
Math 241: Honors Homework # 6

Due Wednesday, 11 December 2019 at the beginning of class

In writing your solutions, fully explain all the important steps. Use full and grammatically
correct English sentences. Be clear and concise.

1. Let F0 be the vector field
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(a) Prove that curlF0 = 0. (Recall that the curl of a vector field P i + Q j on R2 is
calculated by regarding P i+Q j as a vector field on R3 with third component zero.)

(b) If C is a positively oriented simple closed path that encircles the origin (0, 0), prove
that ∮

C

F0 · dr = 1.

On the other hand, if C is a positively oriented simple closed path that does not
encircle the origin (0, 0), prove that∮

C

F0 · dr = 0.

(c) Suppose that G is a vector field defined everywhere on R2 r {(0, 0)} (the set R2

without the origin (0, 0)), and assume that curlG = 0 at all points on R2 r {(0, 0)}.
Prove that there is a real number α such that G−αF0 is conservative on R2r{(0, 0)}.

2. Describe how to modify the arguments in the previous item so that (0, 0) is replaced by
an arbitrary point (a, b). In other words, find a vector field F on R2r{(a, b)} that satisfies
the following property: If G is a vector field on R2r{(a, b)} with curlG = 0 on R2r{(a, b)},
then there is a real number α such that G− αF is conservative on R2 r {(a, b)}. (Find F
and prove that it has this property. Hint : You do not need to repeat the calculations in
Item 1, as you can simply use the results there.)



3. Now suppose that (a1, b1), (a2, b2),. . . , (a`, b`) are ` distinct points on R2. Let X be
the set formed by these ` points. Prove that there are ` vector fields F1, F2,. . . , F`, each
defined on R2 rX (the set R2 without the points in X), with the following properties:

(i) curlFi = 0 on R2 rX for all i = 1, . . . , `.

(ii) (“linearly independent”) If c1, c2, . . . , c` are real numbers such that the vector field

c1F1 + c2F2 + · · ·+ c`F`

is conservative on R2 rX, then c1 = c2 = · · · = c` = 0.

(iii) (“a spanning set”) If G is a vector field on R2 rX with curlG = 0 at all points on
R2 rX, then there are real numbers a1, a2, . . . , a` such that

G− a1F1 − a2F2 − · · · − a`F`

is conservative on R2 rX.

.

Instructive note: The above series of statements show that if X is a set of ` distinct points
on R2, then the dimension of the 1st De Rham cohomology vector space of R2 r X is `.
Calculations like this are fundamental in the study of differential geometry and algebraic
topology.


