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• You have 50 minutes.

• No calculators or other electronic devices!

• No otherwise cheating!



1. (20 points) Consider the following graph G.

(a) (6 points) Redraw G so that there are no crossing edges.

(b) (4 points) In part (a), how many vertices, edges, and faces does your drawing
have? Note: remember to count the outer face.

|V | = |E| = |F | =

(c) (2 points) State the definition of the chromatic number of a graph.

(d) (2 points) State the Four Color Theorem.

(e) (6 points) Draw a planar graph (with no crossing edges!) on 5 vertices with
chromatic number 5, or explain why such a graph does not exist.
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2. (10 points total) Below is a map of the United Kingdom

(a) (5 points) Draw a graph to represent the regions of the UK: each region should
be represented by a vertex. Edges should represent shared borders. Label the
vertices.

(b) (2 points) Is the graph you drew in part (a) connected? If not, why?

(c) (3 points) What is the chromatic number of the graph you drew in part (a)? Color
your drawing in part (a) with that many colors.

3



3. (20 points total) Let G be the following graph.

A

B

C

D

E

(a) (4 points) List the degrees of each of the vertices in G.

d(A) = , d(B) = , d(C) = , d(D) = , d(E) = .

(b) (5 points) Does G have an Eulerian circuit? If so, number the edges in the picture
above in the order of an Eulerian circuit. If not, explain why.

(c) (5 points) Does G have an Eulerian walk? If so, number the edges in the picture
above in the order of an Eulerian walk. If not, explain why.

(d) (5 points) Does G have a Hamiltonian cycle? If so, list the vertices in the order
of a Hamiltonian cycle. If not, write NOT HAMILTONIAN.

(e) (4 points) Does G have a perfect matching? If so, state a perfect matching. If
not, explain why.
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4. (20 points total) In the math department, there are three teaching assistants Ravi,
Josh, and Chris. They have each taught Calculus I, II, and III in the past. We need
to decide who will teach which class next semester.
The TAs’ preferences for teaching are given below:

• Ravi: Calc III > Calc II > Calc I,

• Josh: Calc I > Calc II > Calc III,

• Chris: Calc III > Calc I > Calc II.

Also, based on teaching evaluation scores from previous semesters, we can rank the
TAs’ abilities to teach each course. The rankings are given below:

• Calculus I: Chris > Josh > Ravi,

• Calculus II: Josh > Chris > Ravi,

• Calculus III: Ravi > Chris > Josh.

(a) (3 points) Briefly explain what a stable matching of the TAs to the courses means
in this example.

(b) (14 points) Apply the Gale–Shapley algorithm to this scenario to find a stable
matching of the TAs to the courses (in each round, have TAs propose which
course they would like to teach). At the end, draw a graph representing your final
matching. SHOW YOUR WORK!

5



(c) (2 points) Does your algorithm favor the TAs or the courses? Why?

(d) (1 point) In your opinion, should such a process favor the TA or the course? Why?
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5. (20 points total/ 2 points each) Circle true or false.

(a) (TRUE / FALSE) If a graph has chromatic number 100 then it is 101-colorable.

(b) (TRUE / FALSE) If a graph has chromatic number 100 then it is NOT 99-
colorable.

(c) (TRUE / FALSE) If a graph is connected, then it must have a Hamiltonian
cycle.

(d) (TRUE / FALSE) If a graph is nonplanar, then it must contain a subdivision
of K3,3 or K5 as a subgraph.

(e) (TRUE / FALSE) K5 and K3,3 are the only nonplanar graphs.

(f) (TRUE / FALSE) For every graph G, the greedy algorithm for coloring always
gives an optimal coloring using exactly χ(G) colors.

(g) (TRUE / FALSE) If G1 and G2 are isomorphic, then they must have the same
number of vertices and the same number of edges.

(h) (TRUE / FALSE) A graph has chromatic number 1 only if it has no edges.

(i) (TRUE / FALSE) A graph has an Eulerian walk if and only if all of its vertices
have even degree.

(j) (TRUE / FALSE) The Gale–Shapley algorithm always produces a stable
matching.
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6. (10 points total) Are the following pairs of graphs isomorphic? If they are, label the
vertices of both graphs consistently. If not, give a reason why they are not isomorphic.

(a) (5 points)

(b) (5 points)
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