
Math 418 Project Topics

1. Unique factorization of ideals into prime ideals

(a) Sources: DF 15.3, 16.3

(b) Outline: A finite extension of Q is called a number field, and is an object of
interest in Algebraic Number Theory. Inside any number fieldK, we can identity
a subring OK called the ring of integers in K, which acts like Z inside Q. One
question of interest is for which fields K is OK a UFD. Unique factorisation is a
nice property, but not all rings of integers have it, unfortunately. However, all
rings of integers are what are called Dedekind domains, which means that they
have the special property that all ideals factor into a product of prime ideals.

2. Ideals in multivariable polynomial rings: Groebner bases

(a) Sources: DF 9.6

(b) Outline: If F is a field, then the polynomial ring F [x1, x2, . . . , xn] is Noetherian,
that is, all ideals in F [x1, x2, · · · , xn] are finitely generated. Some sets of gener-
ators are better than others. For example, if I is an ideal in F [x1, x2, . . . , xn],
it is especially easy to work with if it is generated by monomials. Not all ideals
have this property. However, all ideal in F [x1, x2, . . . , xn] have what is called
a Gröbner, basis, which is an especially good set of generators. These special
sets of generators are of interest in Algebraic Geometry, in which the geometric
objects studied are solution sets of finite lists of polynomials.

3. Algebraic geometry: The prime spectrum of a ring

(a) Sources: DF 15.5, TBD

(b) Outline: Starting with a Noetherian ring R, we can consider the set of all
prime ideals of R, which we call the prime spectrum of R. This set, Spec(R),
can be given a topology, that is, we can consider it not only as a set but as
a geometric object, which we call an affine scheme. Affine schemes are some
of the fundamental objects of study in the field of Algebraic Geometry. Their
geometric properties (dimension, singularities, subobjects, etc) can be computed
by studying properties of the ring R, and its modules.

4. Straight-edge and compass constructions: you can’t square the circle!

(a) Sources: DF 13.3

(b) Outline: The ancient Greeks were interested in what sorts of numbers could be
constructed using only a straightedge and a compass (neither with marks). For
example, given a line of length n, they were able to draw another straight line
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whose length was exactly
√
n. A question that they struggled to answer was

the following: Given a circle, can you (using only a straightedge and compass)
draw a square whose area is the same as that of the circle? The answer to this
question is no, and it can be proven using the theory of field extensions.

5. Proof that it is impossible to write a general solutions to polynomials of
degree 5 or higher.

(a) Sources: DF 3.4, 14.7, Gallian

(b) Outline: Given a quadratic polynomial ax2 + bx+ c, we can write down its two

complex solutions using the formula x = −b±
√
b2−4ac
2a . A similar formula exists

for cubic polynomials and for quartic polynomials, though these formulae are
quite a bit uglier than the quadratic formula. However, no formula exists for
degree 5 polynomials or higher. This is not to say that no one has come up with
one, but that in fact we can prove that no such formula exists! This proof uses
Galois theory and a bit of group theory.

6. Cyclotomic Fields and Galois Theory

(a) Sources: DF 14.5

(b) Outline: The n roots of the equation xn−1 are called the nth roots of unity, and
form a cyclic group under multiplication. If ζn is a generator for this group, then
the field Q(ζn) is called a cyclotomic field. These fields are Galois extensions of
Q, and their Galois groups are especially nice. In fact, one can show that any
field K which is Galois over Q, whose Galois group is abelian, is a subfield of a
cyclotomic field.

7. Representations of groups

(a) Sources: DF 18.1

(b) Outline: Representation theory is a way of studying an abstract algebraic object
such as a group using the tools of Linear Algebra. Let G be a group and V
a vector space. A representation of G is a group homomorphism from G to
GL(V ), the group of invertible linear transformations from V to itself. By
considering representations of G, we can think of the elements of G as matrices.
An interesting result is that the representations of G correspond to modules
over a special ring called the group ring of G.

8. Error-correcting codes

(a) Sources: Gallian
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(b) Outline: Error-correcting codes are an application of fields and linear algebra
to a practical problem. If sending an encrypted message over a noisy channel,
can we detect when a received message needs to be repaired, and better yet, can
we repair it? One way to ensure that a message is received correctly is to send
multiple copies of it, which can be compared. However, this slows the process
of transmitting messages. More clever methods use the rules of addition and
multiplication in finite fields.

9. Banach Algebras

(a) Sources: TBD

(b) Outline: An associative ring which also has the structure of a vector space is
called an algebra. Examples of algebras come up in fields outside of Algebra,
such as functional analysis. For example, consider the set of functions

C0(R) = {f : R→ R | f is continuous, lim
x→±∞

f(x) = 0}

is an algebra under ordinary addition and multiplication of functions. This
algebra has an extra structure: we can define a norm (or distance) function
on C0(R such that all Cauchy sequences converge. An algebra with this extra
structure is called a Banach algebra. Banach algebras come from the study of
analysis, and so they provide a very different set of examples from the ones we
have looked at in our class. In the world of functional analysis, for example,
we do not expect a ring to have a multiplicative identity. This topic has lots of
possible directions, based on the interest of the students working on it.

10. Lie Groups

(a) Sources: TBD

(b) Outline: This project was suggested by students interested in connections be-
tween algebra and phsyics. A Lie group is a fundamental object of study in
both fields. By definition, a Lie group is a group (in the sense of Math 417)
which is also a differentiable manifold (a nice geometric object). The basic ex-
amples of Lie groups are matrix groups, such as GL2(R, the group of invertible
2× 2 matrices under multiplication, and the special unitary groups SU(n). Lie
groups show up in physics in many ways, for example rotation groups, gauge
groups, and spin groups. Much like in the project suggested on representations
of groups, we can study representations of Lie groups, that is, group homomor-
phisms from the Lie group to a matrix group. Then we can use Linear Algebra
techniques to study these objects. There are many possible directions for this
project, based on the interest of the students working on it.
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