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• You have 50 minutes.

• You may use a single (one-sided) page of hand-written notes prepared by you and approved
by the instructor in advance.

• There are extra blank sheets of paper attached to the end of the exam that you may use
for scratch work.

• No calculators or other electronic devices!

• No otherwise cheating!
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1. (20 points total) Let G be the following graph.

C

B

A

E

F

D

(a) (2 points) Is G CONNECTED? YES / NO

(b) (3 points) List the degrees of each of the vertices in G.

d(A) = , d(B) = , d(C) = ,

d(D) = , d(E) = , d(F ) = .

(c) (5 points) Does G have an Eulerian circuit? If so, number the edges in the picture
above in the order of an Eulerian circuit. If not, explain why.

(d) (5 points) Does G have a Hamiltonian cycle? If so, list the vertices in the order
of a Hamiltonian cycle. If not, write NOT HAMILTONIAN.

(e) (5 points) In the space below, draw a graph that has an Eulerian walk but no
Eulerian circuit.
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2. (16 points total) Consider the following graph G.

(a) (5 points) Redraw G so that there are no crossing edges. Hint: try moving some
of the vertices around.

(b) (2 points) State Euler’s formula for planar graphs.

(c) (4 points) In part (a), how many vertices, edges, and faces does your drawing
have? Note: remember to count the outer face.

|V | = |E| = |F | =

(d) (5 points) Draw a planar graph (with no crossing edges!) with 4 vertices and
chromatic number 4.
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3. (20 points total) Below is a list of five classes and their students:

• Calculus - Ann, Steve, Jill

• Economics - Ravi, Henry

• Painting - Ann, William, Jason,

• French - Ludwig, Jill, Henry

• Sociology - Ravi, Jason

We consider the following graph G: the vertices of G are the five classes, and there is
an edge between two vertices if the corresponding classes have one or more students in
common.

(a) (5 points) Draw the edges of G according to the directions above. Hint: the graph
should have five edges.

Calculus

Economics

PaintingFrench

Sociology

(b) (5 points) G (the graph above) cannot be properly colored with only 2 colors.
Using as few colors as possible, give a proper coloring of G (label the vertices
with the colors).

(c) (2 points) What is χ(G) (the chromatic number of G)? No explanation is neces-
sary.
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(d) (4 points) Each of the five classes needs to schedule a final exam. There is only
one restriction: to avoid conflicts, classes that have students in common
cannot schedule their exams in the same time slot. What is the minimum
number of time slots needed to accommodate all of the classes? No explanation
is necessary.

(e) (4 points) Explain how this scheduling problem is related to the coloring problem
in parts (a) - (c). I.e., what do the colors represent? What does the χ(G)
represent?
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4. (20 points total) There are 3 men and 3 women. Their lists of preferences are given
below.

m1 : w3 > w1 > w2, m2 : w1 > w2 > w3, m3 : w1 > w2 > w3,

w1 : m1 > m2 > m3, w2 : m2 > m3 > m1, w3 : m1 > m3 > m2.

(a) (10 points) Use the Gale-Shapley algorithm to find a stable matching of the men
to the women. Indicate your final matching on the graph below. Hint: If done
correctly, the algorithm should take no more than 2 rounds.

Final matching:

m1

m2

m3

w1

w2

w3
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(b) (4 points) Find a MAXIMUM matching in the following graph. (Indicate which
edges are in your matching).

A

B

C

D E

F

G

H

Your matching:

Is your matching a perfect matching? YES / NO

(c) (6 points) Consider the matching AB,CD,GF in the graph below (the bolded
edges).

A

B

C

D

E F

G

H

I

J

Is this matching PERFECT? YES / NO
If not, which vertices are unmatched?

Is this matching MAXIMUM? YES / NO
If not, give a bigger matching in the graph.

Is this matching MAXIMAL? YES / NO
If not, which edge can we add to the matching to make it a bigger matching?
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5. (14 points total/ 2 points each) Circle true or false.

(a) (TRUE / FALSE) Every graph with exactly 5 vertices and 5 edges is isomor-
phic to the graph C5.

(b) (TRUE / FALSE) In a stable matching of marriages, every person is married
to their first choice partner.

(c) (TRUE / FALSE) If a graph is 5-colorable then it is also 6-colorable.

(d) (TRUE / FALSE) In any given weighted complete graph, the Nearest-Neighbor
Algorithm always outputs an optimal minimum-cost Hamiltonian cycle.

(e) (TRUE / FALSE) If every vertex in a graph has even degree, then the graph
has a Hamiltonian cycle.

(f) (TRUE / FALSE) If a graph G has chromatic number 5 then G is not a planar
graph.
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6. (10 points total) Each graph on the left is isomorphic to exactly one graph on the right.
Match the graphs on the left with their isomorphic partner on the right. Each answer
is used exactly once.

(a)

(b)

(c)

(d)

(e)
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You may use this page for scratch work. If you would like any work on this page to be
graded, please clearly indicate so on the page of the original problem.
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