem 7.12. If A is an essential, central arrangement of n hyperplanes in
Cℓ, then A∗ has a minimal linear free resolution over E,

· · · // Er2(n− 2− ℓ) // Er1(n− 1− ℓ) // Er0(n− ℓ) // A∗ // 0 ,

where the ri satisfy the formula
∞∑

i=0

rit
i = (−1)ℓ

χ(A, t)
(1− t)n .

7.3.1. Alexander duality and monomial ideals. Let ∆ be a simplicial
complex on vertex set {1, . . . , n}. Let S = k[x1, . . . , xn] be a polynomial ring, with
variables corresponding to the vertices of ∆, and define the Stanley-Reisner ideal:

(7.17) I∆ = 〈xi1 · · ·xik | [i1, . . . , ik] is not a face of ∆〉
The Stanley-Reisner ring S∆ is S/I∆. It will be useful to have a primary decom-
position of I∆; this is easily seen to be ([288], Chapter 5):

Theorem 7.13.

I∆ =
⋂

[i1,...,ik] a minimal coface

〈xi1 , . . . , xik〉.

Recall that an S–module M is said to have a linear resolution if TorS0 (M, k) is

generated in a single degree, say j, and TorSi (M, k)m = 0 unless m = i + j. The
module M is Cohen-Macaulay over S if depth(M) = dim(M), where depth(M) is
the maximal length of a sequence {s1, . . . , sd} ⊆ 〈x1, . . . , xn〉 such that si is not a
zero-divisor on M/〈s1, . . . si−1〉M . For M = S∆ there is a simple sufficient criterion
on ∆ (shellability, discussed shortly) for the Cohen-Macaulay property. The other
key result we’ll need is due to Eagon and Reiner [102], who showed that S∆ has a
linear resolution exactly when the Alexander Dual ∆∗ is Cohen–Macaulay over k.

Definition 7.14. If ∆ is a simplicial complex on [n] = {1, . . . n}, then the
Alexander dual ∆∗ = {[n]− σ | σ 6∈ ∆}.

The Alexander dual consists of the complements of the nonfaces. ∆ and ∆∗

satisfy the the following version of Alexander duality (see [225], Theorem 5.6):

H̃i−1(∆
∗, k) ∼= H̃n−2−i(∆, k)

The Stanley-Reisner ideal I∆∗ of the Alexander dual is obtained from the Stanley-
Reisner ideal of I∆ by switching the roles of minimal generators and prime compo-
nents. This is illustrated best by an example:
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Example 7.15. Suppose ∆ has maximal faces [1, 2, 3], [1, 2, 4], [1, 3, 4], [2, 4, 5],
[3, 4, 5]. The minimal nonfaces of ∆ are [2, 3, 5], [2, 3, 4], [1, 5]. Since [1, 5] is
not a face, [1, 4, 5], [1, 3, 5], [1, 2, 5] are also nonfaces of ∆, so ∆∗ has maximal
faces [1, 4], [1, 5], [2, 3], [2, 4], [3, 4]. This means that [1, 2], [1, 3], [2, 5], [3, 5],
[4, 5] are non-faces of ∆∗ (by construction, these are also the cofaces of ∆), so
I∆∗ = 〈x1x2, x1x3, x2x5, x3x5, x4x5〉. The resolution of S∆∗ is linear:

0 // S2(−4) // S6(−3) // S5(−2) // S // S∆
// 0 .

By Theorem 7.13, the primary decomposition of I∆ = 〈x2x3x5, x3x4x5, x1x5〉 is

I∆ = 〈x1, x2〉 ∩ 〈x1, x3〉 ∩ 〈x2, x5〉 ∩ 〈x3, x5〉 ∩ 〈x4, x5〉,
and “turning the primary components into monomials” yields I∆∗ .

A simplicial complex is pure if all the maximal faces are equidimensional; one
easy fact is that if S∆ is Cohen-Macaulay, then ∆ is pure. A standard criterion for
determining if a simplicial complex is Cohen-Macaulay is the concept of shellability.

Definition 7.16. Let ∆ be a pure simplicial complex. ∆ is shellable if there
exists an ordering of the maximal faces {σ1, σ2, . . . , σn}, such that

σi ∩
⋃

j<i

σj

is a pure codimension one subcomplex of σi, for all i.

The following theorem follows from an easy induction ([225], Theorem 13.45):

Theorem 7.17. If ∆ is shellable, then S∆ is Cohen-Macaulay

Theorem 7.17 explains why the resolution in Example 7.15 is linear: the sim-
plicial complex ∆ = {[1, 2, 3], [1, 2, 4], [1, 3, 4], [2, 4, 5], [3, 4, 5]} is the boundary of a
bipyramid, with a single triangle deleted. Simplicial polytopes are shellable, so the
symmetry of this example means it is irrelevant that one triangle was deleted, and
hence ∆ is shellable, so Cohen-Macaulay.

7.3.2. Proof of the theorem. The proof of the theorem that A∗ has a linear
resolution proceeds in three steps. The first step is to identify A∗ with annE(I).
We obviously have

A∗ = H∗ ∼= Homk(H
∗, k)

Now, H∗ has the structure of an E–module, via aφ(m) = φ(am). The functor
Homk(•, k) is a dualizing functor (applying the functor twice yields the identity)
on the category of E-modules. By [107], Theorem 21.1,

Homk(A, k) ∼= HomE(A,E)

Of course, since A is a principal E-module, any element of HomE(A,E) is given by
multiplication by an element a ∈ E, and necessarily a · I = 0. So HomE(A,E) ≃
annE(I), and resolving A∗ means resolving the ideal J = annE(I).

The second step of the proof is surprising. In general, the graded Betti numbers
of an ideal L are upper semicontinuous under a flat deformation of L, such as passing
to the initial ideal in(L) (e.g. Thm 3.6 of [170]). Remarkably, for the ideal J above,
the resolution of the initial ideal turns out to be linear. Of course, it remains to
prove this, but the point is that since the graded Betti numbers can only jump,
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the fact that they vanish for in(J) means that they must also vanish for J . In
particular, if in(J) has a linear resolution, then so does J .

This brings us to the last part of the proof. There is an exterior version E∆

of the Stanley-Reisner ring, and in [7], Aramova, Avramov and Herzog show that
E∆ has a linear resolution over E exactly when the Stanley-Reisner ring (over S)
of ∆∗ is Cohen-Macaulay; this is an exterior analog of the Eagon-Reiner result. As
discussed in Chapter 1, there is a particularly nice basis for the OS-ideal I—the
broken circuit basis. With respect to degree-lex order, in(I) consists of the broken
circuits, and since they are exterior monomials, they correspond to the OS-ideal of
a simplicial complex ∆.

The claim now is that in(J) = annE in(I). This equivalent to the statement
that in(J) corresponds to the Alexander dual of in(I). To see this, consider the
description of Alexander duality in Example 7.15; I∆ is a “monomialization” of
the primary decomposition of I∆∗ : each monomial xi1 · · ·xik ∈ I∆ corresponds to
a prime component 〈xi1 , . . . xik〉 in the primary decomposition of I∆∗ . So every
monomial in I∆ has at least one variable from every monomial in I∆∗ ; passing to
the exterior algebra, this means that I∆ annihilates I∆∗ ; it is easy to see that any
monomial in I∆ must have this form. Thus

in(I) = I∆ = annE I∆∗ = in(J)

It remains to show that ∆ is Cohen-Macaulay. A result of Provan and Billera
[263] that the simplicial complex corresponding to the broken circuits of a matroid
is shellable, so in(I) is Cohen-Macaulay, which proves that A∗ has a linear free
resolution. The computation of the ranks follows immediately from Equation 7.9,
replacing A with A∗.

Finer invariants than the numbers b∗ij are the actual differentials in the complex.
In [83], Denham and Yuzvinsky obtain results on the first two differentials, but the
higher differentials are not known.

7.4. The BGG correspondence

Let V be a finite-dimensional vector space over a field k. The Bernstein-
Gelfand-Gelfand correspondence is an isomorphism between the category of linear
free complexes over the exterior algebra E =

∧
(V ) and the category of graded free

modules over the symmetric algebra S = Sym(V ∗). We give an outline of the BGG
correspondence, and refer to Chapter 7 of [108] for additional detail.

Let L denote the functor from the category of gradedE-modules to the category
of linear free complexes over S, defined as follows: for a graded E-module P , L(P )
is the complex

(7.18) · · · // Pi ⊗ S
di // Pi+1 ⊗ S // · · ·

with differentials di : p⊗ 1→∑
eip⊗ xi.

Similarly, let R denote the functor from the category of graded S-modules to
the category of linear free complexes over E: for a graded S-module M , R(M) is
the complex

(7.19) · · · // Homk(E,Mi) // Homk(E,Mi+1) // · · ·
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Example 7.18. Let E = Λ(k3), with {e0, e1, e2} an ordered basis of E1 and

{e0∧e1, e0∧e2, e1∧e2} an ordered basis for E2. Then the differential S⊗E1
d1→ S⊗E2

takes the form:

e0 7→ x1e1 ∧ e0 + x2e2 ∧ e0
e1 7→ x0e0 ∧ e1 + x2e2 ∧ e1
e2 7→ x0e0 ∧ e2 + x1e1 ∧ e2

As one might guess, the resulting complex is the Koszul complex:

0 −→ S ⊗ E0

2

6

6

6

4

x0

x1

x2

3

7

7

7

5

−−−−−→ S ⊗ E1

2

6

6

6

4

−x1 x0 0
−x2 0 x0

0 −x2 x1

3

7

7

7

5

−−−−−−−−−−−−−−−→ S ⊗ E2

h

x2 −x1 x0

i

−−−−−−−−−−−−−→ S ⊗ E3

Example 7.19. Let M be the S–module Sym(k2)/〈x2
0, x0x1〉. E ⊗ M1

d1→
E ⊗M2 takes the form:

x0 7→ x0x0 ⊗ e0 + x0x1 ⊗ e1
x1 7→ x0x1 ⊗ e0 + x1x1 ⊗ e1

Here the complex is

0 −→ E ⊗ M0

2

4

e0

e1

3

5

−−−−−→ E ⊗ M1

h

0 e1

i

−−−−−−−→ E ⊗ M2

h

e1

i

−−−−→ E ⊗ M3

h

e1

i

−−−−→ · · ·

It is a theorem of [109] that the complex R(M) is exact at position i as soon as
i > reg(M); this is visible above.

Having developed some intuition for BGG, we record a theorem of Eisenbud-
Fløystad-Schreyer [109] which will play a key role.

Theorem 7.20. If M is a graded S–module and P is a finitely generated graded
E-module, then L(P ) is a free resolution of M iff R(M) is an injective resolution
of P .

7.4.1. The Eisenbud-Popescu-Yuzvinsky resolution.

Theorem 7.21 ([110], Corollary 3.2). Define di via di(m) = (
∑
ei ⊗ xi) ∧m.

Then the following sequence of S–modules is exact:

(7.20) 0 // A0 ⊗ S
d0 // A1 ⊗ S

d1 // · · · dℓ−1 // Aℓ ⊗ S // F (A) // 0.

Proof. Apply the functor HomE(•, E) to the free resolution of H∗. As noted
in the last section, since E is Gorenstein, injective resolutions over E are duals of
free resolutions, and so we obtain an injective resolution of A. Let F (A) be the
S-module which maps to this injective resolution—F (A) exists because we have an
equivalence of categories. By Theorem 7.20, L(A) is a free resolution of F (A). �

The key point here is that the complex obtained by applying BGG to A is in
fact exact, hence a free resolution of F (A). Notice that the differential di : p⊗ 1 7→∑n
i=1 eip⊗ xi is precisely the differential in the Aomoto complex (A, a), where the

maps are given by multiplication by a generic linear form of the exterior algebra;
the xi are simply the coefficients of this form.

Before proceeding, we point out an important detail. Throughout this book, E
is an exterior algebra generated in degree 1. In setting up the BGG correspondence,
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it is most natural to assume S = Sym(V ∗) is generated in degree one, and in
this case E =

∧
(V ) is generated in degree −1. With these grading conventions,

in Theorem 4.3 of [109], Eisenbud, Fløystad and Schreyer show that if M is a
graded S-module, with linear free resolution given by L(P ), then the dimension of

TorEi (P, k) can be computed from the dimensions of the graded pieces of certain
local cohomology modules of M . As noted, in the context of arrangements, E
is generated in degree one, and it also turns out to be more natural to use Ext
modules rather than local cohomology (which is possible by local duality). With
these translations, we have:

Lemma 7.22. [290]

dimk TorEi (A, k)j = dimk Exti+ℓ−jS (F (A), S)j .

Recall that the regularity of an E-module M is the smallest integer n such that
TorEi (M, k)j = 0 for all i, j with j ≥ i + n + 1. Lemma 2.3 of [289] is that A is
(ℓ−1)-regular; this also follows from Lemma 7.22 and the EPY resolution of F (A).

7.4.2. The module B as an Ext module. One of the motivating conjectures
of Chapter 6 is:

Conjecture 7.23 (Resonance formula for Chen ranks). Let G = G(A) be an
arrangement group, and let hr be the number of components of the projective variety
R1(A) of dimension r. Then, for k ≫ 0:

(7.21) θk(G) = (k − 1)
∑

r≥1

hr

(
r + k − 1

k

)
.

In [57], Cohen and Suciu showed that the numbers θk(G) could be obtained
from the Hilbert series of the linearized Alexander invariant (over k). Recall from
Chapter 6 that this is the S-module defined via the exact sequence

(A2 ⊕ E3)⊗ S
α2⊗id+δ3 // E2 ⊗ S // B // 0 ,

where αk : Ak → Ek is the adjoint of the canonical surjection γk : Ek ։ Ak (for
simplicity we write B instead of B ⊗ k).

Theorem 7.24. The linearized Alexander invariant is functorially determined
by the Orlik-Solomon algebra, as follows:

(7.22) B ∼= Extℓ−1
S (F (A), S).
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Proof. Consider the following commuting diagram, with exact rows and columns:
(7.23)

0

��

0

��

0

��
0 // I2 ⊗ S

∂∗
3 //

��

· · ·
∂∗

ℓ−1// Iℓ ⊗ S //

��

F (I) //

��

0

0 // E0 ⊗ S
δ∗1 //

=

��

E1 ⊗ S
δ∗2 //

=

��

E2 ⊗ S
δ∗3 //

γ2

��

· · ·
δ∗ℓ−1 // Eℓ ⊗ S //

γℓ

��

F (E) //

��

0

0 // A0 ⊗ S
d0 // A1 ⊗ S

d1 // A2 ⊗ S

��

d2 // · · · dℓ−1 // Aℓ ⊗ S

��

// F (A) //

��

0

0 0 0

The rows in the diagram are EPY resolutions. Notice that the middle row
is just a truncation of the Koszul complex over S. All columns but the last one
(with solid arrows) are exact by definition of the Orlik-Solomon algebra A = E/I.
The exactness of the two bottom rows, combined with the long exact sequence in
homology, shows that the rightmost column (marked with dotted arrows) is exact.
This short exact sequence yields a long exact sequence of Ext modules:

· · · // ExtiS(F (E), S) // ExtiS(F (I), S) // Exti+1
S (F (A), S) // · · ·

The Koszul complex is exact and self-dual, so ExtiS(F (E), S) = 0, for all i < ℓ,
thus Exti+1

S (F (A), S) ∼= ExtiS(F (I), S), for i < ℓ − 1. Since all the vertical exact
sequences (except the last one) consist of free S-modules, the dual sequences are
also exact, and so Ek/(imαk) ∼= (Ik ⊗ S)∗. Hence:

B = E2 ⊗ S/ im(α2 ⊗ id +δ3)

∼= (I2 ⊗ S)∗/ im(∂3)

∼= Extℓ−2
S (F (I), S)

∼= Extℓ−1
S (F (A), S). �

If char k = 0 (which recall is our standing assumption), then we obtain:

Corollary 7.25. The Chen ranks of an arrangement group G equal the graded
Betti numbers of the linear strand of the cohomology ring A over the exterior algebra
E:

(7.24) θk(G) = dimk TorEk−1(A, k)k, for all k ≥ 2.

Proof. We have:

θk(G) = dimk Bk by work of [57]

= dimk Extℓ−1
S (F (A), S)k by Theorem 7.24

= dimk TorEk−1(A, k)k by Lemma 7.22.

�
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Combining Corollary 7.25 with Lemma 7.8 proves that Conjecture 7.23 holds
for graphic arrangements.

Theorem 7.26. If G = π1(M(AΓ)) for a graph Γ, and κs = κs(Γ), then:

(7.25) θk(G) = (k − 1) (κ2 + κ3) , for all k ≥ 3.

7.4.3. Sketch of the lower bound on Chen ranks. As we saw in Chapter
§5, the Chen ranks are determined by the dimension of the graded components of
the linearized Alexander invariant B; in the last section we proved that for A ⊆ Cℓ

B ≃ Extℓ−1
S (F (A), S) ≃ Extℓ−2

S (F (I), S).

We assume for the remainder of this section that ℓ = 3; there is no loss of generality
here since the Chen ranks are completely determined by L2(A).

The strategy is to relate Ext1S(F (I), S) to Ext1S(F (I(Li)), S), for certain well
understood subideals I(Li) ⊆ I; the subideals I(Li) are determined by the reso-
nance variety R1(A). From an algebraic viewpoint, there is no reason to distinguish
between local and nonlocal components of R1(A)—both types of component corre-
spond to a C-linear subspace of I2 consisting of decomposable two-tensors. Suppose

R1(A) =

m⋃

i=1

Li

As we saw in Chapter 4, the components Li are particularly nice:

Theorem 7.27 ([58], [206]). The defining ideal of R1(A) is the radical of
the annihilator of the linearized Alexander invariant B. In characteristic zero, the
components of R1(A) are linear spaces which are disjoint in P(E1).

Now, each subspace Li corresponds to a subideal I(Li) of I2, hence there exists
a short exact sequence of E–modules

0 // I(Li) // I2 // I2/I(Li) // 0 .

Applying BGG and using the results of §7.3 yields a commutative diagram of S-
modules

(7.26) 0

��

0

��
0 // I(Li)2 ⊗ S //

��

I(Li)3 ⊗ S //

��

F (I(Li)) // 0

0 // I2 ⊗ S //

��

I3 ⊗ S //

��

F (I) // 0

0 // K1
// I2/I(Li)2 ⊗ S //

��

I3/I(Li)3 ⊗ S //

��

F (I/I(Li)) // 0

0 0
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The modules in the middle two columns are free, so the first two rows are in fact
free resolutions of F (I(Li)) and F (I). Dualizing gives a commutative diagram

0 0

0 Ext1S(F (I(Li)), S)oo (I(Li)2 ⊗ S)
∗oo

OO

(I(Li)3 ⊗ S)
∗oo

OO

F (I(Li))
∗oo 0oo

0 Ext1S(F (I), S)oo (I2 ⊗ S)
∗oo

OO

(I3 ⊗ S)
∗oo

OO

F (I)∗oo 0oo

0 K2
oo (I/I(Li)2 ⊗ S)

∗oo

OO

(I3/I(Li)3 ⊗ S)
∗oo

OO

F (I/I(Li))
∗oo 0oo

0

OO

0

OO

The snake lemma yields an exact sequence

0 // F (I/I(Li))
∗ // F (I)∗ // F (I(Li))

∗

{{
K2

// Ext1S(F (I), S) // Ext1S(F (I(Li)), S) // 0.

In particular, the map from Ext1S(F (I), S) to Ext1S(F (I(Li)), S) is surjective. Tak-
ing the direct sum of these maps over all Li ∈ R1(A) gives an exact sequence

(7.27) Ext1S(F (I), S) //
⊕

Li∈R1(A)

Ext1S(F (I(Li)), S) // C // 0,

where C is the cokernel. If we localize this sequence at the prime ideal Pi ⊆ S
which is the ideal of Li, it yields

(7.28) Ext1S(F (I), S)Pi
// Ext1S(F (I(Li)), S)Pi

// 0,

since the Li are projectively disjoint. In particular, C can be supported only at the
irrelevant maximal ideal, from which it follows that the module C is of finite length,
so vanishes in high degree. Hence, the Hilbert polynomial of B ≃ Ext1S(F (I), S)
is bounded below by the sum of the Hilbert polynomials of Ext1S(F (I(Li)), S),
yielding

Theorem 7.28. For k sufficiently large,

θk(G) ≥ (k − 1)
∑

Li∈R1(A)

(
dimLi + k − 1

k

)
.

Using similar techniques, it can be shown [290] that there is a rational poly-
nomial P (k) such that P (k) = θk for k ≫ 0, with the degree of P (k) equal to the
dimension of the projective variety R1(A).

Open Problem 7.29. Prove the other direction of the inequality.

7.5. Resolution of k over the Orlik-Solomon algebra

In this section, we study the numbers b′ii = dimk ExtiA(k, k)i = dimk TorAi (k, k)i
obtained from the linear strand of the free resolution of the residue field k, viewed
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as a module over A. These numbers contain all the information about the LCS
ranks of an arrangement group, via the following formula of Peeva [256]:

(7.29)

∞∏

k=1

(1− tk)−φk =

∞∑

i=0

b′iit
i.

The proof runs as follows. In [194], Kohno showed that the left hand quantity is
equal to the Hilbert series of the universal enveloping algebra, U = U(g), of the
holonomy Lie algebra g of the complement M(A). This follows from the Poincaré-
Birkhoff-Witt theorem, together with the isomorphism gr(G) ⊗ k ∼= g, which is a
consequence of the formality of M(A), in the sense of Sullivan. In [294], Shelton

and Yuzvinsky proved that U = A
!
, the Koszul dual of the quadratic closure of the

Orlik-Solomon algebra. Finally, results of Priddy [260] and Löfwall [208] relate the
Koszul dual of a quadratic algebra to the linear strand in the Yoneda Ext-algebra:

(7.30) A
! ∼=

⊕

i

Exti
A
(k, k)i.

Since obviously Exti
A
(k, k)i = ExtiA(k, k)i, formula (7.29) follows at once.

If A is a Koszul algebra, then A = A, and the Koszul duality formula, P (A!, t) ·
P (A,−t) = 1, yields the LCS formula (7.3). This computation applies to supersolv-
able arrangements, which do have Koszul OS-algebras, cf. [294]. The more general
formula (7.29) was first exploited by Peeva in [256] to obtain bounds on the LCS
ranks φk by deforming A to E/ ∈ (I).

The numbers b′ij are related to the numbers bij by the change of rings spectral
sequence associated to the composition E → A ։ k:

(7.31) TorAi
(
TorEj (A, k), k

)
=⇒ TorEi+j(k, k).

The utility of this is that the ranks of the modules appearing in a free resolution of
A over E are typically much smaller than the ranks of the free modules appearing
in the resolution of k over A. In terms of the relation of the LCS ranks to the
resolution of A over E, it is immediate that φ1 = b1 and φ2 = b12. In [118], Falk
used the 1–minimal model to obtain a formula for φ3, which can be interpreted as
φ3 = b23. Using the spectral sequence yields:

(7.32) φ4 =

(
b12
2

)
+ b34 − δ4,

where δ4 denotes the number of minimal quadratic syzygies on the degree 2 gener-
ators of I which are Koszul syzygies. This has a nice interpretation in terms of the
1−minimal model of A.

7.5.1. The change of rings spectral sequence. We start with a quick
review of the change of rings spectral sequence. Consider the composition of ring
maps:

E → A ։ k.

By taking a free resolution Q• for k over E and a free resolution P• for k over A
and tensoring with k, we obtain a first quadrant double complex, which yields a
spectral sequence

(7.33) 2Eij ∼= TorAi
(
TorEj (A, k), k

)
=⇒ TorEi+j(k, k).
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Since 1
horE

i,j = 0 unless i = 0,

(7.34) 2
horE

i,j = ∞
horE

i,j .

In our situation (with E → A the canonical projection of the exterior algebra
onto the OS-algebra, and A ։ k the projection onto the residue field), we have

(7.35) 2
horE

0,j = TorEj (k, k),

and we can compute this term from the Koszul complex. In particular, TorEj (k, k)
is nonzero only in degree j, and thus

(7.36) dimk TorEj (k, k)j =

(
b1 + j − 1

j

)
.

We display the 2
vertE

i,j terms:

TorE
2 (A, k) TorA

1 (TorE
2 (A, k),k) TorA

2 (TorE
2 (A,k), k) TorA

3 (TorE
2 (A, k),k)

TorE
1 (A, k) TorA

1 (TorE
1 (A, k),k) TorA

2 (TorE
1 (A,k), k)

d
2,1
2

jjUUUUUUUUUUUUUUUUUUUUUUUUUUU

TorA
3 (TorE

1 (A, k),k)

k TorA
1 (k,k) TorA

2 (k, k)

d
2,0
2

jjUUUUUUUUUUUUUUUUUUUUUUUUUUUU
TorA

3 (k,k)

d
3,0
2

kkVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV

d
3,0
3

ii

From the diagram, we compute:

∞
vertE

2,0 = ker d2,0
2

∞
vertE

1,1 = cokerd3,0
2

∞
vertE

0,2 = (coker d2,1
2 )/d3,0

3 (ker d3,0
2 )

Let tot be the total complex associated with the spectral sequence. We then
have

gr(Hk(tot)) ∼=
⊕

i+j=k

∞
vertE

i,j ,

and thus

(7.37) gr(Hk(tot))r = 0, for r > k.

An easy exercise (see [107], Prop A3.25) shows that there is an exact sequence
in low degree

TorE2 (k, k) // TorA2 (k, k) // TorE1 (A, k) // TorE1 (k, k) // TorA1 (k, k) // 0 .

Since TorEj (k, k) is concentrated in degree j, a check shows that this sequence is

also exact on the left, which implies that both ∞
vertE

1,1 and ∞
vertE

0,2 vanish. So:

im d3,0
2 = TorA1 (k,TorE1 (A, k)),

cokerd2,1
2 = d3,0

3 (ker d3,0
2 ).
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Tracing through the spectral sequence and using the equalities above, we obtain
exact sequences

0
y

∞
vertE

3,0

y

0 −→ kerd3,0
2 −−−−→ TorA3 (k, k)

d3,0
2−−−−→ TorA1 (k,TorE1 (A, k)) −→ 0.

yd3,0
3

cokerd2,1
2y

0

Now recall that gr(H3(tot)) vanishes in degree greater than three, and so, in
particular,

(∞
vertE

3,0
)
4

= 0. This proves:

Theorem 7.30. The following sequence is exact:

(7.38) 0 // (cokerd2,1
2 )4 // TorA3 (k, k)4 // TorA1 (k,TorE1 (A, k))4 // 0 .

Since the dimension of TorA1 (k,TorE1 (A, k))4 is b1b13, this contribution to b′34 =

dimk TorA3 (k, k)4 is easy to understand. We shall analyze the contribution from

dimk(coker d2,1
2 )4 next.

7.5.2. Quadratic syzygies and a Koszulness test. We have already seen
that if a3 > 0, then the algebra A is not Koszul. The sequence (7.38) gives another
necessary condition for Koszulness. Indeed, if

(7.39) dimk TorE2 (A, k)4 > dimk d
2,1
2 (TorA2 (k,TorE1 (A, k)))4,

then A is not a Koszul algebra. To apply this test, it is necessary to determine
(im d2,1

2 )4. Recall that a Koszul syzygy on elements f1, . . . , fk ∈ Em is an element

of the submodule of ⊕ki=1Eǫi spanned by the
(
k
2

)
elements fjǫi + fiǫj . The space

of quadratic Koszul syzygies intersects the space TorE2 (A, k)3 ⊗ E1 (some Koszul
syzygies may be consequences of linear syzygies); we write K4 for the complement
of this intersection. So K4 is the space of minimal quadratic syzygies which are
Koszul.

Lemma 7.31. The image of d2,1
2 in degree 4 equals K4.

Proof. Take (minimal) free resolutions:

P• : 0←− k←− A←− Ab1(−1)←− A(b1+1
2 )(−2)⊕Aa2(−2)←− · · ·

Q• : 0←− k←− E ←− Eb1(−1)←− E(b1+1
2 )(−2)←− · · ·

and form the double complex
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P0 ⊗ (A⊗Q2) P1 ⊗ (A⊗Q2)

d

��

δoo P2 ⊗ (A⊗Q2)

P0 ⊗ (A⊗Q1) P1 ⊗ (A⊗Q1) P2 ⊗ (A⊗Q1)

d

��

δoo

d2

ll

P0 ⊗ (A⊗Q0) P1 ⊗ (A⊗Q0) P2 ⊗ (A⊗Q0)

The d2 differential is just the differential from the snake lemma. Since all the
generators of I2 may be written as products of linear forms, the result follows from
a diagram chase. �

In view of this, we rephrase the non-Koszul criterion (7.39): If the minimal
resolution of A over E has minimal quadratic non-Koszul syzygies, then A is not a
Koszul algebra. The dimension of K4 can be bounded in terms of L(A).

Lemma 7.32.

(7.40) dimkK4 ≤
∑

(X,Y )∈(L2(A)
2 )

(
µ(X)

2

)(
µ(Y )

2

)
.

where
(
S
2

)
denotes the set of unordered pairs of distinct elements of a set S. More-

over, if A is MLS, then equality holds in (7.40).

Proof. Quadratic Koszul syzygies between elements of I2 which come from the
same dependent set are consequences of linear syzygies (because the free resolution
for pencils is linear). Any two distinct elements of L2, say X and Y , give rise to(
µ(X)

2

)(
µ(Y )

2

)
quadratic Koszul syzygies, and the bound follows. In the MLS case,

all linear syzygies come from pencils, hence any of the above Koszul syzygies is not
a consequence of the linear syzygies. �

7.5.3. Computing b′ii. The basic idea is to divide the problem up, using the
exact sequence

(7.41) 0 // ker di,02
// TorAi (k, k)i // im di,02

// 0 .

We start by analyzing the kernel of di,02 , illustrating the method in the i = 4
case. Using the fact that the differentials in the spectral sequence are graded, we
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obtain the following diagram:

TorE
3 (A, k)4

• TorA
1 (k, TorE

2 (A, k))4

• • TorA
2 (k,TorE

1 (A, k))4

• • • TorA
4 (k,k)4

d2

ffMMMMMMMMMMMMMMM

d3

ggOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

d4

hhPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPP

Now recall from (7.37) that gr(H4(tot))r = 0 if r > 4. An analysis of the terms in⊕
i+j=4

∞
vertE

i,j shows that ∞
vertE

4,0 = ker d4 is the only nonzero term and

dimk
∞
vertE

4,0 = dimk TorE4 (k, k)4 =

(
b1 + 3

4

)
.

From the diagram

0
y

0 −→ kerd4 −−−−→ ker d3 −−−−→ TorE3 (A, k)4 −→ 0
y

ker d2y

TorA1 (k,TorE2 (A, k))4y

0

we find that

dimk kerd4,0
2 =

(
b1+3

4

)
+ b34 + b1b23.

In the general case, we obtain the following.

Lemma 7.33. dimk kerdi,02 =

(
b1 + i− 1

i

)
+

i−3∑

j=0

b′jjbi−j−1,i−j .
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Next, we analyze the image of di,02 . From the diagram

0
y

(
3
vertE

i−2,1
)
iy

0 −→
(
im di,02

)
i

d2−−−−→ TorAi−2(k,TorE1 (A, k))i −−−−→
(
cokerdi,02

)
i
−→ 0

y
(
im di−2,1

2

)
iy

0

we obtain the following.

Theorem 7.34. Let δi = dimk(cokerdi,02

)
i
. Then:

bii + δi =

(
b1 + i− 1

i

)
+

i−2∑

j=0

b′jjbi−j−1,i−j .

Notice that dimk TorAi−2(k,TorE1 (A, k))i = b′i−2,i−2b12 has been incorporated in

the summation. The point is that the numbers b′ii can be computed inductively
from the numbers bj,j+1 and δj ; ignoring δj yields an upper bound on the b′ii. In
the case i = 4, (

3
vertE

2,1
)
4

=
(∞

vertE
2,1
)
4
.

By Equation 7.37

(∞vertE
i,j
)
k

= 0 if k 6= i+ j,

so this term must vanish. So δ4 = dimk im
(
d2,1
2

)
4
; by Lemma 7.31 this equals

dimkK4, yielding:

Corollary 7.35.

(7.42) b′44 =

(
b1 + 3

4

)
+

((
b1 + 1

2

)
+ b12

)
b12 + b34 + b1b23 − δ4

Combining formula (7.29) and the values for φk, k ≤ 3 yields a formula for φ4:

(7.43) φ4 =
b1(b

3
1 − 6b21 − b1 − 2)

8
− b1(3b1 + 1)

2
b12−

(
b12 + 1

2

)
−b1(b13+b3)+b

′
44.

By using (7.42) and (7.43), we can simplify this to:

Theorem 7.36. The rank of the fourth LCS quotient of an arrangement group
G is given by:

(7.44) φ4(G) =

(
b12
2

)
+ b34 − δ4.
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7.6. Connection to DGAs and the 1-minimal model

One of the basic theorems of algebraic topology is that the first integral homol-
ogy group of a space is the abelianization of the fundamental group of the space. It
is natural to ask if one can extract more information about the fundamental group;
work of Sullivan [305] shows that we can recover the lower central series ranks of
π1(X) from the rational cohomology ring of X . This is explained in the topology
appendix; in what follows we describe the purely algebraic constructions that make
such an operation possible.

Definition 7.37. A graded A0–algebra A = ⊕i≥0Ai is graded–commutative if
for x ∈ Ai, y ∈ Aj ,

xy = (−1)ijyx.

Definition 7.38. A differential graded algebra (DGA) (A, d) is a graded–
commutative A0–algebra

A =
⊕

i≥0

Ai

possessing a differential d : Ai → Ai+1 with d2 = 0. The differential is also required
to act as a graded–commutative derivation

d(ab) = d(a) · b+ (−1)deg(a)a · d(b).
Unless stated otherwise, A is assumed to be associative with unit.

In all the applications in this book, A0 will be one of {Q,R,C}. Standard
examples of DGA’s are the de Rham complex of C∞ forms on a manifold M , and
the de Rham complex of Q–polynomial forms on a simplicial complex ∆. If A is
a DGA, then we write H∗(A) to denote the cohomology of A; it is itself a DGA,
with differential zero. Let I = ⊕i>0Ai be the augmentation ideal of A; d is said to
be decomposable if d(A) ⊆ I2.

7.6.1. Minimal model of a DGA. The object that relates the cohomology
ring H∗(X,Q) to the fundamental group of X is a ring known as the 1–minimal
model of H∗(X,Q). To construct this ring, we need some preliminary definitions.
Write Λn(V ) for the graded-commutative algebra generated by a finite dimensional
vector space V , concentrated in degree n; Λn(V ) is a symmetric algebra if n is even
and an exterior algebra if n is odd.

Definition 7.39. If (A, dA) is a DGA and V is a finite dimensional A0–vector
space, then an extension (or Hirsch extension) of a (A, dA) is a DGA

B ≃ A⊗A0 Λn(V ),

with dB|A = dA and dB(V ) ⊆ An+1.

It is easy to see that if A is free (as a graded-commutative algebra), then so is
B, and dA is decomposable iff dB is decomposable.

Definition 7.40. Let M be a connected DGA. Then M is minimal if

M =
⋃

i≥0

Ci,

with each Ci ⊆ Ci+1 a Hirsch extension, C0 = M0 = k, and each d decomposable.
It follows that
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• M is free (as a graded–commutative algebra)
• d is decomposable

So a minimal algebra is a tensor product of exterior algebras (with generators
in odd degrees) and symmetric algebras (with generators in even degrees).

Definition 7.41. Let A be a connected DGA. A k–minimal model for A
is a minimal DGA M, together with a DGA morphism M → A, inducing an
isomorphism in homology in degrees less than k, and an inclusion in degree k + 1.

It is a theorem of Sullivan that the k–minimal model exists and is unique (up to
the notion of homotopy of DGA’s, see [73]). The existence is fairly straightforward;
here is how Sullivan describes the construction (see [305]):

“Suppose that M(k) ρk→ A has been constructed so that ρk induces an isomor-
phism on cohomology in degree ≤ k and an injection in degree k + 1. Then we
’add’ cohomology toM(k) (if necessary) and map accordingly to ’make ρk onto’ in
degree k + 1. Then we add variables to ’kill’ the kernel on cohomology in degree
k + 2 and map accordingly. If there are terms in degree one then we may have to
again kill the kernel in degree k + 2, and again, and again. . . . The union of these

constructions is the desiredM(k+1) ρk→ A.”
The connection of the 1–minimal model of a space to the fundamental group

is given by

Theorem 7.42 (Sullivan, [305]). Let X be a connected simplicial complex with
finitely generated rational cohomology ring H∗(X). Then the ranks of the LCS
quotients of the fundamental group are given by the dimension of the vector spaces
appearing in the construction of the 1–minimal model of H∗(X).

7.6.2. Construction of the 1-minimal model. We now describe in more
detail the construction of the one-minimal model M (1) of a DGA A. First, define
V1 = H1(A);

M
(1)
1 = Λ1(V1)

The differential on Λ1(V1) is zero; hence H1(M
(1)
1 ) → H1(A) is an isomorphism.

By definition, M
(1)
k+1 = M

(1)
k ⊗ Λ1(Vk+1), where Vk+1 is ker(H2(M

(1)
k ) → H2(A)).

Thus, V2 is the kernel of the map Λ2(V1) ≃ H1(A) ∧H1(A)→ H2(A), and

M
(1)
2 = Λ1(V1)⊗ Λ1(V2).

The differential on M
(1)
2 is zero on V1, and is defined on V2 by the inclusion V2

i→֒
Λ2(V1); the space V2 is concentrated in degree one. To compute the differential on

M
(1)
2 , we use the property that the differential is a graded derivation, so

d(α ⊗ β) = d(α) ⊗ β − α⊗ d(β).
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In terms of graded pieces, the DGA M
(1)
2 is

k
0 // V1

0 // Λ2(V1)
0 // Λ3(V1)

⊕ ⊕ ⊕
V2

i
;;wwwwww
V1 ⊗ V2

d
77oooooooo

Λ2(V1)⊗ V2

⊕ ⊕
Λ2(V2)

d
77ooooooo

V1 ⊗ Λ2(V2)

⊕
Λ3(V2)

If α⊗ β ∈ V1 ⊗ V2, then since d vanishes on V1,

d(α ⊗ β) = d(α) ⊗ β − α⊗ d(β) = −α⊗ d(β) ∈ Λ3(V1).

Similarly, if α ⊗ β ∈ Λ2(V2), then d(α ⊗ β) = d(α) ⊗ β − d(β) ⊗ α ∈ Λ2(V1)⊗ V2.
This vanishes exactly when α = β; in this case α ∧ β = 0. Thus, the kernel of the

map H2(M
(1)
2 )→ H2(A) is

V3 = ker(V1 ⊗ V2 → Λ3(V1)).

Define

M
(1)
3 = Λ1(V1)⊗ Λ1(V2)⊗ Λ1(V3)

and continue this process. The differentials become more involved as the construc-

tion proceeds; for example, in H2(M
(1)
3 ) there will be a term corresponding to the

kernel of the map [Λ2(V2)⊕ (V1 ⊗ V3)]→ [Λ2(V1)⊗ V2]. Setting

M (1) =
⋃

i≥0

M
(1)
i

yields the 1–minimal model of the DGA A.

7.6.3. Connecting H2(M
(1)
3 ) to the resonance LCS conjecture. We re-

turn to the Orlik-Solomon algebra, and compute the next Hirsch extension. As

described above, in H2(M
(1)
3 ) there will be a term corresponding to the kernel of

the map

Λ2(V2)⊕ (V1 ⊗ V3)
d−→ Λ2(V1)⊗ V2,

where
V1 = E1

V2 = I2
V3 = TorE2 (A, k)3

So the kernel of d consists of quadratic Koszul syzygies which are non-minimal;

dimk ker(d) =

(
b12
2

)
− δ4

Another term which will contribute to H2(M
(1)
3 ) comes from the kernel of the map

V1 ⊗ V3 −→ Λ4(V1).

This map corresponds to multiplying linear first syzygies by linear forms, hence the
kernel of the map corresponds to linear second syzygies, and has dimension b34. It
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can be shown that there are no other contributions to H2(M
(1)
3 ), so that V4 has

dimension

b34 +

(
b12
2

)
− δ4,

as expected. So the change of ring spectral sequence gives a very nice interpretation
of Hirsch extensions, at least in low degrees. It would be interesting to have a general
formula of this type.

We end with an observation relating the results of this chapter to the Resonance
LCS conjecture of Chapter 6. Theorem 7.36 shows that

φ4 = θ4 ↔
(
b12
2

)
= δ4.

The hypothesis in the resonance LCS conjecture that φ4 = θ4 is therefor equivalent
to requiring that the every one of the

(
b12
2

)
quadratic Koszul syzygies are actually

minimal. As we saw in Section 7.2, all the minimal first syzygies associated to a
codimension two flat are linear. Thus, if there exists X ∈ L2(A) with µ(X) > 2,
the inequality φ4 = θ4 fails to hold.





CHAPTER 8

Local systems on complements of arrangements

8.1. Three views of local systems

Definition 8.1. The following comprise a bundle of groups on a topological
space X :

(1) A collection {Vx | x ∈ X} of (additive) abelian groups Vx;
(2) A collection of isomorphisms Γx,y : Vx → Vy in one-to-one correspondence

with homotopy classes of paths γx,y from x to y in X ;
(3) If γx,y, γx,z, and γy,z are (homotopy classes of) paths in X , then the

isomorphism corresponding to the product path γx,y · γy,z is equal to the
composition Γy,z ◦ Γx,y.

Example 8.2. If p : E → X is a fiber bundle, let Fx = p−1(x). Then the
homology groups {Hk(Fx)} of the fiber form a bundle of groups on X . Similarly,
for k ≥ 2, the homotopy groups {πk(Fx)} of the fiber form a bundle of groups on
X .

Note that condition 8.1.3 above implies that the isomorphism corresponding to
the identity path at x is the identity id : Vx → Vx, and that Γ−1

x,y = Γy,x : Vy → Vx.
Condition 8.1.2 implies that if γx ∈ π1(X,x) is any loop based at x, then the
corresponding isomorphism Γx is an automorphism of Vx. Consequently, a bundle
of groups on X determines a representation of the fundamental group of X .

Example 8.3. Let X = S1 be the circle, and let x0 and x1 be a pair of
antipodal points. Let γ0,1 and γ1,0 be counterclockwise paths from x0 to x1 and
x1 to x0 respectively. Then the fundamental group π1(X,x0) is generated by the
(homotopy class of the) loop γ = γ0,1 · γ1,0.

Given a bundle of groups {Vx} on X = S1, we have isomorphisms Γ0,1 : Vx0 →
Vx1 and Γ1,0 : Vx1 → Vx0 . If V = Vx0 , the corresponding representation ρ :
π1(X,x0)→ Aut(V ) is given by ρ(γ) = Γ, where Γ = Γ1,0 ◦ Γ0,1.

Conversely, given a representation ρ : π1(X,x0) → Aut(V ), there is a unique
associated bundle of groups {Vx} on X with Vx0 = V . This bundle of groups may
be constructed as follows. For each x ∈ X , fix a homotopy class of paths γx,x0 from
x to x0, and a corresponding isomorphism Γx,x0 : Vx → Vx0 = V . Then if γx,y is a
path from x to y, define

(8.1) Γx,y = Γ−1
y,x0
◦ ρ(γ−1

x,x0
· γx,y · γy,x0) ◦ Γx,x0 .

It is a straightforward exercise to check that the isomorphism Γx,y defined in (8.1)
depends only on the homotopy class of the path γx,y, and that these isomorphisms
satisfy the transitivity condition 8.1.3.

Assume that V is a vector space over a field. Then the representation ρ :
π1(X,x0)→ Aut(V ) determines a vector bundle p : E → X over X as follows. The

135
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fundamental group G = π1(X,x0) acts on the universal cover X̃ of X by covering

transformations. Let E = X̃ × V/G be the quotient space, where for (x̃, v) is

identified with (γ · x̃, ρ(γ)(v)) for (x̃, v) ∈ X̃ × V and γ ∈ G. The map p : E → X

is the natural projection from E = X̃ × V/G to X = X̃/G.
The vector bundle p : E → X is flat in the sense that the transition functions

are locally constant. In other words, this vector bundle admits a flat connection.
A connection on a vector bundle may be viewed as a means of comparing fibers by
parallel translation, or as a means of differentiating sections. Let Ω0(E,X) denote
the sections of the vector bundle, and more generally, Ωk(E,X) the k-forms. A
connection is a linear map ∇ : Ω0(E,X) → Ω1(E,X) which satisfies the Leibnitz
rule ∇(fs) = df · s + f∇(s) for a function f and a section s. The connection ∇
induces a map (also denoted by ∇) from Ωk(E,X)→ Ωk+1(E,X) for each k ≥ 1.
The connection is said to be flat if the curvature ∇ ◦ ∇ : Ω0(E,X) → Ω2(E,X)
vanishes. If ∇ is flat, then parallel transport about a loop in X depends only on
the homotopy class of the loop. Thus, a flat connection determines a (holonomy)
representation of the fundamental group.

In what follows, we will discuss various aspects of the homology and coho-
mology of the complement of an arrangement with coefficients in a local system
L. Depending on the perspective, these (co)homology groups can be investigated
in various ways. For instance, if the local system L is given by a representation
ρ : G→ Aut(V ) of the fundamental group G = π1(X), the local system homology

H∗(X ;L) is the homology of the complex C∗(X̃) ⊗G V , where X̃ is the universal
cover of X . If L is given by a flat connection ∇ on a vector bundle p : E → X , the
local system cohomology is the cohomology of the complex (Ω∗(E,X),∇). If L is
given by a bundle of groups on X , then, for example, the singular chain complex
C∗(X,L) is constructed as follows. Let Ck(X ;L) be the set of all functions c such
that c(u) ∈ Vu(e0) for all singular k-simplices u : ∆k → X , and c(u) = 0 for all but
finitely many u. The boundary map ∂ : Ck(X ;L)→ Ck−1(X ;L) is defined by

∂(ξu) = Γu(e0),u(e1)(ξ)∂0(u) +

k∑

i=1

(−1)iξ∂i(u)

on elementary chains ξu, where u is a k-simplex and ξ ∈ Vu(e0), and extending
linearly. Analogous constructions may be made for other homology theories.

Example 8.4. Recall the antipodal points x0 and x1, and the paths γ0,1 and
γ1,0 between them on the circleX = S1 from Example 8.3. Define singular simplices
u0
j : ∆0 → S1 and u1

j : ∆1 → S1 by u0
j = xj , u

1
0(t) = γ0,1(t), and u1

1(t) = γ1,0(t).

Given a bundle of groups {Vx} on S1, recall that we denote the isomorphisms
corresponding to the paths γp,q by Γp,q. For k = 0, 1, the singular chain groups are

Ck(S
1;L) = {v0 · uk0 + v1 · uk1 | vj ∈ Vuk

j (e0)},

and the boundary map ∂ : C1(S
1;L)→ C0(S

1;L) is given by

∂(v0 · u1
0 + v1 · u1

1) = Γu1
0(e0),u1

0(e1)(v0) · u0
0 − v0 · u0

0 + Γu1
1(e0),u1

1(e1)(v1) · u0
1 − v0 · u0

1

= Γ0,1(v0) · u0
1 − v0 · u0

0 + Γ1,0(v1) · u0
0 = v1 · u0

1

= (Γ1,0(v1)− v0) · u0
0 + (Γ0,1(v0)− v1) · u0

1.
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Define automorphisms ψk : Ck(S
1;L)→ Ck(S

1;L) by

ψ1(v0 · u1
0 + v1 · u1

1) = v0 · y1
0 + (Γ0,1(v0) + v1) · u1

1,

ψ0(w0 · u0
0 + w1 · u0

1) = (w0 + Γ1,0(w1)) · u0
0 − w1 · u0

1.

Then, a calculation reveals that

ψ0 ◦ ∂ ◦ ψ1(v0 · u1
0 + v1 · u1

1) = (Γ(x) − x) · u0
0 + y · u0

1,

where Γ = Γ1,0 ◦ Γ0,1 ∈ Aut(V ), and V = Vx0 . Thus, the local system homology
H∗(S1;L) is given by the homology of the complex

(8.2) V
Γ−id−−−→ V.

This last complex may be realized as the complex resulting from the standard CW
decomposition of the circle, with a single zero cell and a single one cell.

Recall from Example 8.3 that the automorphism Γ of V determines the rep-
resentation ρ : π1(S

1, x0) → Aut(V ) corresponding to the bundle of groups {Vx}.
Additionally, the complex (8.2) is chain equivalent to C∗(R) ⊗Z V , where R is the

universal cover of S1 and Z = π1(S
1) = 〈γ〉. The augmented chain complex C̃∗(R)

can be expressed as

ZZ γ−1−−−→ ZZ ǫ−→ Z,
where ZZ is the group ring of Z = π1(S

1) and ǫ(γ) = 1. Note that this provides a
free resolution of Z over ZZ.

More generally, let Y = (S1)n be the n-dimensional torus. The fundamental
group π1(Y ) is free abelian of rank n. Denote the generators by γ1, . . . , γn. Let
ρ : π1(Y ) → Aut(V ) be a representation, and L the corresponding local system
on Y . Note that the automorphisms Tj = ρ(γj), 1 ≤ j ≤ n, commute. A chain
complex C∗(Y ;L) which computes the local system homology H∗(Y ;L) may be
described as follows.

Let R = ZZn be the group ring of Zn = π1(T ), and let C be a free R-module

with basis {e1, . . . , en}. Then the complex C∗(Y ;L) has terms Ck(Y ;L) =
∧k

C⊗V
and boundary maps ∂k : Ck(Y ;L)→ Ck−1(Y ;L) given by

(8.3) ∂k(ei1ei2 · · · eik ⊗ v) =

k∑

j=1

(−1)j−1ei1 · · · êij · · · eik ⊗ (Tij − id)v

8.2. General position arrangements

One of the first studies of local systems on complements of arrangements was
carried out by Hattori [169]. Motivated by problems from the Aomoto-Gelfand
theory of hypergeometric integrals (see [244] for a modern exposition), he analyzed
the local system homology of complements of general position arrangements.

Let G = {H1, . . . , Hn} be an arrangement of n hyperplanes in general position
in Cℓ, with n ≥ ℓ. If I ⊂ [n] is a subset of cardinality k, then dim

⋂
i∈I Hi = ℓ− k

if k ≤ ℓ and
⋂
i∈I Hi = ∅ if k > ℓ. In [169], Hattori showed that the complement

M = M(G) has the homotopy type of the ℓ-skeleton of the n-torus, and used this
result to record the cellular chain complex C∗(M ;L) of X with coefficients in an
arbitrary complex, rank one local system.

The fundamental group π1(M) is generated by meridian loops xj in M about
the hyperplanes Hj in Cℓ. If ℓ = 1 then π1(M) is free. If ℓ ≥ 2, then π1(M) is
free abelian. Let V ∼= Cm be a complex vector space, and let L be the complex
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local system on X corresponding to the representation ρ : π1(M)→ Aut(V ). Note
that the automorphisms Tj = ρ(xj) commute in the case ℓ ≥ 2. The chain complex
C∗(M ;L) may be realized as the truncation

V (n
ℓ) ∂ℓ−→ V ( n

ℓ−1) ∂ℓ−1−−−→ · · · ∂3−→ V (n
2) ∂2−→ V (n

1) ∂1−→ V (n
0),

with boundary maps ∂k given by (8.3), of the chain complex of the n-torus recorded
in Example 8.4. Using this truncation, Hattori proves the following vanishing the-
orem.

Theorem 8.5 (Hattori [169]). Let G = {H1, . . . , Hn} be a general position
arrangement of n hyperplanes in Cℓ with complement M , and L a complex local
system on M with monodromy Tj ∈ Aut(V ) about Hj. If 1 is not an eigenvalue
of Tj for some j, 1 ≤ j ≤ n, then Hq(M ;L) = 0 for q 6= ℓ, and dimC Hℓ(M ;L) =(
n−1
ℓ−1

)
· dimC V .

Proof. Without loss, assume that 1 is not an eigenvalue of the monodromy
automorphism T1. Define Ψ : C∗(M ;L)→ C∗+1(M ;L) by

Ψ(eI ⊗ v) =

{
e1eI ⊗ (T1 − id)−1v if 1 /∈ I,
0 otherwise.

Checking that ∂◦Ψ+Ψ◦∂ = 1, we conclude that Hq(M ;L) = 0 for q < ℓ. An Euler

characteristic argument then shows that dimCHℓ(M ;L) =
(
n−1
ℓ−1

)
· dimC V . �

8.2.1. Homology of cyclic covers. Let pk : C∗ → C∗, pk(z) = zk, be the
standard cyclic k-fold covering. The Leray-Serre spectral sequence insures that
the homology Hi(B;Hj(F )) abuts to Hi+j(E), where B = C∗ is the base of the

covering, E = C∗ is the total space, and F = p−1
k (w), w ∈ B, is the fiber. Since the

fiber is discrete, we have Hj(F ) = 0 for j 6= 0, and H∗(B;L) ∼= H∗(E), where L is

the local system corresponding to the bundle of groups {H0(p
−1
k (w))}. Evidently,

the fundamental group of the base acts on the fiber by cyclically permuting the
points, so acts on V = H0((p

−1
k (w)) ∼= Zk analogously. In other words, the local

system L corresponds to the representation ρ : π1(C∗)→ Aut(V ) = GLk(Z) which
sends a generator to a cyclic permutation matrix of order k. We leave it to the
reader to compute the homology of the total space, H∗(C∗) = H∗(C∗;L), by these
means.

More generally, let A be an arbitrary arrangement, with defining polynomial
Q and complement M . Consider the cyclic k-fold covering Pk : Mk →M obtained
by pulling back the standard cyclic cover pk : C∗ → C∗:

Mk −−−−→ C∗

Pk

y
ypk

M
Q−−−−→ C∗

The covering space Mk is given explicitly by

Mk = {(x, z) ∈M × C∗ | Q(x) = zk}.
In the special case k = |A| + 1, the covering space Mk is homeomorphic to the
Milnor fiber of the cone of A, see Chapter 11.

As above, the homology of the covering space Mk may be calculated using the
Leray-Serre spectral sequence: H∗(Mk) = H∗(M ;L), where L is the local system
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corresponding to the bundle of groups {H0(P
−1
k (x))}. We subsequently focus on

complex coefficients. The local system L was identified in [53] and [48].

Proposition 8.6. Let T ∈ GLk(C) be the cyclic permutation matrix of order
k defined by T (~ei) = ~ei+1 for 1 ≤ i ≤ k − 1 and T (~ek) = ~e1, where {~ei} is the
standard basis for Ck. Note that T is diagonalizable with eigenvalues ξqk, 1 ≤ q ≤ k,
where ξk = exp(2π i /k).

(1) The local system L on M is induced by the representation ρ : π1(X) →
GLk(C) given by ρ(γH) = T for each meridian γH .

(2) The local system L decomposes into a direct sum, L =
⊕k

q=1 Lq of rank
one local systems. For each q, the local system Lq is induced by the rep-
resentation ρq : π1(M)→ C∗ defined by ρq(γH) = ξqk.

(3) The homology of the covering space Mk admits the direct sum decomposi-

tion H∗(Mk; C) =
⊕k

q=1H∗(M ;Lq).

Note that the local system Lk is trivial. Consequently, the homology of M is
a direct summand of that of Mk. For general position arrangements, Theorem 8.5
may be used to calculate H∗(M ;Lq) for 1 ≤ q ≤ k − 1, yielding the homology of
Mk.

Proposition 8.7. Let G ⊂ Cℓ be a general position arrangement of n > ℓ
hyperplanes. For k ≥ 1, the Betti numbers of the cyclic covering space Mk of the
complement M are

bq(Mk) =

(
n

q

)
for q < ℓ, and bℓ(Mk) =

(
n

ℓ

)
+ (k − 1) ·

(
n− 1

ℓ− 1

)
.

In the case k = n+1, this result yields the Betti numbers of the Milnor fiber of
a generic arrangement of n+1 hyperplanes in Cℓ+1, a result first obtained by other
means by Orlik and Randell [239], and recovered by Massey [215] among others.

8.3. Aspherical arrangements

An arrangement A is said to be aspherical, or a K(G, 1)-arrangement, if the
complement M is a K(G, 1)-space, where G = π1(M). For such arrangements,
local systems may be studied from the point of view of (co)homology of groups, see
Brown [30] as a general reference.

Let A be a K(G, 1)-arrangement, and let L be the local system on the comple-
ment of A corresponding to the representation ρ : G→ Aut(V ). The representation
ρ provides V with the structure of a ZG-module, and one has

H∗(M ;L) = H∗(G;V ) and H∗(M ;L) = H∗(G;V ),

the local system (co)homology of M is equal to the (co)homology of G with coeffi-
cients in the module V . To justify this, observe that the augmented chain complex,

C∗(M̃)
ǫ−→ Z, of the universal cover of M is a resolution of Z over ZG, and note

that, for instance, both H∗(M ;L) and H∗(G;V ) may be obtained by computing

the homology of the complex C∗(M̃)⊗G V .

Example 8.8. Let A be an arrangement of n distinct points in C. The comple-
ment M has the homotopy type of a bouquet of n circles, and is a K(G, 1)-space,
where G = π1(M) is a free group on n generators. Write G = Fn = 〈x1, . . . , xn〉.
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The chain complex of the universal cover ofM provides a free resolution C∗(G)→ Z
over ZG, given explicitly by

0→ (ZG)n
∆−→ ZG ǫ−→ Z→ 0,

where ∆ =
(
x1 − 1 · · · xn − 1

)⊤
and ǫ is the augmentation map, given by

ǫ(xi) = 1.
Let ρ : G → Aut(V ) be a representation, with ρ(xi) = Ti, and L the corre-

sponding local system on M . Then H∗(M ;L) = H∗(G;V ) is the homology of the
complex C∗(G) ⊗G V , given explicitly by

V n
ρ∗(∆)−−−−→ V,

where

ρ∗(∆) =



ρ(x1)− id

...
ρ(xn)− id


 =



T1 − id

...
Tn − id


 .

Note that A may be viewed as a “general position” arrangement, and that the
complex C∗(G) ⊗G V may be realized as Hattori’s complex. Note also that the
resolution C∗(G) is minimal in the sense that Ci(G) is a free ZG-module of rank
bi(X) and the boundary map ∆ augments to 0.

The complement X = C \ {n points} of the arrangement in the previous ex-
ample may be realized as the fiber of the classical Fadell-Neuwirth bundle pn,1 :
Fn+1(C) → Fn(C), where Fn(C) is the configuration space of n ordered points
in C, and pn,1(x1, . . . , xn, xn+1) = (x1, . . . , xn). More generally, the fiber of the
Fadell-Neuwirth bundle pn,ℓ : Fn+ℓ(C) → Fn(C) may be realized as the com-
plement X(An,ℓ) of a discriminantal arrangement in the sense of Schechtman-
Varchenko [285].

The fundamental group of the configuration space Fn(C) is the Artin pure
braid group on n strands. Since the Fadell-Neuwirth bundle admits a section, the
homotopy exact sequence of the bundle can be used to show that the pure braid
group Pn is an iterated semidirect product of free groups,

Pn = Fn−1 ⋊αn−1 Fn−2 ⋊ · · ·⋊ F2 ⋊α2 F1.

The monodromy homomorphism αk : Pk → Aut(Fk) is given by the restriction
of the Artin representation to the pure braid group. Let Ai,j be the pure braid
obtained by performing a full twist on strands i and j (behind the others strands).
Then, if Fk = 〈x1, . . . , xk〉, we have

(8.4) Ai,j(xq) =





xq if q < i or q > j,

xixjx
−1
i if q = j,

xixjxix
−1
j x−1

i if q = i,

[xi, xj ]xq[xi, xj ]
−1 if i < q < j

Similarly, the fundamental group of the complement of the discriminantal arrange-
ment may be realized as

π1(X(An,ℓ)) = ker(Pn+ℓ → Pn) = Fn+ℓ−1 ⋊αn+ℓ−2
⋊ · · ·⋊αn+1 Fn.
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The Schechtman-Varchenko discriminantal arrangements, and the braid ar-
rangement An, with defining polynomial Q(An) =

∏
1≤i<j≤n(xi− xj) and comple-

ment X(An) = Fn(C), are examples of fiber-type or supersolvable arrangements.
We recall some relevant topological definitions and results.

Definition 8.9. A hyperplane arrangementA in Cℓ+1 is strictly linearly fibered
if there is a choice of coordinates (x, z) = (x1, . . . , xℓ, z) on Cℓ+1 so that the restric-
tion, p, of the projection Cℓ+1 → Cℓ, (x, z) 7→ x, to the complement X(A) is a fiber
bundle projection, with base p(X(A)) = X(B), the complement of an arrangement
B in Cℓ, and fiber the complement of finitely many points in C. In this case A is
said to be strictly linearly fibered over B.

Let A be an arrangement in Cℓ+1, strictly linearly fibered over B ⊂ Cℓ. For
each hyperplane H of A, let fH be a linear polynomial with zero set H . Then
Q(A) =

∏
H∈A fH is a defining polynomial for A. From the definition, there is

a choice of coordinates for which a defining polynomial for A factors as Q(A) =
Q(B) · φ(x, z), where Q(B) = Q(B)(x) is a defining polynomial for B, and φ(x, z)
is a product

φ(x, z) = (z − g1(x))(z − g2(x)) · · · (z − gn(x)),

with gj(x) linear. Define g : Cℓ → Cn by

(8.5) g(x) =
(
g1(x), g2(x), . . . , gn(x)

)
,

Since φ(x, z) necessarily has distinct roots for any x ∈ X(B), the restriction of g to
X(B) takes values in the configuration space Fn(C).

Theorem 8.10 ([42]). Let B be an arrangement of m hyperplanes, and let A
be an arrangement of m + n hyperplanes which is strictly linearly fibered over B.
Then the bundle p : X(A) → X(B) is equivalent to the pullback of the bundle of
configuration spaces pn,1 : Fn+1(C) → Fn(C) along the map g. Consequently, the
bundle p : X(A) → X(B) admits a cross-section, and has trivial local coefficients
in homology.

Let, for instance, G(A) = π1(X(A)). Passing to fundamental groups, there is
an induced commutative diagram with split rows.

(8.6)

1 −−−−→ Fn −−−−→ G(A) −−−−→ G(B) −−−−→ 1
yid

y
yg∗

1 −−−−→ Fn −−−−→ Pn+1 −−−−→ Pn −−−−→ 1

realizing G(A) = Fn ⋊G(B) as a semidirect product. Note also that the action of
G(B) in the semidirect product structure is by pure braid automorphisms.

Definition 8.11. An arrangement A = A1 of finitely many points in C1 is
fiber-type. An arrangement A = An of hyperplanes in Cn is fiber-type if A is
strictly linearly fibered over a fiber-type arrangement An−1 in Cn−1.

If A is a fiber-type arrangement in Cℓ, applying Theorem 8.10 inductively
reveals that G(A) = Fdℓ

⋊ · · ·⋊Fd1 is an iterated semidirect product of free groups.

Theorem 8.12 (Cohen-Suciu [56]). Let G(A) = Fdℓ
⋊ · · ·⋊ Fd1 be an iterated

semidirect product of free groups. Then there is a finite, free resolution C∗(G)→ Z.
Each term Ck(G) of C∗(G) is a free ZG-module of rank sk(d1, d2, . . . dℓ), where sk
is the k-th elementary symmetric polynomial.
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The boundary maps of the resolution C∗(G) are computed recursively using the
Fox calculus and the various actions of the free groups Fdp

on Fdq
, p < q. If these

actions are trivial in homology (as is the case for fiber-type arrangement groups),
these boundary maps augment to zero. We illustrate with a small example. When
G = Fn ⋊Fm is a semidirect product of two free groups, the resolution C∗(G) may
be computed directly by applying the Fox calculus to an appropriate presentation
of G.

Example 8.13. Consider the Selberg arrangement A depicted in Figure 8.1,
with defining polynomial Q(A) = x(x − 1)y(y − 1)(x − y). The complement of

5

4

3

1 2

Figure 8.1. A Selberg arrangement

this arrangement may be realized as the fiber of the bundle p4,2 : F4(C)→ F2(C),
with fundamental group G = π1(X(A)) = F3 ⋊α3 F2. Write F2 = 〈x1, x2〉 and
F3 = 〈y1, y2, y3〉. The Artin representation (8.4) may be used to check that G
admits a presentation with these generators and the following relations:

y1x1 = x1y1y3y1y
−1
3 y−1

1 y1x2 = x2y1
y2x1 = x1[y1, y3]y2[y1, y3]

−1 y2x2 = x2y2y3y2y
−1
3 y−1

2

y3x1 = x1y1y3y
−1
1 y3x2 = x2y2y3y

−1
2

The resolution C∗(G) may be obtained by applying the Fox calculus to this presen-
tation. Carrying out this calculation, and making some simplifications using the
above relations, we obtain

(ZG)6
∆2−−→ (ZG)5

∆1−−→ ZG,

with boundary maps

∆1 =

(
∆(x)
∆(y)

)
and ∆2 =

(
∆(y) 0 M1

0 ∆(y) M2

)
,

where

∆(x) =

(
x1 − 1
x2 − 1

)
, ∆(y) =



y1 − 1
y2 − 1
y3 − 1


 ,

M1 =




1− x1 + y1x1 − x1y1y3 0 (y1 − 1)x1y1
(1 − y2)x1(y1y3y

−1
1 − 1) 1− y3x1y

−1
3 (y2 − 1)x1y1(1 − y3y−1

1 y−1
3 )

(y3 − 1)x1 0 1− x1y1


 ,

M2 =




1− x2 0 0
0 1− x2 + y2x2 − x2y2y3 (y2 − 1)x2y2
0 (y3 − 1)x2 1− x2y2


 .
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8.4. Representations ?

8.5. Minimality ?

8.6. Flat connections

Let p : E → X be a vector bundle. A connection ∇ on a vector bundle over X
may be viewed as a means of comparing fibers by parallel transport, or as a means
of differentiating sections. Recall that sections are denoted by Ω0(E,X), and more
generally, k-forms are denoted by Ωk(E,X). A connection ∇ is a map

∇ : Ω0(E,X)→ Ω1(E,X),

that is linear, and satisfies the following Leibnitz rule

(8.7) ∇(fs) = df · s+ f · ∇(s),

for a function f and a section s. Evidently, such a map induces a map from
Ωk(E,X) to Ωk+1(E,X) for each k.

A connection is said to be flat if the curvature ∇ ◦ ∇ vanishes. If ∇ is flat,
then parallel transport around a loop in X depends only on the homotopy class of
the loop. Thus, a flat connection gives rise to a representation of the fundamental
group, a “holonomy” representation. Note also that if ∇ is flat, then (Ω•(E,X),∇)
is a cochain complex.

In the context of arrangements, flat connections on trivial vector bundles are
often of interest. Let A = {H1, . . . , Hn} be an arrangement in Cℓ, with complement
X . For each hyperplane Hj of A, let αj be a linear polynomial which vanishes on
Hj , and denote the corresponding logarithmic form by ωj = dαj/αj. Let V be a
complex vector space of dimension r, and fix an endomorphism Pj ∈ End(V ). Let
Ω•(A) be the rational differential forms on Cℓ with poles along A, and define

(8.8) ω =

n∑

j=1

ωj ⊗ Pj ∈ Ω1(A)⊗ V.

The 1-form ω defines a connection ∇ : Ωk(A) ⊗ V → Ωk+1(A) ⊗ V on the trivial
vector bundle X × V → X , given explicitly by

∇(η ⊗ v) = dη ⊗ v +

n∑

j=1

(ωj ∧ η)⊗ Pj(v).

Lemma 8.14. If ω ∧ ω = 0, then the connection ∇ is flat.

Conditions which insure that ω ∧ ω = 0, and hence the flatness of ∇, were
found by Kohno [196]. An edge F of A is a nonempty intersection of hyperplanes,
that is, an element of the poset of A of rank at least one. For an edge F of A, set
PF =

∑
F⊆Hj

Pj .

Proposition 8.15. If [Pj , PF ] = 0 for all j and edges F such that codimF = 2
and F ⊆ Hj, then ω ∧ ω = 0.

If the endomorphisms Pj satisfy the holonomy conditions of the previous result,
we obtain an associated complex rank r local system L onX , with monodromy Tj =
exp(−2π iPj) about the hyperplane Hj . The local system cohomology H∗(X ;L)
may be calculated by means of the algebraic de Rham theorem of Deligne and
Grothendieck.
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Theorem 8.16. With notation as above, the following isomorphism holds.

H∗(X ;L) ∼= H∗(Ω•(A)⊗ V,∇).

Consider the tensor product A(A)⊗ V of the Orlik-Solomon algebra of A and
the vector space V . By virtue of the Brieskorn-Orlik-Solomon theorem, A(A) ⊗ V
is a subcomplex of the algebraic de Rham complex (Ω•(A) ⊗ V,∇). Note that the
restriction of the boundary operator ∇ to this subcomplex is simply multiplication
by ω, as A(A) is generated by logarithmic forms. Let ι : (A(A)⊗V, ω)→ (Ω•(A)⊗
V,∇) denote the inclusion. It is natural to ask for conditions which insure that ι is
a quasi-isomorphism.

An edge F of A is dense if the subarrangement AF = {Hj ∈ A | F ⊆ Hj} of
hyperplanes containing it is irreducible: the hyperplanes cannot be partitioned into
nonempty sets so that after a change of coordinates hyperplanes in different sets
are in different coordinates. This is a combinatorially determined condition which
can be checked in a neighborhood of a given edge, see [284]. Consequently, this
notion makes sense for both affine and projective arrangements.

Given an arrangement A = {H1, . . . , Hn} in Cℓ, let A∞ denote the projective

closure in CPℓ, A∞ = {H̄1, . . . , H̄n, H̄∞}, where H̄j is the closure of Hj and H̄∞ is
the hyperplane at infinity. Associate the endomorphism P∞ = −∑n

j=1 Pj to H̄∞.

Theorem 8.17 (Esnault-Schechtman-Viehweg [115], Schechtman-Terao- Var-
chenko [284]). If the eigenvalues of the endomorphism PF are not positive integers
for every dense edge F of A∞, then the inclusion ι : (A(A)⊗V, ω)→ (Ω•(A)⊗V,∇)
is a quasi-isomorphism. Hence,

H∗(X ;L) ∼= H∗(A(A) ⊗ V, ω).

For local systems which satisfy the above hypotheses, this theorem provides a
combinatorial means for computing the local system cohomology.

Example 8.18. Consider the Selberg arrangement A depicted in Figure 8.1,
with defining polynomial Q(A) = x(x − 1)y(y − 1)(x− y).

The dense edges of A are the hyperplanes Hj , 1 ≤ j ≤ 5, and the rank two
edges H1 ∩H3 ∩H5 and H2 ∩H4 ∩H5. The dense edges of the projective closure
A∞ are (the projective closures of) those of A, together with H̄∞, H̄1 ∩ H̄2 ∩ H̄∞,
and H̄3 ∩ H̄4 ∩ H̄∞.

Let L be a complex rank one local system on the complement X of A. In this
context, the endomorphisms Pj are typically referred to as weights, and denoted by
λj . A collection on weights (λ1, λ2, . . . , λ5) satisfies the conditions of Theorem 8.17
if none of

(8.9) λ1, . . . , λ5, λ∞, λ1 + λ3 + λ5, λ2 + λ4 + λ5, λ1 + λ2 + λ∞, λ3 + λ4 + λ∞

is a positive integer, where λ∞ = −(λ1 + · · · + λ5). For such weights, the local
system cohomologyH∗(X ;L) is isomorphic to the cohomology of the Orlik-Solomon
complex. Using the nbc-basis for the Orlik-Solomon algebra, this complex is given
explicitly by

A0(A)
δ1 // A1(A)

δ2 // A2(A) ,
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where

A0(A) = C has basis {1},
A1(A) = C5 has (ordered) basis {e1, . . . , e5},
A2(A) = C6 has (ordered) basis {e13, e14, e15, e23, e24, e25},

δ1 =
(
λ1 λ2 λ3 λ4 λ5

)
, and

δ2 =




−λ3 −λ4 −λ5 0 0 0
0 0 0 −λ3 −λ4 −λ5

λ1 + λ5 0 −λ5 λ2 0 0
0 λ1 0 0 λ2 + λ5 −λ5

−λ3 0 λ1 + λ3 0 −λ4 λ2 + λ4



.

Recall from Example 8.13 that the generators of G = π1(X) are denoted by
x1, x2, y1, y2, y3. For an arbitrary complex rank one local system L, the resolu-
tion C∗(G) constructed in this example may be used to calculate the local sys-
tem cohomology H∗(X ;L). If ρ : G → C∗ is a representation with ρ(xi) = ti
and ρ(yj) = tj+2, then H∗(X ;L) is given by the cohomology of the complex
Hom(C∗(G),C), see Brown [30] (for sign conventions in particular). This complex
is given explicitly by

C
∆1

// C5 ∆2
// C6 ,

where the boundary maps are given by

∆1 =
(
t1 − 1 t2 − 1 t3 − 1 t4 − 1 t5 − 1

)
and ∆2 =

0

B

B

B

@

1 − t3 1 − t4 1 − t5 0 0 0
0 0 0 1 − t3 1 − t4 1 − t5

t1t3t5 − t1t3 + t1 − 1 t1(t4 − 1)(t5 − 1) t1(1 − t5) t2 − 1 0 0
0 t1 − 1 0 0 t2t4t5 − t2t4 + t2 − 1 t2(1 − t5)

t1t3(1 − t3) t1(t4 − 1)(1 − t3) t1t3 − 1 0 t2t4(1 − t4) t2t4 − 1

1

C

C

C

A

As noted previously, the relationship between the weights λj and the mon-
odromies tj is given by tj = exp(−2π iλj). Expanding the (entries of the) boundary
maps ∆i as power series in the weights, it is readily checked that, up to a constant,
the linear terms of these boundary maps coincide with the boundary maps δi of
the Orlik-Solomon complex. Thus, Theorem 8.17 gives conditions under which the
linear part (A(A), ω) of the complex Hom(C∗(G),C) carries the cohomology.

8.7. Nonresonance theorems

In this section, we record a number of vanishing, or nonresonance, theorems.
We first consider the case discussed in the previous section, namely local systems
that arise from flat connections on trivial vector bundles.

Theorem 8.19 (Schechtman-Terao-Varchenko [284]). Let A be an essential ar-
rangement in Cℓ, and let L be the local system on the complement X corresponding
to the flat connection on the trivial vector bundle over X with connection 1-form ω
of (8.8). If none of the eigenvalues of PF is a non-negative integer for every dense
edge F of A∞, then Hq(X ;L) = 0 for q 6= ℓ, and dimHℓ(X ;L) = dimC(V )· |χ(X)|.

Remark 8.20. In [284], this result is stated only for abelian local systems.
This assumption is not necessary, see [46].
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Theorem 8.19 is obtained by combining Theorem 8.17 with a result of Yuzvinsky
[338] which shows that, if the endomorphisms PF satisfy the above hypotheses,
then the cohomology of the Orlik-Solomon complex (A(A) ⊗ V, ω) is concentrated
in dimension ℓ, and dimC H

ℓ(A(A) ⊗ V, ω) = dimC(V ) · |χ(X)|.
For an arrangement of n hyperplanes, a collection of weights λ = (λ1, . . . , λn) ∈

Cn determines a flat connection on the trivial line bundle over the complement X ,
with 1-form ω =

∑n
j=1 λjωj , and hence a complex rank one local system L on X .

Call weights λ nonresonant if they satisfy the conditions of Theorem 8.19. For such
weights, a basis for the single non-vanishing cohomology group Hℓ(X ;L) was found
by Falk and Terao [134]. To describe this basis, we require some notation.

Recall that the hyperplanes of A = {Hj}nj=1 are ordered, and identify the
hyperplanes with their indices. A circuit is an inclusion-minimal dependent set of
hyperplanes in A, and a broken circuit is a set T for which there exists H < min(T )
so that T ∪ {H} is a circuit. A frame is a maximal independent set, and an nbc
frame is a frame which contains no broken circuit. Since A contains ℓ linearly
independent hyperplanes, every frame has cardinality ℓ. The set of nbc frames is a
basis for Aℓ(A). An nbc frame B = (Hj1 , . . . , Hjℓ) is a βnbc frame provided that
for each k, 1 ≤ k ≤ ℓ, there exists H ∈ A such that H < Hjk and (B \{Hjk})∪{H}
is a frame. Let βnbc(A) be the set of all βnbc frames of A.

Definition 8.21. Given B = (Hj1 , . . . , Hjℓ) in βnbc(A), define ξB ∈ Aℓ(A)

by ξB = ∧ℓp=1eλ(Fp), where Fp =
⋂ℓ
k=pHjk and eλ(F ) =

∑
F⊆Hi

λiei. Denote the

cohomology class of ξB in Hℓ(A(A), ω) by ΞB .

Theorem 8.22 (Falk-Terao [134]). Let A be an essential arrangement in Cℓ,
and let L be the local system on the complement X corresponding to nonresonant
weights λ. Then the set {ΞB | B ∈ βnbc(A)} is a basis for Hℓ(A(A), ω) ∼=
Hℓ(X(A);L).

Example 8.23. Consider the Selberg arrangement of Example 8.18. Weights
λ are nonresonant if none of the weight sums recorded in (8.9) is a non-negative
integer. For such weights, the β-nbc basis of H2(A(A), ω) ∼= H2(X(A);L) ∼= C2 is
{Ξ2,4,Ξ2,5}, where

Ξ2,4 = (λ2e2 + λ4e4 + λ5e5)λ4e4 = λ4(λ2 + λ5)e2e4 − λ4λ5e2e5,

Ξ2,5 = (λ2e2 + λ4e4 + λ5e5)λ5e5 = λ5(λ2 + λ4)e2e5 − λ4λ5e2e4.

An arbitrary local system L on X(A) need not arise as the sheaf of horizon-
tal sections of a trivial vector bundle equipped with a flat connection as described
above. The existence of such a connection is related to the Riemann-Hilbert prob-
lem for L, see Beauville [21], Bolibrukh [27], and Kostov [199]. Even in the simplest
case, when n = 1 and |A| > 3, there are local systems L of any rank r ≥ 3 on X(A)
for which the Riemann-Hilbert problem has no solution, see [27, Theorem 3].

Let L be a complex local system of rank r on the complement X associated to
a representation

ρ : π1(X)→ GLr(C).

There is a well-defined conjugacy class of automorphisms in GLr(C) corresponding
to each edge F of the projective closure A∞ of A, see [46]. A representative of
this conjugacy class is given by the monodromy TF of L about a small loop turning
once in the positive direction about the flat F .
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Theorem 8.24 (Cohen-Dimca-Orlik [46]). Assume that there is a hyperplane
H ∈ A∞ so that for any dense edge F of A∞ with F ⊆ H, the corresponding
automorphism TF does not admit 1 as an eigenvalue. Then Hq(X,L) = 0 for
q 6= ℓ.

In the case where L is a rank one complex local system arising in the context
of the Milnor fiber associated to A (see [53]), this result was obtained by Libgober
[205].

For a local system which arises from a flat connection on a trivial vector bundle,
Theorem 8.24 has the following consequence.

Corollary 8.25. Assume that there is a hyperplane H ∈ A∞ so that none of
the eigenvalues of PF lies in Z for every dense edge F ⊆ H. Then Hq(X,L) = 0
for q 6= ℓ.

This result is a refinement of a vanishing theorem of Kohno [196], where the
hypothesis is required to hold for all edges.

Surprisingly, the monodromy condition of Corollary 8.25 is more stringent than
the condition of Theorem 8.19. We illustrate this phenomenon with an example,
and refer to [46] for further details.

Example 8.26. Consider the arrangement of six lines in CP2 defined by the
polynomial Q = x(x− z)y(y − 2z)(x− y)z. Order the hyperplanes as indicated by
the order of the factors of Q. The dense edges are the hyperplanes, and the rank
two edges F126 = H1 ∩H2 ∩H6, F135, and F346. For this arrangement, the weights
λ =

(
− 5

3 ,
1
3 ,− 5

3 ,
1
3 ,

7
3 ,

1
3

)
satisfy the nonresonance condition of Theorem 8.19, but

the monodromy about each rank 2 dense edge is trivial. Consequently, there is no
integer vector k for which λ+ k satisfies the condition of Corollary 8.25.





CHAPTER 9

Logarithmic forms, A-derivations, and free

arrangements

9.1. Logarithmic forms and derivations along arrangements

Let A be a central arrangement in Cℓ. The term “logarithmic form” originates
from the fact that the differential 1-form

d log f =
df

f

is a prototypical example of such forms. We have already seen logarithmic 1-forms

ωH =
1

2πi
· dlH
lH

=
1

2πi
· d log lH

in ??, where lH is the homogeneous linear form defining H ∈ A. They are closed
1-forms; together with 1, they generate the finite-dimensional C-algebra R(A).
The de Rham algebra R(A) is isomorphic to the cohomology algebra H∗(M(A),C)
by the de Rham homomorphism and to the Orlik-Solomon algebra as we saw in
Chapter ??. Thus we already know that the logarithmic forms play an important
role in the arrangement theory.

In this section, we study an algebraic object generated by (generically) logarith-
mic forms which plays an even more important role in the theory of arrangements.
Let S denote the set of all polynomial functions on Cℓ. Algebraically speaking,
S is naturally identified with the symmetric algebra of the dual space (Cℓ)∗. The
S-module of (generically) logarithmic p-forms was defined by K. Saito [274],
as follows:

Ωp(A) = {ω ∈ ΩpF | Qω ∈ ΩpS and Q(dω) ∈ ΩpS},
where ΩpF is the F -vector space of rational differential p-forms on Cℓ and Q is a
defining polynomial for a complex arrangement A. In other words, a rational p-
form ω on Cℓ is a (generically) logarithmic p-form if and only if both ω and dω
have at worst simple poles along A.

Remark 9.1. Let us briefly explain why these differential forms are called
generically logarithmic: Let us define Ωp〈A〉 to be the S-module generated by
ωH1 ∧ ωH2 ∧ · · · ∧ ωHp

for H1, . . . , Hp ∈ A. This S-module should be called the
S-module of logarithmic p-forms. Then Ωp〈A〉 is an S-submodule of Ωp(A). It is
not difficult to see that the support of the quotient module Ωp(A)/Ωp〈A〉 is of at
least codimension two: (Ωp(A)/Ωp〈A〉)P = 0 when the height of a prime ideal P
of S is less than two. So the two S-modules are generically equal. They coincide if
the arrangement is a subarrangement of the Boolean arrangement.

Remark 9.2. P. Deligne [71] established the mixed Hodge theory on every
(non-compact) quasi-projective manifold X by compactifying X into a (compact)

149
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projective manifold X by adding the boundary divisor Y = X \ X of normal
crossings. The divisor Y is, locally at x ∈ X, isomorphic to the union of coordinate
hyperplanes, or a subarrangement A(x) of the Boolean arrangement. The sheaf
Ωp
X
〈Y 〉, whose stalk at x ∈ X is isomorphic to Ωp〈A(x)〉, plays the central role in

the theory of mixed Hodge theory.

The union of hyperplanes is not necessarily a divisor of normal crossings. In the
theory of arrangements, logarithmic forms usually stand for generically logarithmic
forms with poles along the union of hyperplanes. In this Chapter, we simply say
logarithmic p-forms instead of generically logarithmic p-forms.

An object which is S-dual to Ω1(A) is given by

D(A) := {θ ∈ DerS | θ(Q) ∈ QS},
where DerS is the S-module of C-linear derivations of S to itself. Geometrically
speaking, a logarithmic derivation alongA is a polynomial vector field on Cℓ tangent
to each hyperplane of A. Elements of D(A) are called logarithmic derivations along
A.

A non-degenerate S-bilinear coupling

Ω1(A)×D(A) −→ S

is given by the natural contraction of a one-form and a derivation. So Ω1(A) and
D(A) are S-dual to each other. The S-modules Ωp(A) and D(A) are graded S-
modules by the degrees of the polynomial coefficients.

9.2. Resolution of arrangements and logarithmic forms

LetA = {H1, . . . , Hn} be an affine arrangement in Cℓ andA∞ be the projective

closure in CPℓ. Express A∞ = {H̄1, . . . , H̄n, H̄∞} as in 8.6. Suppose that X is a
nonsingular complex projective manifold which is the result of successively blowing
up CPℓ with centers of the dense edges (8.6) of A∞:

τ : X → CPℓ.

Then

Y := τ−1(H1 ∪ · · · ∪Hn ∪H∞)

is a divisor of normal crossings. Thus, locally speaking, Y is a subarrangement of
the Boolean arrangement. Let X = X \ Y . Then

τ |X : X→̃M(A).

Applying the mixed Hodge structure theory [71] to X , we have

Hn(X) =
⊕

p+q=n

Hq(X,Ωp
X

(log Y ))

for each n. In this situation, Esnault-Schechtman-Viehweg [115] proved the follow-
ing

Theorem 9.3 ([115]). (1) An(A) ≃ Γ(X,Ωn
X

(logY )) for each n, and

(2) Hq(X,Ωp
X

(logY )) = 0 for q > 0.
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Proof. Consider a diagram

An(A)
τ∗

−→Γ(X,Ωn
X

(log Y ))

i→֒
⊕

p+q=n

Hq(X,Ωp
X

(logY )) = Hn(X)
((τ |X)−1)∗

−̃→ Hn(M(A)).

Here τ∗ is the pull-back map by the map τ and i is the natural injection. Since
the Orlik-Solomon algebra is isomorphic to the cohomology algebra of M(A) as we
saw in ??, the composed map ((τ |X)−1)∗ ◦ i ◦ τ∗ is an isomorphism. So we have
the desired results. �

Theorem 9.3 clarifies the relationship of the Orlik-Solomon algebra to the log-
arithmic forms after modifying the union of hyperplanes into a divisor of normal
crossings. Moreover, The work of Deligne [72] enables us to get Theorem 8.17,
which can be regarded as a twisted version of Theorem 9.3.

9.3. Free arrangements

The class of free arrangements is a special class of arrangements with important
examples and remarkable properties. Let us recall the definition:

Definition 9.4. A central arrangement A is called to be free if Ω1(A) is a
free S-module, or, equivalently, if D(A) is a free S-module. When A is a free
arrangement, the degrees of a homogeneous basis are called the exponents of A.
Let expA denote the multiset of exponents of a free arrangement A.

Let x1, . . . , xℓ be a basis for (Cℓ)∗. The following criterion for freeness is very
useful:

Proposition 9.5. (Saito’s criterion [274] [242, 4.19]) Suppose that θ1, . . . , θℓ ∈
D(A) are homogeneous. Then θ1, . . . , θℓ form an S-basis for D(A) if and only if

det[θj(xi)] ∈ C∗Q.

Let us see two seminal examples of free arrangements:

Example 9.6. Let ℓ = 2 and{
θ1 = θE = x1

∂
∂x1

+ x2
∂
∂x2

θ2 = −( ∂Q∂x2
) ∂
∂x1

+ ( ∂Q∂x1
) ∂
∂x2

Then θ1(Q) = (degQ)Q and θ2(Q) = 0. Thus θ1 and θ2 lie in D(A). Thanks to
Saito’s criterion 9.5, we know that θ1 and θ2 are an S-basis because

det

[
θ1(x1) θ2(x1)
θ1(x2) θ2(x2)

]
= det

[
x1 − ∂Q

∂x2

x2
∂Q
∂x1

]
= (degQ)Q.

Thus the exponents of A are 1, degQ− 1: expA = {1, degQ− 1}.
Example 9.7. Let A be a real reflection arrangement. In other words, A is

the collection of mirror hyperplanes of the reflections belonging to a finite real
reflection group G. Under this assumption, the invariant subring SG is isomorphic
to a polynomial ring in ℓ variables:

SG = R[P1, . . . , Pℓ],
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where P1, . . . , Pℓ ∈ SG are homogeneous and algebraically independent over R. Let
x1, . . . , xℓ be an orthonormal basis for (Cℓ)∗ with respect to the G-invariant inner
product. Define

θj =

ℓ∑

i=1

∂Pj
∂xi

∂

∂xj
(j = 1, . . . , ℓ).

Then θ1, . . . , θℓ are G-invariant derivations. Since

Q = det[
∂Pj
∂xj

]

is an anti-invariant and θ1(Q), . . . , θℓ(Q) are also anti-invariants. Because any anti-
invariant is divisible by Q, θ1, . . . , θℓ lie in D(A) and they form an S-basis for D(A)
by Saito’s criterion 9.5. Thus expA = {degP1 − 1, degP2 − 1, . . . ,degPℓ − 1}.

Theorem 9.8 (Addition-Deletion Theorem [308]). Let A be a central arrange-
ment of hyperplanes and H0 ∈ A. Define

A′ = A \ {H0}, A′′ = {K ∩H0 | K ∈ A′}.
Then any two of the following three conditions imply the rest:

(1) A is free with expA = {d1, d2, . . . dℓ},
(2) A′ is free with expA = {d1, d2, . . . dℓ−1, dℓ − 1},
(3) A′′ is free with expA = {d1, d2, . . . dℓ−1}.

If one starts from the empty arrangement which is free with exponents {0, . . . , 0}
(ℓ times), one can construct many free arrangements by repeatedly applying the
implication (2) + (3) ⇒ (1) in Theorem 9.8. For example, it is known that any
supersolvable arrangement (or fiber-type arrangement) in 3.4 can be proved to be
a free arrangement in that way.

Although many arrangements are not free, as we saw in Example 9.6, when
ℓ = 2 every arrangement is free. More in general we have

Proposition 9.9. Let hdS denote homological dimension over S. Then hdSD(A) ≤
ℓ− 2 and hdSΩp(A) ≤ ℓ− 2.

Proof. (1) Consider a short exact sequence

0→ D(A)→ DerS
Q→ J(Q)/(J(Q) ∩QS)→ 0.

Here J(Q) is the ideal of S generated by all the partial derivatives of Q. Since
hdS(J(Q)/(J(Q) ∩QS)) ≤ ℓ and hdS DerS = 0, we have hdSD(A) ≤ ℓ− 2.

(2) Consider a short exact sequence

0→ Ω1(A)
Q·→ Ω1

S
dQ∧→ dQ ∧ Ω1

S/(dQ ∧ Ω1
S ∩QΩ2

S)→ 0.

The rest is the same as in (1). �

In 9.5, we study Yoshinaga’s criteria for freeness in terms of multiarrangements.

9.4. Multiarrangements and logarithmic derivations

Let A be a central arrangement. The theory of multiarrangements, which
will play an important role in 9.5 and 9.6, was started by G. Ziegler in [345].
A multiarrangement is a pair (A,m) consisting of an arrangement A and a map
m : A → Z≥0, called the multiplicity. An arrangement can be considered as a
multiarrangement with the constant multiplicity m(H) = 1 for every H ∈ A.
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Definition 9.10. Let (A,m) be a multiarrangement. Choose αH so that

H = {αH = 0}. Denote Q(A,m) =
∏
H∈A α

m(H)
H . Define the modules D(A,m) by

D(A,m) = {δ ∈ DerV | δ(αH) ∈ αm(H)
H S, for all H ∈ A}.

A multiarrangement (A,m) is said to be free if D(A,m) is a free S-module.
In this case, the multiset of degrees of system of homogeneous basis of D(A,m) is
called the multiexponents of (A,m) and denoted by exp(A,m). The multiarrange-
ment version, due to G. Ziegler [345], of Saito’s criterion holds true:

Proposition 9.11 (Saito–Ziegler criterion). Suppose that θ1, . . . , θℓ ∈ D(A,m)
are homogeneous. Then θ1, . . . , θℓ form an S-basis for D(A,m) if and only if

det[θj(xi)] ∈ C∗Q(A,m).

Example 9.12. Let H0 ∈ A. Then the restriction of A to H0 is the ar-
rangement AH0 := {H ∩H0 | H ∈ A\{H0} } in H0. This restriction has a natural

structure of a multiarrangement (AH0 ,mH0

A ) with multiplicity mH0

A : AH0 → Z≥0

defined by

mH0

A (X) = |{H ∈ A | H ∩H0 = X}| = |AX | − 1 (X ∈ AH0),

where AX = {H ∈ A | H ⊇ X}.
Fix a coordinate system (z1, z2, · · · , zℓ) such that H0 = {z1 = 0}. Define

D0(A) = {θ ∈ D(A) | θ(z1) = 0}. Let θ ∈ D0(A). Fix X ∈ AH0 . Choose
H1, H2 ∈ A so that Hi ∩H0 = X . Let αi satisfy Hi = {αi = 0} (i = 1, 2). Then
θ(α1) and θ(α2) up to a constant multiple because θ(z1) = 0. Thus

θ(α1) ∈



∏

K∈AX
K 6=H0

αK


S and θ(α1) ∈

(
αK

|AX |−1
)
S,

where the overlines stand for elements of S := S/z1S. Define θ ∈ DerS by

θ(f) = θ(f) (f ∈ S).

Then
θ ∈ D(AH0 ,mH0

A ).

In this situation, the following theorem was proved by Ziegler in [345].

Theorem 9.13. The arrangement A is free if and only if the restricted multi-
arrangement (AH0 ,mH0

A ) is free and the restriction map

D0(A) −→ D(AH0 ,mH0

A ),

given by θ 7−→ θ is surjective.

Proof. Note thatD(A) = SθE⊕D0(A) with the Euler derivation θE . Suppose
thatA is free with a basis θE , θ2, . . . , θℓ with θ2, . . . , θℓ ∈ D0(A). By Saito’s criterion
9.5, we have

z1 · det[θj(zi)]2≤i,j≤ℓ ∈ C∗Q(A).

Thus
det[θj(zi)]2≤i,j≤ℓ ∈ C∗(Q(A)/z1) = C∗Q(AH0 ,mH0

A ).

By Saito-Ziegler’s criterion Proposition 9.11, θ2, . . . , θℓ are a basis for D(AH0 ,mH0

A )
and the restriction map is surjective.
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Conversely suppose that D(AH0 ,mH0

A ) is free and the restriction map is sur-
jective. Then there exist θ2, . . . , θℓ ∈ D0(A) such that

det[θj(zi)]2≤i,j≤ℓ ∈ C∗Q(AH0 ,mH0

A ).

Thus
∑ℓ

i=2 deg θi = |A|−1. and, by Saito’s criterion Proposition 9.5, we know that
θE , θ2, . . . , θℓ form a basis for D(A). �

9.5. Criteria for freeness

Although the free arrangements are relatively easy to define, the concept is
very elusive. We do not know yet what makes arrangements free.

In this section we present the criteria for freeness by M. Yoshinaga [328, 329]
in terms of multiarrangements. They will be applied to explicit examples in 9.7.
Yoshinaga’s criteria consist of the two cases: ℓ ≥ 4 and ℓ = 3. First let us assume
ℓ ≥ 4. An arrangement A is said to be locally free at x if Ax := {H ∈ A | H ∋ x}
is a free arrangement.

Theorem 9.14. [328] Let ℓ ≥ 4, H0 ∈ A and S = S/I(H0), where I(H0) is
the ideal defining H0. Then the following two conditions are equivalent:

(1) A is free with exponents (1, e1, · · · , eℓ),
(2) D(AH0 ,mH0

A ) is a free S-module with multiexponents (e1, · · · , eℓ) and A is
locally free at each point x ∈ H0.

Proof. The implication (1)⇒ (2) is Theorem 9.13.
Suppose that (2) holds true. It is enough, thanks to Theorem 9.13, to show the

surjectivity of the restriction map

D0(A)
res−→ D(AH0 ,mH0

A ).

The graded S-module D0(A) determines a reflexive sheaf D̃0(A) of OPℓ−1-modules.
We have the restriction map on the sheaf level:

D̃0(A)
res−→ ˜D(AH0 ,mH0

A ).

Apply Theorem 9.13 to Ax for x ∈ H0 \ {0}, the restriction map res is surjective

at each stalk at x ∈ H0 \ {0}. Since the sheaf ˜D(AH0 ,mH0

A ) has support inside H0,
the restriction map on the sheaf level is surjective and we have an exact sequence
of sheaves on Pℓ−1 (d ∈ Z)

(9.1) 0 −→ D̃0(A)(d− 1)
αH0 ·−→ D̃0(A)(d)

res−→ ˜D(AH0 ,k)(d) −→ 0

for any integer d. Define Y to be the set of points at which D̃0(A) is not free.
Note that Y is a linear subspace because we are considering hyperplanes. If Y is
of positive dimension, then Y intersects with H0, which is a contradiction. Thus
Y consist of a finite number of points. We will use the next vanishing theorem of

cohomology of D̃0(A), which can be proved in an argument in [167, pp. 243]:

Theorem 9.15. Let F be a reflexive sheaf on Pℓ which is locally free except at
a finite number of points, where ℓ ≥ 3. Then H1(Pℓ,F(d)) = 0 for d≪ 0.
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From (9.1) we have a long exact sequence.

0 −→ H0(F(d− 1)) −→ H0(F(d))
res−→ H0(F(d)|P(H))

−→ H1(F(d− 1)) −→ H1(F(d)) −→ 0,

where F := D̃0(A). The surjection in the second row, together with Theorem 9.15,
implies that H1(F(d)) = 0 for each integer d. Thus we obtain the surjectivity of
restriction map as required. �

Next we assume ℓ = 3.

Theorem 9.16. [329] Let ℓ = 3 and H0 ∈ A. Then the following two conditions
are equivalent:

(1) A is free with exponents (1, e1, e2),

(2) χ(A, t) = (t− 1)(t− e1)(t− e2) and the multiexponents of (AH0 ,mH0

A ) are
(e1, e2).

9.6. The contact-order filtration and the multi-Coxeter arrangements

Fix an arrangement A of hyperplanes. For any positive integer m let A(m) be
the multiarrangement with the constant multiplicitym. Then the modulesD(A(m))
for m = 1, 2, . . . give a decreasing filtration of D(A) = D(A(1)). This filtration
is called the contact-order filtration. In this section we study the contact-order
filtration when the arrangement A is a Coxeter arrangement. In this case, each
D(A(m)) turns out to be a free module, in other words, each multiarrangement
A(m) is a free (multi)arrangement. Also a surprising connection exists between
the contact-order filtration and the theory of primitive derivation developed by K.
Saito.

Let V be an ℓ-dimensional Euclidean vector space with inner product I. Let
W be a finite irreducible orthogonal reflection group (a Coxeter group) acting on
V . Let A be the Coxeter arrangement: A is the set of reflecting hyperplanes.
Denote the dual vector space of V by V ∗. Then V ∗ is equipped with the inner
product I∗ which is induced from I. The Coxeter group W naturally acts on V ∗,
S and DerS . The W -invariant subring of S is denoted by R. Let P1, · · · , Pℓ ∈ R
be basic invariants, with degP1 ≤ · · · ≤ degPℓ Then R = R[P1, · · · , Pℓ]. Let
P := (P1, · · · , Pℓ). The integers mj := degPj−1 (j = 1, 2, . . . , ℓ) are the exponents
of the Coxeter group W . The Coxeter number is h := mℓ + 1 = degPℓ.

The primitive derivation D ∈ DerR is characterized by

DPi =

{
1 for i = ℓ,

0 otherwise.

Let X1, · · · , Xℓ be a basis for V ∗. Define A := (aij) = (I∗(Xi, Xj)) and
X := (X1, X2, . . . , Xℓ). For a row vector of ℓ polynomials in S define the Jacobian
matrix for

J(g) :=

[
∂gj
∂Xi

]

1≤i,j≤ℓ
.

For a nonnegative integer k, let Dk [X] denote
[
Dk(X1), . . . , D

k(Xℓ)
]
, where Dk =

D ◦ · · · ◦D is the d-fold composition of the primitive derivation D. Then it can be
proved that Dk(X1), . . . , D

k(Xℓ) are algebraically independent.
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Definition 9.17. Let m ≥ 0. Define ξ
(m)
1 , . . . , ξ

(m)
ℓ ∈ DerS by:

(ξ
(m)
1 , . . . , ξ

(m)
ℓ ) :=

{
( ∂
∂P1

, . . . , ∂
∂Pℓ

)J(P)TAJ(Dk [X])−1 ifm = 2k,

( ∂
∂P1

, . . . , ∂
∂Pℓ

)J(P)TAJ(Dk [X])−1J(P) ifm = 2k + 1.

Theorem 9.18 ([315]). Let m ≥ 0.

(1) The derivations ξ
(m)
1 , . . . , ξ

(m)
ℓ form a basis for D(A(m)). In particular,

D(A(m)) is a free S- module of rank ℓ.
(2) For 1 ≤ j ≤ ℓ,

deg ξ
(m)
j =

{
kh m = 2k)

kh+mj m = 2k + 1

Thus, A(m) is free, with multiexponents (kh, kh, . . . , kh) (ℓ times) if m =
2k, and (kh+m1, kh+m2, . . . , kh+mℓ) if m = 2k + 1.

Consider the contact-order filtration of DerS :

DerS = D(A(0)) ⊃ D(A(1)) ⊃ D(A(2)) ⊃ · · · .
Let us understand the meaning of the contact-order filtration in differential geo-
metric terms. Let ∆ be an anti-invariant, in other words, a constant multiple of
Q :=

∏
H∈A αH . Then ∆2 ∈ R. Let

I : DerR×DerR →
1

∆2
R

be the symmetric R-bilinear form induced from I. The Levi-Civita connection with
respect to I

∇ : DerR×DerR −→
1

∆2
DerR

(X,Y ) 7−→ ∇XY is characterized by the following two properties:

(A) X(I(Y, Z)) = I(∇XY, Z) + I(Y,∇XZ) (compatibility).
(B) ∇XY −∇YX = [X,Y ] (torsion-freeness).

Define the Christoffel symbol {Γkij} by

∇ ∂
∂Pi

∂

∂Pj
=

ℓ∑

k=1

Γkij
∂

∂Pk
.

Denote the R-module of Kähler differentials by Ω1
R. Let

I∗ : Ω1
R × Ω1

R −→ R

be the symmetric R-bilinear form induced from I∗. Let gij := I∗(dPi, dPj) and
G := (gij), which is an ℓ× ℓ-matrix with entries in R. Note

G = J(P)TAJ(P).

Define the contravariant Christoffel symbol {Γijk } by

Γijk := −
ℓ∑

s=1

gisΓjsk

as in [100, 3.25]. Define two ℓ× ℓ-matrices

Γ∗
k := (Γijk ), Γk := (Γjik).
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Let k ≥ 1. Define

B(k) := kΓ∗
ℓ + (k − 1)(Γ∗

ℓ )
T .

Define

T := {f ∈ R | Df = 0} = R[P1, . . . , Pℓ−1].

Then ∇D : DerR −→ 1
∆2 DerR is a T -linear covariant derivative.

Theorem 9.19. For k ≥ 1,

(1) (∇Dξ(2k+1)
1 , . . . ,∇Dξ(2k+1)

ℓ ) = −(ξ
(2k−1)
1 , . . . , ξ

(2k−1)
ℓ )(B(k))−1B(k+1).

(2) (∇kDξ
(2k−1)
1 , . . . ,∇kDξ

(2k−1)
ℓ ) = (−1)k−1( ∂

∂P1
, . . . , ∂

∂Pℓ
)B(k).

Define G0 := {δ ∈ DerR | [D, δ] = 0} and Gk := {δ ∈ DerR | ∇kDδ ∈ G0} for

k ≥ 1. Let p ≥ 0. Put H(p) :=
⊕

k≥p Gk. The decreasing filtration

H(0) ⊃ H(1) ⊃ H(2) ⊃ · · ·
of H(0) = DerR is called the Hodge filtration; it was introduced by K. Saito in
[275]. The Hodge filtration (or the Hodge decomposition given by the Gk’s) was
the key to define the flat structure on the orbit space V/W . This flat structure
is also called the Frobenius manifold structure from the view point of topological
field theory [100]. The following theorem asserts that the Hodge filtration is equal
to the filtration induced from the contact-order filtration.

Theorem 9.20. The following hold.

(1) Gk =
⊕ℓ

j=1 Tξ
(2k−1)
j , for k ≥ 1.

(2) H(p) = D(A(2p−1)) ∩DerR =
⊕ℓ

j=1 Rξ
(2p−1)
j , for p ≥ 1.

Thus the derivations ξ
(2k−1)
j give T -bases for the Hodge components Gk. The

matrices for the T -linear maps ∇D with respect to these bases are explicitly pro-
vided in Theorem 9.19.

9.7. Shi arrangements and Catalan arrangements

In [295], J.-Y. Shi introduced a modification of the braid arrangement Aℓ. The
definition was later generalized to define the generalized Shi arrangements and the
generalized Catalan arrangements. They are affine arrangements and their conings
are free arrangements, as shown by M. Yoshinaga [328]. The freeness result was
conjectured by P. Edelman and V. Reiner in [106].

Let Φ be an irreducible crystallographic root system in ℓ-dimensional Euclidean
space V with a positive system Φ+ ⊂ Φ. Let (e1, · · · , eℓ) and h be exponents of Φ
and the Coxeter number, respectively. For any integer r and α ∈ Φ, let us denote
by Hα,r the affine hyperplane

Hα,r := {x ∈ V | α(x) = r}.
The collection of all central hyperplanes Hα,0 (α ∈ Φ+) is called the Weyl arrange-
ment and denoted by AΦ. For integers p, q with p ≤ q, define an affine hyperplane

arrangement A[p,q]
Φ which is called a deformation of Weyl arrangement as

A[p,q]
Φ := {Hα,r | α ∈ Φ+, r ∈ Z, p ≤ r ≤ q }.

Theorem 9.21. (M. Yoshinaga [328]) Let k be a nonnegative integer.
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(1) The cone over the extended Catalan arrangement A[−k,k]
Φ is free with ex-

ponents (1, e1 + kh, e2 + kh, · · · , eℓ + kh).

(2) The cone over the extended Shi arrangement A[1−k,k]
Φ , k ≥ 1, is free with

exponents (1, kh, kh, · · · , kh).
Remark 9.22. If Φ is of type A, (1) was verified by Edelman and Reiner [103]

and (2) was verified by Athanasiadis [15]. Their proofs are based on combinatorial
arguments using Addition-Deletion Theorem 9.8. Theorem 9.21 has combinatorial
conclusions, via Factorization Theorem 1.66, which have been also partially verified.

Proof. We will show by an induction on the rank of the root system Φ. For a
rank two and three root systems, the desired result can be directly verified for the
cases A2, B2, G2, A3, B3. Let ℓ ≥ 4. Fix a coordinate system (x1, x2, · · · , xℓ) of V

and (x0, x1, · · · , xℓ) of R×V . Denote S = R[x1, · · · , xℓ]. Recall the cone cA[p,q]
Φ of

A[p,q]
Φ in R× V defined by

cA[p,q]
Φ := {α− rx0 = 0 | α ∈ Φ+, p ≤ r ≤ q } ∪ {x0 = 0}.

Denote cA[p,q]
Φ simply by B. Let H0 = {x0 = 0}. We would like to apply Theorems

9.14 to B and H0. Note that the restriction (BH0 ,mH0

B ) of B to H0 is equal to a
multiarrangement (AΦ,m), where AΦ is the Weyl arrangement of type Φ and m
with constant multiplicity m = q − p+ 1. Thanks to Theorem 9.18 it is enough to
prove that B is locally free at every point on H0 \ {0}.

Suppose x ∈ H0\{0}. Write x = (0, y), with y ∈ V . Then, by the general theory
of root systems, the localization of the Weyl arrangement AΦ at y decomposes into
a direct sum of Weyl arrangements of root systems of rank strictly lower than rkΦ,

(AΦ)y = AΦ1 ⊕ · · · ⊕ AΦt
,

where Φ1, · · · ,Φt are irreducible root systems. Therefore the localization of B at x
is given by

Bx = c(A[p,q]
Φ1
⊕ · · · ⊕ A[p,q]

Φt
).

If [p, q] is equal to either [1 − k, k] or [−k, k], then, from the induction hypothesis,

each coning cA[p,q]
Φi

is a free arrangement, for all i = 1, . . . , t. Thus Bx is also a free
arrangement. Now we may apply Theorem 9.14, and end the proof. �



CHAPTER 10

Characteristic varieties

A unifying framework for the study of fundamental groups of hyperplane ar-
rangements is provided by their characteristic and resonance varieties. The origins
of those varieties can be traced back to the work of Novikov [236] in the mid 1980s
on the cohomology of smooth manifolds with coefficients in local systems, and its
relation to Morse theory for 1-forms. Novikov showed that the Betti numbers re-
main constant almost everywhere on the representation space of the fundamental
group of the manifold, but they increase on the union of countably many algebraic
submanifolds.

Work of Libgober [202], Hironaka [173, 174], and Sakuma [277] clarified the
connection between the characteristic varieties, the Alexander matrix, and the Betti
numbers of finite abelian covers. A breakthrough occurred in 1997, when Ara-
pura [8] showed that the characteristic varieties of a space X are unions of (possi-
bly torsion-translated) subtori of the character torus Hom(π1(X),C), provided X
is the complement of a normal-crossing divisor in a compact Kähler manifold with
vanishing first Betti number. In particular, this result applies to the characteristic
varieties of an arrangement complement, X = M(A). Also in 1997, Falk [124]
defined the resonance varieties of the Orlik-Solomon algebra H∗(M(A),C). There
ensued a flurry of activity, showing (in [58, 203, 47, 204]) that the resonance
varieties are the tangent cones at the origin to the characteristic varieties. The
combinatorial description of the resonance varieties of arrangements, started by
Falk, was completed by Libgober and Yuzvinsky [206].

10.1. Computing characteristic varieties

Let X be a connected CW-complex with finitely many cells in each dimension.
For simplicity, we will assume that the fundamental group G = π1(X) has torsion-
free abelianization.

Fix a field k. Identifying Gab with the free abelian group of rank n = b1(X),
leads to an identification of the character variety Hom(G, k∗) with the algebraic
torus (k∗)n.

Definition 10.1. The characteristic varieties of the space X are the jumping
loci for the cohomology of X , with coefficients in rank 1 local systems over k:

(10.1) V id (X, k) = {t ∈ (k∗)n | dimkH
i(X, kt) ≥ d},

where kt denotes the abelian group k, with G-module structure given by the rep-
resentation t : G→ k∗.

These loci are subvarieties of the algebraic torus (k∗)n; they depend only on
the homotopy type of X , up to a monomial isomorphism of (k∗)n.
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Now suppose G is a finitely presented group. Pick a finite 2-complex KG with
π1(KG) = G, and define the characteristic varieties of G as Vd(G, k) := V 1

d (KG, k).
These varieties depend only on the isomorphism type of G. They can be computed
as the determinantal varieties of the Alexander matrix associated to the group
presentation.

10.2. The tangent cone theorem

Denote by A = H∗(X ; k) the cohomology algebra of X . As noted before, right-
multiplication by an element a ∈ A1 yields a cochain complex (A, a). Recall that
the resonance varieties of X are the jumping loci for the homology of this complex:

(10.2) Rid(A) = {a ∈ A1 | dimkH
i(A, a) ≥ d}.

The resonance varieties of a finitely presented group G are defined as above
by Rd(G, k) := R1

d(X, k), where X is any CW-complex with fundamental group G.
These varieties depend only on the isomorphism type of G. They can be computed
as the determinantal varieties of the “linearized” Alexander matrix of the group
presentation.

Suppose G is a 1-formal group; that is, the Malcev Lie algebra ofG is quadratic,
see [264] and [248]. Then, as shown in [?], the I-adic completion of the Alexander
invariant G′/G′′ is isomorphic to the m-adic completion of the linearized Alexander
invariant (upon tensoring with Q). It follows that the exponential map induces a
complex analytic isomorphism between the germ at 1 of Vd(G,C) and the germ at
0 of Rd(G,C), for each d ≥ 1. Consequently, the following “tangent cone formula”
holds:

(10.3) TC1(Vd(G,C)) = Rd(G,C).

If the group G is not 1-formal, the above tangent cone formula may well fail.
A relevant example is given in [60]. Suppose A is a line arrangement in CP2, and
A is neither a pencil, nor a near-pencil. If G denotes the fundamental group of the
boundary manifold of A, then TC1(V1(G,C)) is a proper subvariety of R1(G,C) =
Hom(G,C).

10.3. Betti numbers of finite covers

One of the reasons for studying the characteristic varieties of the group G =
π1(X) is the precise information they give about the (rational) homology of covering
spaces of X . Indeed, suppose X ′ → X is a regular cover, with finite, abelian Galois
group. Results of Libgober, Sakuma, and Hironaka show how to compute b1(X

′)
by counting torsion points of a certain order on the algebraic torus Hom(G,C∗),
according to their depth in the filtration by the varieties Vd(G,C).

Of particular interest is the case of congruence covers, XN , defined by the
canonical projection G → H1(G,ZN ). As noted by Sarnak and Adams [283], the
sequence of Betti numbers {b1(XN )}N∈N is polynomially periodic, i.e., there exists
polynomials P1(x), . . . , PT (x), such that b1(XN ) = Pi(N), whenever N ≡ i mod T .
(This follows from Sakuma’s formula, by means of a deep result of Laurent on
torsion points on varieties). Here we give examples of arrangementsA for which the
minimal period, T , is greater than 1 (in fact, T = 2). This non-trivial periodicity in
the Betti numbers of congruence covers of X(A) can be traced back to the presence
of isolated torsion points in V2(G(A),C).



10.4. CHARACTERISTIC VARIETIES OVER FINITE FIELDS 161

Similar techniques apply to the study of Hirzebruch covering surfaces, MN(A),
defined in [171], as follows. Let A be a central arrangement of planes in C3, and let
A be the corresponding arrangement of lines in CP2. Then MN (A) is the minimal

desingularization of the branched congruence cover, X̂N (A), of the projective plane,
ramified along A. The polynomial periodicity of the sequence {b1(MN (A)}N∈N was
established by Hironaka [172] and Sakuma [277]. In [303], Suciu gave examples of
arrangements for which the minimal period is T = 4. The non-trivial periodicity
in the Betti numbers of Hirzebruch covering surfaces is due to the presence of
torsion-translated, positive-dimensional components in V1(G(A),C).

10.4. Characteristic varieties over finite fields

The usefulness of characteristic varieties in the study of finite abelian covers
X ′ → X is limited by the fact that they only give the rank of H1(X

′), but not
its torsion coefficients. This limitation can be overcome (at least partially) by
considering the characteristic varieties of G = π1(X) over arbitrary fields k. These
varieties were first considered by Matei in his thesis [218]. The analogous resonance
varieties over finite fields have been considered by Matei and Suciu in [221], and
studied in detail by Falk [127]. From the stratification of Hom(G, k) by the varieties
Vd(G, k), one can derive information about the torsion in H1(X

′), away from the
prime q = chark.

In [147], Fox showed how to compute the number of metacyclic representa-
tions of link groups, by means of his free differential calculus. In [222], Matei and
Suciu generalize Fox’s method, and interpret it in terms of characteristic varieties
over certain Galois fields k. This provides a way to count homomorphisms from a
finitely-presented group G onto certain finite metabelian groups, such as the sym-
metric group S3 and the alternating group A4. In turn, this count gives information
about the number of finite-index subgroups of G, at least for low index. All these
enumeration problems reduce to counting torsion points on the characteristic vari-
eties Vd(G, k). Such a count depends in subtle ways on the field k, and is certainly
affected by the presence of translated subtori in Vd(G,C).





CHAPTER 11

Milnor fibration

11.1. Definitions

11.1.1. The Milnor fibre. Evaluating the defining polynomial of an arrange-
ment defines a map Q : Cℓ → C that restricts to Q : M(A)→ C∗. It follows from a
theorem of Milnor [226] that the latter map is a smooth fibration. In particular, all
fibres Q−1(z) are diffeomorphic for z ∈ C∗. Up to diffeomorphism, then, we speak
of F = Q−1(1) as the (global) Milnor fibre of A.

At this point we note that our definition is somewhat special and takes advan-
tage of the fact that the polynomial Q is homogeneous. For a general discussion,
see Dimca’s book [84]. For arrangements, the reader is encouraged to check that
the fibres of Q are diffeomorphic directly.

The Milnor fibre F is a smooth hypersurface contained in M(A). It is con-
venient also to define a projective (closed) version F to be the projective variety
defined by the homogeneous equation

(11.1) Q(x1, . . . , xℓ) = xN0 ,

where N = n is the number of hyperplanes (and degree of Q.)

11.1.2. Covering spaces.

Proposition 11.1. The natural map F → PM(A) is an N -fold cover. The
deck transformations are given by sending each generator of π1(PM(A)) to the map
h : F → F , defined by setting h(x) = exp (2πi/N) · x for x ∈ F .

The map h is called the geometric monodromy of the Milnor fibration. On the
other hand, the inclusion F → M(A) is also covering map, up to homotopy. This
may be summarized by the following commuting diagram:

(11.2) C∗

��
Z //

��

F // M(A)
Q //

��

C∗

Z/NZ // F // PM(A)

Each triple is a homotopy fibration, and all but the top left are actually fibrations.

11.1.3. Unreduced Milnor fibres. Following the point of view in 1.1.2 the
discussion above ought to be adapted to multiarrangements.
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Given an arrangement A with (positive) multiplicities a, define

(11.3) Qa =
∏

H∈A
αaH

H .

While the zero set of Qa continues to be the union of the hyperplanes, the
nonzero fibres of the polynomial function Qa : M(A) → C∗ clearly depend on the
choice of a. Again, Qa is a fibration; let Fa = Q−1

a (1).

Proposition 11.2. Let d = gcd {aH : H ∈ A}. Then Fa is a smooth manifold
with d connected components. Multiplication by exp (2πi/d) permutes the compo-
nents of Fa.

Accordingly, nothing is lost by assuming that d = 1, replacing each aH by aH/d
if necessary, and we shall do so in what follows.

11.2. (Co)homology

Describing the homology of an arrangement’s Milnor fibre is considerably more
difficult than describing that of the complement, with the exception of generic ar-
rangements. The difficulty is much the same as in understanding the characteristic
varieties (Chapter 10). In this section, we show in Proposition ?? how, with coeffi-
cients in a suitable field, the characteristic varieties give an additive description of
the cohomology of Fa for any weights a. We also give a sort of converse, Proposi-
tion 11.4, which states that any torsion point in a characteristic variety describes
a direct summand of the homology of Fa, for some choice of weights a.

The cohomology of the generic arrangements’ Milnor fibre appeared first in
Orlik and Randell [239]. Explicit calculations by Cohen and Suciu for a selection
of projective line arrangements opened the subject in [53].

In this section, we see that studying the homology of the Milnor fibre over a
field amounts to considering a special, finite cyclic subgroup of the character torus
and its image in the characteristic varieties.

Recall that, if X̃ → X is a covering map with discrete fibre G, the Leray-Serre
spectral sequence has only one nonzero row: for p ≥ 0,

E2
p0 = Hp(X,H0(G))

∼= Hp(X,Z[G]),

where we identify H0(G) with the group ring of G. It has the structure of a local
system where π1(X, ∗) acts by left multiplication on Z[G] via the quotient map
π1(X, ∗) → G. On the other hand, Hp(X,Z[G]) itself has the structure of a left
Z[G]-module, induced by right multiplication.[details]

In our situation, the group of deck transformations is cyclic (from (11.2)); let us
identify Z[Z] with the ring of Laurent polynomials Z[t, t−1], so that the geometric
monodromy h is identified with t.

The local systems are given by sending γH to aH for each H ∈ A. More pre-
cisely, define ρ : π1(M(A))→ Z by ρ(γH) = aH . Then the kernel of the projection
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π : π1(M(A))→ π1(PM(A)) is cyclic [??], generated by the product of the genera-
tors. Therefore ρ induces a map ρ that makes the following diagram commute:

0 // Z //

��

π1(M(A))
π //

ρ

��

π1(PM(A)) //

ρ

��

1

0 // Z
·N // Z // Z/NZ // 0

Proposition 11.3 ([53]). For all p ≥ 0, there are isomorphisms of Z[Z]-
modules

Hp(F,Z) ∼= Hp(M(A),Z[t, t−1])

and

Hp(F,Z) ∼= Hp(PM(A),Z[Z/NZ]).

In both Z acts on the left side by h∗ and the right by multiplication by t. The local
systems are given by ρ and ρ, respectively.

Let k denote a field of that contains an Nth root of unity ζ. (Recall that this
means the characteristic of k does not divide N .) Then

Hp(F, k) ∼= Hp(PM, k[Z/NZ])

= Hp(PM,
N−1⊕

j=0

ka,j)

=

N−1⊕

j=0

Hp(PM, ka,j)(11.4)

where ka,j denotes the one-dimensional representation of π1(PM) in which γH acts
by multiplication by ζjaH .

In this case, then, the structure of Hp(F, k) as a module over k[Z] is determined
by the characteristic varieties of the hyperplane complement PM .

11.2.1. A construction. Here we show that the isomorphism (11.4) has a
sort of converse. That is, suppose ρ is any one-dimensional representation of
π1(PM) that factors through a finite group (equivalently, in which all generators
have finite order.) Then the homology of the local system ρ is a direct summand
of the homology of a Milnor fibre, provided we allow unreduced Milnor fibres as
above.

Proposition 11.4. Suppose k is a field and ρ : π1(PM) → GL1(k) is a rep-
resentation that factors through a finite group. Then there exist positive integers
a = (aH)H∈A so that kρ = ka,j for some j, in the notation above. In particular,
Hp(PM, kρ) is a direct summand of Hp(F, k) for all p ≥ 0.

The construction of the weights a appears in the proof, below.
Let τ : (k×)n → k× be the map that sends an n-tuple of elements of k to their

product.

Lemma 11.5 ([45, 79]). Let k be an algebraically closed field, and let s ∈
(k×)n be an element of finite order, with τ(s) = 1. Then there exists a choice of
multiplicities a for A so that Hq(U ; ks) is a monodromy eigenspace of Hq(Fa; k).
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Proof. Let ζ ∈ k be a primitive k-th root of unity, where k is the order of s.
Then, for each 2 ≤ i ≤ n, there is an integer 1 ≤ ai ≤ k such that si = ζai . By
choosing either 1 ≤ a1 ≤ k or k + 1 ≤ a1 ≤ 2k suitably, we can arrange that the
sum N =

∑n
i=1 ai is not divisible by p = chark, if p > 0. Since s and ζ both have

order k, we have gcd {a1, . . . , an} = 1. Since the product of the coordinates of s is
1, the integer k divides N .

By insuring p ∤ N , there is an element ξ ∈ k for which ξN/k = ζ. By con-
struction, a = (a1, . . . , an) is a choice of multiplicities for which s = tN/k in the
decomposition (11.4), so Hq(U ; ks) is a direct summand of Hq(Fa; k). �

Remark 11.6. The choice of multiplicities a in Lemma 11.5 is not unique. As
above, write si = ζai for integers ai, where ζ is a k-th root of unity and 1 ≤ ai ≤ k.
Let a = (a1, . . . , an). Then Hq(U ; ks) is also a monodromy eigenspace of Fb if
b = a + λ, for all λ ∈ (kZ)n for which satisfy bi > 0 for each i and, if p > 0,
p ∤
∑n
i=1 bi.

11.3. Examples

The examples of Chapter 10 should be recalled here.



CHAPTER 12

Compactifications of arrangement complements

12.1. Introduction

For an arrangementA of hyperplanes in a space V of any of six possible types—
complex or real and linear, affine, or projective—the complement M is an open,
in particular non-compact manifold. For a variety of questions, like asymptotics
of function when points goes to infinity, group actions, etc, it is convenient to
compactify M , i.e., to embed it in a compact manifold by adjoining some limit
points. In the case when V is a projective space this space itself provides the most
simple and naive compactification of M . This compactification is not very subtle—
it does not distinguish at all between points approaching the same point of V \M
along two different paths. Quite a bit more subtle is a compactification that has
appeared first in different guises in conformal field theory and in algebraic geometry
in the paper by Deligne–Mumford [74]. Later it was worked out in detail by Fulton–
MacPherson [154] for configuration spaces and then by DeConcini–Procesi [68]
for complex hyperplane complements. The DeConcini–Procesi compactification or
rather one of its versions constitutes the main topic of this chapter. For the most
part we limit ourselves to the assumption that V is a finite-dimensional complex
linear space, say, V = Cℓ.

12.2. Definition of M

In this section we give a short definition of the compactification M of M . Let
L be the intersection lattice of A. Recall that an element X ∈ L is irreducible
if the arrangement AX = {H ∈ A|H ⊃ X} is irreducible, i.e., is not linearly
isomorphic to the product of two nontrivial arrangements (the trivial arrangement
in this context is the empty arrangement in 0-dimensional space).

Example 12.1. If ℓ = 3, i.e., A is a central arrangement of 2-planes, then by
deconing we can view A as the cone over an affine line arrangement A0. A non-
maximal element X ∈ L is irreducible if it corresponds to an intersection point of
A0 of multiplicity greater than two.

Denote by F the set of all irreducible elements of L and by PX the projective
space of lines in V/X for X ∈ F . The natural rational morphisms πX : V →
V/X → PX (X ∈ F) are regular on M whence its restrictions to M define a map
π : M →∏

X∈F PX .

Definition 12.2. The closure M of the graph of π in the space V ×∏X∈F PX
is called the compactification of M .

Although ‘compactification’ is the term often used for M , it is not a compact
topological space. Its slight modification to a projective arrangement is compact.
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In order to define this modification let us consider the projectivization of A in
the projective space PV , i.e., Ā = {PH | H ∈ A}. The multiplicative group C∗

naturally acts on M without fixed points and the orbit space, PM = M/C∗ =
PV \⋃H∈A PH , is the projective complement. The map π is constant on C∗-orbits

of M whence it induces a map π̄ : PM → ∏
X∈F PX . The closure Ȳ of the graph

of π in the compact manifold PV ×∏X∈F PX is called the compactification of PM ,
and is itself a compact topological space.

12.3. Nested sets

12.3.1. Combinatorics of reducible elements. In order to analyze the
structure of M and its cohomology ring, we need to introduce certain subsets of F .
Roughly speaking, these are subsets such that for each of them, say S, there exists
a basis of V whose reduction to every element X ∈ S is a basis in X .

First we need to study some combinatorics of reducible and irreducible elements
of L. In combinatorial terms X ∈ L is reducible if and only if there exists a
partition AX =

⋃
iAXi

with at least two elements such that rkX =
∑
i rkXi.

The most refined of these partitions (for a given X) is called the decomposition
of X . If AX =

⋃
i=1,...,kAXi

is the decomposition of X we will write ID(X) =

{X1, . . . , Xk}. By the definition every Xi is irreducible. If X itself is irreducible
we write ID(X) = {X}.

Sometimes it is useful to have an equivalent reformulation of the rank condition.

Lemma 12.3. Suppose X,X1, . . . , Xk ∈ L, Xi are irreducible for all i, and
{AXi

} form a partition of AX . Then ID(X) = {X1, . . . , Xk} if and only if for
every choice of bases Bi of AXi

(i = 1, . . . , k) the union
⋃
i Bi is a basis of AX .

The proof is immediate.
Now we show that the decomposition of a reducible element is easy to detect.

Proposition 12.4. For every X ∈ L the set ID(X) consists of all maximal
elements of the poset of all irreducible in L≤X = {X ′ ∈ L | X ′ ≤ X}.

Proof. Let ID(X) = {X1, . . . , Xk} and Y ∈ L≤X . Suppose that Y is irre-
ducible but for no i we have Y ≤ Xi. Put Yi = Y ∧Xi for every i and notice that
{AYi

} is a partition of AY with at least two nonempty elements. Now choose a
basis Bi of AYi

for every i and extend it to a basis B̄i of AXi
. Since

⋃
i B̄i is a basis

of AX the smaller set
⋃
i Bi is linearly independent. This implies rkY ≥∑i rkYi.

Since the opposite inequality follows from the semimodular inequality, we obtain
rkY =

∑
i rkYi, whence Y is reducible by Lemma 12.3. This contradiction com-

pletes the proof. �

12.3.2. Definition and properties of nested sets.

Definition 12.5. A subset S ⊂ F is nested if for any pairwise incomparable
U1, U2, . . . , Uk ∈ S we have the join

∨
i Ui 6∈ F .

We fix a nested set S ⊂ F and study its properties.

Lemma 12.6. Let U1, . . . , Uk ∈ S be pairwise incomparable and put U =
∨
i Ui.

Then ID(U) = {U1, . . . , Uk}.
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Proof. Suppose the statement is false. Then put ID(U) = {Y1, . . . , Ym}.
Proposition 12.4 implies that {Yi} is the set of maximal elements among all irre-
ducible from L≤U . In particular for each i, 1 ≤ 1 ≤ k, there exists a unique f(i),
1 ≤ f(i) ≤ m, such that Ui ≤ Yf(i). By the supposition either Ui < Yf(i) for some
i or k < m. In either case, we have

rkU ≤
k∑

j=1

rkUi <

m∑

i=1

rkYi = rkU,

which is a contradiction. �

Lemma 12.7. Let U ∈ S. Then the set SU = {W ∈ S|W ≥ U} is a chain (i.e.,
a linear ordered set) in F .

Indeed, if W1,W2 ∈ S are incomparable and larger than U then AW1∩AW2 6= ∅
which contradicts Lemma 12.6.

The maximal nested sets are of a special interest for us, so for the last two
properties we suppose that S is maximal.

Lemma 12.8. If U ∈ S and U1, . . . , Uk are maximal among the S subsets of U ,

then
∑k

i=1 rkUi = rkU − 1.

Proof. By definition of nested sets, {U1, . . . , Uk} = ID(W ), for some W such
that W $ U . Fix H ∈ AU \AW and put W̄ = H∨W . Let {Ū1, . . . , Ūm} = ID(W̄ ).
By Proposition 12.4 for each Ui there is exactly one Ūj such that Ui ≤ Ūj and at
least for one i this inequality is strict, say Ū1 does not coincide with any of Ui.

Now if the statement of the proposition is false for U then Ū1 < U and the set
S̄ = S ∪ {Ū1} is nested. This contradicts the maximality of S, and completes the
proof. �

Lemma 12.9. Choose for every U ∈ S a hyperplane HU ∈ AU \
⋃k
i=1 Ui where

{U1 . . . , Uk} = ID(U). Then the set BS = {HU | U ∈ S} is a base of A. Also for
every W ∈ S the set BS

W = {HU | U ∈ S, U ⊂W} is a base of AW .

This follows immediately from 12.8.

12.3.3. Local coordinates. We fix for every H ∈ A a linear form αH ∈ V ∗

such that H = kerαH . Notice that for any base B of A the respective forms
form a basis αB of V ∗. Similarly, if BS is a base of A a maximal nested set S as
defined in Lemma 12.9, then the set αB,U = {αHW

| W ⊂ U} forms a basis of the
annihilator U⊥ of U (for every U ∈ S). Hence these linear functionals define a basis
of (V/U)∗ ≈ U⊥, and can be considered as coordinates on V/U .

In order to define from these coordinates local coordinates on M , we introduce
a monomial map. Fix a maximal nested set S and consider the abstract complex
linear space CB (where we put B = BS) generated by B as a basis. Denote the
coordinates in CB by (aH)H∈B and put aU = aHU

, for U ∈ S. Now define the
monomial map ρ : CB → V via ρ((aH)H∈B) = v where v ∈ V is uniquely defined
by the condition

(12.1) αH(v) =
∏

U≥W
aU

if H = HW .
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The map ρ is not invertible on the whole V . However, there exists a rational
morphism τ that is inverse to ρ. Indeed, recall that the elements of S that are
larger (in L) or equal to some U ∈ S form a linearly ordered subset of L. This
allows us to find for each non-maximal U ∈ S, the smallest Ū ∈ S such that Ū > U .
Then we put H̄U = HŪ . Now define τ by τ(x) = (aH)H∈B, where

(12.2) aH = αH(x)/αH̄(x).

In this formula we assume that the denominator is 1 if H̄ is not defined (i.e.,
H = HU where U is maximal in S). Composing the formulas for ρ and τ shows
immediately that these morphisms are inverse to each other. Checking the domain
of definition of τ as a map, we obtain the following lemma.

Lemma 12.10. The restriction of map ρ to the open set of CB where all the
coordinates do not vanish is an isomorphism (as algebraic varieties) of this set to
the open set of V that is the complement of

⋃
H∈BH. Also ρ maps the hyperplane

{aU = 0} to U .

Proof. Let us check the second statement. Let x = ρ((aH)H∈B) with aU = 0.
Then αH(x) = 0 if H ∈ AU whence x ∈ U . �

In order to define an open subset of CB that can be embedded as an open set
into M , we need the following lemma.

Lemma 12.11. Let S be a maximal nested set, H ∈ A, and U is the smallest
element of S such that H ∈ AU . Then αH = αHU

PH where PH is a polynomial in
the indeterminates aW with W < U . Moreover, PH does not vanish at 0.

Proof. Since αH ∈ U⊥ it is a linear combination of elements from αB,U . Thus
we have

αH =
∑

W≤U
cWαHW

= αHU

(
cU +

∑

W<U

cW
αHW

αHU

)
,

for some cW ∈ C. By (12.1) we have
αHW

αHU

=
∏
W≤X<U aX , which implies the first

statement.
The second statement follows from Lemma 12.8 on maximal nested sets. In

notation from this property, if H ≤W where ID(W ) = {U1, . . . , Uk} then H ≤ Ui
for some i (since H is irreducible) which contradicts the conditions of the lemma.
Thus H ∈ AU \ AW , whence the coefficient cU 6= 0. �

Each polynomial PH defines its zero locus ZH in CB. We define now an open
set in CB as the complement US to the union

⋃
H∈A ZH . The following lemma

justifies the notation.

Lemma 12.12. The open set US does not depend on the choice of B.

Proof. Suppose we replace HU by H ′
U for some U ∈ S. We obtain new

coordinates (a′W )W∈S , which, using (12.2), relate to the old ones as follows. If

W = U then a′W = aWPH′
U
. If W̄ = U then a′W = aWP

−1
H′

U
. For all other W we

have a′W = aW . Now let us relate the new polynomials P ′
H to the old ones. Notice

that in terms of αH we have PH = αH

αW
where W is the smallest element of S such

that H ∈ AW . Thus P ′
H = PH unless W = U . In the latter case PH = P ′

HPH′
U
.

It is clear that the product of the new polynomials defines the same variety as the
product of the old ones; the statement follows. �
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The definition of sets US is justified by the following proposition.

Proposition 12.13. Let X ∈ F and let S be a maximal nested set. Then the
morphism πXρ defines a mapping fX : US → PX .

Proof. Fix a base B for S. Then the morphism πXρ is defined for a =
(aW )HW ∈B ∈ CB as [αH ]H∈AX

in terms of homogeneous coordinates on PX . Let
U ∈ S be the smallest element such that X ≤ U . Then for every H ∈ AX we can
write αH = αUQH where QH = PH

∏
W≤X<U aX with W ∈ S being the smallest

element such that H ∈ AW . By Lemma 12.8, there exists H ∈ AX for which
W = U , i.e., QH = PH . Thus, for a ∈ US , not all QH vanish. This allows us to
consider a 7→ [QH ]H∈AX

as a map fX : US → PX . �

12.4. Main theorems

The following theorem summarizes the main results of De Concini and Procesi
from [68, 69].

Theorem 12.14. With notation as above, we have:

(i) The mappings fX generate an open embedding of US ⊂M .
(ii) The sets US form a cover of M when S varies over the maximal nested

sets. This cover define on M a structure of a smooth manifold.
(iii) The complement M \M is a normal crossing divisor whose set of irre-

ducible components, {DX | X ∈ F}, is in one-to-one correspondence with
F . Every DX is smooth.

(iv) A family {DX}X∈S has a nonempty intersection if and only if S is a
nested set. In this case the intersection is transversal and irreducible.

(v) The variety M can be obtained from V by a sequence of blowups along
proper transforms of elements of L that are irreducible of codimension
greater than 1. The order of the blowups should be nonincreasing along L.

This theorem, together with results of S. Keel [189] about the cohomology of
blowups leads to the following description of H∗(M) (see [68, 69])).

Theorem 12.15. For every X ∈ F , let cX be 2-dimensional cohomology class
dual to the homology class [DX ] associated to the divisor DX . Then the ring H∗(M)
is generated by {cX}X∈F , subject to the generating relations

∏

S
cX = 0, if S is not nested

and ∑

X⊂H
cX = 0, for all H ∈ A.

Remark 12.16. This theorem says in particular thatH∗(M) is a quotient of the
face (Stanley-Reisner) ring of the complex of nested sets (with doubled dimension
function).

The ring H∗(M) has been further studied in [142]. It is proved there that this
ring is naturally isomorphic to the Chow ring of a smooth (though not necessarily
complete) toric variety constructed for L. Furthermore, a Gröbner basis of the
relation ideal of this ring is exhibited.
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Ovidius Constanţa Ser. Mat. 15 (2007), 67–74. MR 2008m:14033
[90] A. Dimca, On admissible rank one local systems, Journal of Algebra (2008);

arXiv:0707.4646.
[91] A. Dimca, L. Maxim, Multivariable Alexander polynomials of hypersurface complements,

Trans. Amer. Math. Soc. 359 (2007), no. 7, 3505–3528. MR 2008h:32038
[92] A. Dimca, A. Némethi, Hypersurface complements, Alexander modules and monodromy,

in: Real and complex singularities, 19–43, Contemp. Math., vol. 354, Amer. Math. Soc.,
Providence, RI, 2004. MR 2005h:32076

[93] A. Dimca, S. Papadima, Hypersurface complements, Milnor fibers and minimality of ar-
rangements, Ann. of Math. (2) 158 (2003), no. 2, 473–507. MR 2005a:32028 3.1, 6.6

[94] A. Dimca, S. Papadima, Equivariant chain complexes, twisted homology and relative
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