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• You have 50 minutes.

• You may use a single (one-sided) page of hand-written notes prepared by you and approved
by the instructor in advance.

• There are extra blank sheets of paper attached to the end of the exam that you may use
for scratch work.

• No calculators or other electronic devices!

• No otherwise cheating!
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1. (20 points total) Suppose you roll a 6-sided die and then a 20-sided die one time each.

(a) (3 points) What is the total number of possible outcomes?

(b) (5 points) Let A be the event that the sum of the two rolls is less than or equal
to 6. Write all the possible combinations of rolls that may yield this outcome.

(c) (2 points) What is the probability that event A occurs. I.e., what is P (A)?

(d) (2 points) Let B be the event that the second die (the 20-sided die) rolls a 4.
What is P (B)?

(e) (2 points) State, in words, what the event A|B means.

(f) (5 points) Calculate P (A|B).

(g) (2 points) Are events A and B independent? YES / NO

3

6 x 20 = 120

{1 1, 1 2, 1 3, 1 4, 1 5, 
 2 1, 2 2, 2 3, 2,4,
 3 1, 3 2, 3 3,
 4 1, 4 2,
 5 1}

15/120 = 0.125

1/20

A|B is the event that the sum of the two rolls is at most 6, given that the second die rolls
a 4.

P(A|B) = P(A n B)/P(B). Note that the event A n B occurs only when the second roll is a 4
and the first roll is either a 1 or a 2. The probability of this is (2/6) * (1/20). 
So P(A|B) = (2/6)*(1/20)/(1/20) = 2/6 = 1/3.

The occurrence of event B makes event A more likely.
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2. (15 points total) Alice, Jessica, and Samantha are roommates. At the end of the
semester, they will all move to different cities, so they must find a fair way to divide the
belongings that they purchased together. Below are tables of each of their valuations
towards the collective belongings, represented as fractions of a whole.

Alice’s values
TV 1/3
Xbox 1/6
Crock-pot 1/12
Couch 1/3
Pet fish 1/12

Jessica’s values
TV 1/6
Xbox 1/12
Crock-pot 1/12
Couch 1/3
Pet fish 1/3

Samantha’s values
TV 1/3
Xbox 0
Crock-pot 0
Couch 0
Pet fish 2/3

(a) (4 points) Someone proposes that Alice keeps the couch, Jessica keeps the crock-
pot and pet fish, and Samantha keeps the TV and Xbox. How much does each
roommate value their share of the belongings? Is this a proportional division?

(b) (3 points) Is this division envy-free? YES / NO
If not, who envies whom?

4

Alice: 1/3
Jessica: 1/12 + 1/3 = 5/12
Samantha: 1/3 + 0 = 1/3.

Yes this is proportional because everyone believes they've received
at least 1/3 of the total value.

Samantha values Jessica's share (the fish and crock-pot) at 2/3. 
So she'd rather have the fish and crock-pot than the TV and Xbox.
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For your convenience, the tables from the previous page are copied again here.

Alice’s values
TV 1/3
Xbox 1/6
Crock-pot 1/12
Couch 1/3
Pet fish 1/12

Jessica’s values
TV 1/6
Xbox 1/12
Crock-pot 1/12
Couch 1/3
Pet fish 1/3

Samantha’s values
TV 1/3
Xbox 0
Crock-pot 0
Couch 0
Pet fish 2/3

(c) (3 points) The roommates want to try a different division. Suppose Alice and
Jessica agree to let Samantha keep the pet fish (and nothing else). Alice and
Jessica then use Divide-and-Choose to split the TV, Xbox, crock-pot, and couch.
Jessica proposes a division into two parts.
Part 1: Couch. Part 2: TV, Xbox, and crock-pot.
Which part would Alice rather keep?

(d) (3 points) Let Alice keep her choice of parts in (c), and let Jessica take the
remaining part. What is the final division of belongings of the three roommates,
assuming that Samantha only gets the fish?

(e) (2 point) Is this division envy-free? YES / NO
If not, who envies whom?
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Alice values Part 1 at 1/3, Part 2 at 1/3 + 1/6 + 1/12 > 1/3.
So she would rather keep Part 2.

Alice: TV, Xbox, crock-pot
Jessica: couch
Samantha: fish

RAD PDF
Rectangle



3. (16 points total)

(a) (2 points each) Match the properties with their descriptions.

(A) Unanimity (B) Independence of Irrelevant Alternatives
(C) Monotonicity (D) Neutrality (E) Anonymity

Every candidate is treated equally.

Every voter is treated equally.

Whenever a candidate X wins, changing a ballot by having some voter rank
X higher still leads to X winning.

If in an election every voter ranks candidate X over candidate Y, then candi-
date Y is not a winner of the election.

It is impossible for candidate X to go from nonwinner to winner status unless
at least one voter reverses the order in which they ranked X and the (previous)
winner.

(b) (3 points each) Consider the following election with 4 candidates.

A A A B B C C
B C D A D B B
C B B D C D D
D D C C A A A

i. Who wins this election using the Plurality method?

ii. Show that candidate B wins using the Condorcet method.

6

D
E

C

A

B

A

B beats A 4 to 3.
B beats C 4 to 3.
B beats D 6 to 1.



4. (20 points total) Minh and William bought a fun-size bag of candy for Halloweeen.
Together, they paid $6 total for the bag. Instead of giving candy to the children
trick-or-treating, they decide to keep the candy and eat it all on their own.
The bag of candy contains 10 Reese’s cups, 15 Snickers bars, and 25 Kit Kat bars.

• Minh hates Snickers and refuses to eat them (so they are worth $0.00 to him),
and he likes Kit Kat bars twice as much as he likes Reese’s cups.

• William likes Reese’s cups twice as much as he likes Snickers, and he likes Snickers
and Kit Kats the same amount.

(a) (6 points) Calculate how much Minh and William value each piece of candy (as
a dollar amount).

1 Reese’s cup 1 Snickers bar 1 Kit Kat bar
Minh

William

(b) (4 points) Suppose we give William all 25 of the Kit Kat bars and Minh everything
else (so they each get 25 total pieces of candy). Is this a proportional division? If
not, who is unsatisfied with their share?

7

Let x = Minh's value of one Reese's cup. 
10x + 25(2x) = $6.00. So 60x = $6.00, i.e., x = $0.10.
Let y = William's value of one Snickers bar.
10(2y) + 15y + 25y = $6.00, i.e., y = $0.10

10 cents            0 cents                 20 cents

20 cents            10 cents                10 cents

William values 25 Kit Kat bars at $2.50.
Minh values 10 Reese's cups and 15 Snickers bars at $1.00.

So they are both unhappy because the believe they received less than
$6.00/2 = $3.00 worth of value.



(c) (6 points) Suppose Minh and William use the Divide-and-Choose method to split
the candy. Let Minh divide the candy into two piles that he deems equal (that
is, worth $3 each to him). Write such a division.

(d) (4 points) How much does William value each of these piles? Which pile will he
choose?

8

Pile 1: 10 Reese's cups ($1.00) and 10 Kit Kat bars ($2.00).
Pile 2: 15 Snickers bars ($0.00) and 15 Kit Kat bars ($3.00).

Pile 1: 10($0.20) + 10($0.10) = $3.00
Pile 2: 15($0.10) + 15($0.10) = $3.00

William would pick either one because they have the same value to him.

(answers may vary)



5. (15 points total) Five friends are planning a trip and are holding an election to decide
the destination. They will use the Borda Count method to decide the winner. Four
of them have already cast their votes as follows:

Anton Nigel Xiao Ningchuan Ravi

First choice Tokyo Yokohama Hong Kong Hong Kong
Second choice Beijing Beijing Tokyo Seoul
Third choice Seoul Hong Kong Beijing Beijing
Fourth choice Hong Kong Tokyo Seoul Yokohama
Fifth choice Yokohama Seoul Yokohama Tokyo

(a) (6 points) Which option wins if Ravi’s vote is not counted?

(b) (4 points) Here is how Ravi ranks the options, from most to least preferred: Tokyo,
Beijing, Seoul, Yokohama, Hong Kong.
Which option will win if Ravi votes honestly, i.e., gives his real list of preferences?

(c) (5 points) Is there a way that Ravi can vote in order to have his first pick, Tokyo,
win? If so, calculate the new Borda Scores with this change.

9

Tokyo: 4 + 1 + 3 + 0 = 8 points
Beijing: 3 + 3 + 2 + 2 = 10 points
Seoul: 2 + 0 + 1 + 3 = 6 points
Hong Kong: 1 + 2 + 4 + 4 = 11 points
Yokohama: 0 + 4 + 0 + 1 = 5 points

So Hong Kong would win.

Tokyo: 8 + 4 = 12
Beijing: 10 + 3 = 13
Seoul: 6 + 2 = 8 
Yokohama: 5 + 1 = 6
Hong Kong: 11 + 0 = 11

Beijing wins.

If he instead votes Tokyo, Yokohama, Seoul, Beijing, and Hong Kong, then
then the new scores are:

Tokyo: 12
Beijing: 10 + 1 = 11
Seoul: 6 + 2 = 8
Yokohama: 5 + 3 = 8
Hong Kong: 11 + 0 = 11, so Tokyo would win.



6. (14 points total/ 2 points each) Circle true or false.

(a) (TRUE / FALSE) The Lone-Divider method is always envy-free.

(b) (TRUE / FALSE) The Lone-Divider method is always proportional.

(c) (TRUE / FALSE) The Condorcet voting system may result in ties.

(d) (TRUE / FALSE) Any envy-free division is also proportional.

(e) (TRUE / FALSE) With only 2 players, any proportional division is also envy-
free.

(f) (TRUE / FALSE) With an odd number of voters, the majority rule voting
system may result in a tie.

(g) (TRUE / FALSE) For any events A and B, P (A ∪B) = P (A) + P (B).
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You may use this page for scratch work. If you would like any work on this page to be
graded, please clearly indicate so on the page of the original problem.
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You may use this page for scratch work. If you would like any work on this page to be
graded, please clearly indicate so on the page of the original problem.
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