
Math 181 Homework 1 Fall 2018

• Due: September 24 at the start of class

• Please write or type your solutions neatly on a separate page.

• You may work with other students, however everyone should turn in their own original
writeup.

• You can skip one of the questions. Please indicate which question you skip.

• When applicable, show your work.

1. Canada has 10 provinces: Alberta, British Columbia, Manitoba, New Brunswick, New-
foundland and Labrador, Nova Scotia, Ontario, Prince Edward Island, Quebec, and
Saskatchewan. Draw a graph representing Canada as follows: each province is rep-
resented as a vertex, and there is an edge between two vertices if and only if the
corresponding provinces share a border. Make sure to label your vertices with the
names of the provinces. You are allowed to look up a map of Canada.

2. Consider the following graph.
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(a) Write the degree of each vertex.

(b) Does the graph have an Eulerian Walk? If so, label the edges in the order of such
a walk (or list the vertices in order). If not, why?

(c) Does the graph have an Eulerian circuit? If so, label the edges in the order of
such a circuit (or list the vertices in order). If not, why?

3. Traveling Salesman Problem on 5 vertices. Suppose there are 5 cities named
A,B,C,D, and E. You want to find an minimum distance Hamiltonian cycle starting



at city A using brute force, i.e., checking the distances of every possible Hamiltonian
cycle of the cities and choosing the best route. How many different routes must you
check?
Hint: You can consider for example the cycles A,B,C,D,E,A and A,E,D,C,B,A to
be the same since they have the same total distance.

4. Greedy algorithm is not always optimal. The following graph G has 8 vertices:
A1, A2, A3, A4, and B1, B2, B3, B4 such that each vertex Ai is adjacent to all B vertices
except for Bi.
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(a) What is χ(G) (the chromatic number of G)? To show this, you need to give a
proper coloring of G using that many colors, and also explain why there exists no
proper coloring with fewer colors.

(b) Give an ordering of the vertices such that the greedy algorithm uses more than
χ(G) colors.

(c) Give an ordering of the vertices such that the greedy algorithm uses exactly χ(G)
colors.

5. Consider the following graph G: the vertices of G are all pairs of numbers from 1 to
5 (see image below). There is an edge between vertices a, b and c, d if all numbers
a, b, c, d are different. For example, there is an edge from 1, 2 to 3, 4 but no edge from
1, 2 to 2, 3.

(a) Fill in the edges of G in the drawing.
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(b) Show that the following graph is isomorphic to G by labeling the vertices with
the corresponding pair of numbers from 1 to 5.

6. Let G be an arbitrary planar graph where |V | is the number of vertices in G, |E| is
the number of edges in G, and |F | is the number of faces in G. Recall from class that
|F | ≤ 2/3|E|. Using this inequality and Euler’s formula (|V | − |E| + |F | = 2), prove
that G has at most (3|V | − 6) edges.

7. Use the Gale–Shapley algorithm to find a stable matching for the following group of
people. SHOW EACH STEP!

Preference
m1 w2 > w3 > w4 > w1

m2 w3 > w1 > w4 > w2

m3 w2 > w1 > w3 > w4

m4 w3 > w4 > w2 > w1

w1 m1 > m2 > m3 > m4

w2 m2 > m4 > m3 > m1

w3 m1 > m2 > m3 > m4

w4 m4 > m1 > m2 > m3
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