
Subgroups and Group Presentations

1 Subgroups of Cyclic Groups

A cyclic group is a group which can be written in the form G = {gk | k ∈ Z} for some
g ∈ G. As we saw in class, we can determine the group G up to isomorphism by the order
o(g).

1. If o(g) =∞, then G ∼= Z.

2. If o(g) = n, then G ∼= Zn.

Another way to write down such a group is by its group presentation. A group
presentation contains two pieces of information:

1. a set of generators for the group,

2. and a set of relations that those generators satisfy. A relation is a nontrivial product
that is equal to the identity in the group.

Every group element should be a product of powers of some of the generators, and every
product should be computable using the relations.

For example,

1. Z = 〈1〉, since all elements are multiples of 1 and there are no relations.

2. Zn = 〈1 | n · 1 = 0〉.

Our first goal is to draw a subgroup lattice for each cyclic group. This is a diagram
including all of the subgroups of a group, with a line connecting two subgroups if one is
contained in the other.

1. We know that all subgroups of Zn are cyclic. Prove that the subgroup generated by
m is the same as the subgroup generated by gcd(m,n). (Hence there is exactly one
subgroup for each divisor of n.)

2. Draw the subgroup lattice for each of Z6,Z8, and Z12.
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2 New Example: The Dihedral Group

Not all groups are cyclic, and so not all subgroups of a given group are cyclic. We will
experiment with this fact by looking at a new group. The dihedral group Dn is defined
to be the symmetry group of a regular n-sided polygon.

We have seen D3 and D4 in class. In each case, we simply listed the symmetries of the
polygon by observing it. It is possible to state more generally what the elements of Dn

are.
Consider the following polygon.

r

a

We have one symmetry r given by rotating the polygon so each side moves one space
counterclockwise. Then r will satisfy the relation rn = e.

We have another symmetry a given by rotating the polygon in 3-dimensions around a
line cutting the shape in half. Of course, we have such a symmetry for every such line, but
I claim this is enough.

Dn = 〈r, a | rn = e, a2 = e, ra = arn−1〉.

1. Show that any ”flip” of the polygon can be given by multiplying r to some power
with a. (You’ve done this for D4 for a homework assignment.)

2. Determine all the cyclic subgroups of Dn.

3. Try and find noncyclic subgroups of D4 and D5 by choosing pairs of elements and
determining what subgroup is generated by that pair.

4. Draw the full subgroup lattice for D4 and D5.
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