
Worksheet 1 - Integral Domains

1. In Chapter 8, we have learned about a number of specials types of rings. See if you
can fill in this chart with examples of rings, placing each example in the smallest
circle in which it fits.

Fields

EDs

PIDs

UFDs

IDs

Commutative Rings

Rings
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2. One of the harder circles to fill in is the PID circle. It is tricky to come up with the
examples of rings which are PIDs but not EDs. The goal of this exercise is to prove

that Z[ω], where ω = 1+
√
−19
2 , is such an example.

(a) First we need to prove that Z[ω] is not an ED.

i. Let R be an integral domain. A universal side divisor is a nonzero element
r ∈ R which is not a unit, and which has the following property: for any
a ∈ R, either r divides a, or there is a unit u ∈ R such that r divides a− u.
Show that every ED which is not a field has a universal side divisor.

ii. Show that Z[ω] has no universal side divisors. (One way to go about this
might be to start with two elements, say 2 and ω. If x were a universal side
divisor, it would divide 2− u and ω− v for some units (or 0) u and v. This
may lead to a contradiction.)

(b) Now we want to prove that Z[ω] is a PID.

i. Suppose R is an integral domain with a normN which satisfies the following:
for every pair a, b in R with b 6= 0, either b divides a, or there exist x, y in
R so that 0 < N(xa + yb) < N(b). Show that all ideal in R are principal.
(Such a norm is called a Dedekind-Hasse norm.)

ii. Show that the field norm N(a + b
√
−19) = a2 + 19b2 is a Dedekind-Hasse

norm on Z[ω].

A. First write α
β = a+b

√
−19
c . Why can you choose a, b, c ∈ Z relatively

prime, and c > 1?

B. You want to find s, t ∈ Z[ω] so that 0 < N(αs−βt) < N(β). Use the fact
that N is multiplicative to show this is equivalent to 0 < N(αβ s− t) < 1.

C. Since a, b, c are relatively prime, you can find x, y, z so that ax+by+cz =
1. Then you can find q, r so that ay − 19bx = cq + r, and |r| < c

2 . Set
s = y+x

√
−19 and t = q−z

√
−19, then compute N(αβ s+ t). For which

values of c is this less than 1?

D. Now consider the remaining cases for c. Can you find s, t in these cases?

iii. (Extra) Explain how the property of having a Dedekind-Hasse norm is a
weakening of the division algorithm property.

2


