
Homework 5

2.1.5. Claim: If G is a group such that all elements g ∈ G satisfy g2 = e, and H is
isomorphic to G, then H also has this property. Therefore Z4 is not isomorphic to the
group of symmetries of a rectangle.

Proof: Suppose G is a group such that for each element g ∈ G, g2 = e. Suppose H is
isomorphic to G, and φ : G→ H is an isomorphism. Let h ∈ H. Since φ is surjective, there
is an element g ∈ G so that φ(g) = h. Then h · h = φ(g) · φ(g) = φ(g · g) = φ(e). We now
show φ(e) = e. For all elements h′ ∈ H, φ(e) · h = φ(e)φ(g′) where g′ ∈ G is the unique
element mapping to h′ ∈ H. And φ(e)φ(g′) = φ(eg′) = φ(g′) = h′. Similarly, h′e = h′.
Since the identity element of H is unique. φ(e) = e. This proves that h2 = e for all h ∈ H.

In Z4, 1 + 1 = 2 6= 0 and 3 + 3 = 2 6= e. However, the group of symmetries of the
rectangle contains only rotations about an axis by π radians. Hence any of these symmetries
performed twice returns the rectangle to its orignal position. The square of any symmetry
of the rectangle is hence the identity. This proves that Z4 cannot be isomorphic to this
group.

2.1.15. Claim: The following conditions are equivalent for a group G:

(a) G is abelian.

(b) For all a, b ∈ G, (ab)−1 = a−1b−1.

(c) For all a, b ∈ G, aba−1b−1 = e.

(d) For all a, b ∈ G, (ab)2 = a2b2.

(e) For all a, b ∈ G and natural numbers n, (ab)n = anbn.

Proof: First, we show that (a) implies (b). Suppose G is abelian. Then (ab)−1 = b−1a−1

by Proposition 2.1.4. Since G is abelian, b−1a−1 = a−1b−1.
Now we will show that (b) implies (c). Suppose (ab)−1 = a−1b−1. Then aba−1b−1 =

(ab)(ab)−1 = e by the associative property and the assumption.
Next, we show that (c) implies (d). Suppose for all a, b ∈ G, aba−1b−1 = e. We can

rewrite this as (ab)(ba)−1 = e. Multiplying both sides on the right by (ba), we see ab = ba.
Hence (ab)2 = abab = a2b2.

Now we proceed by induction, to show that if (ab)2 = a2b2, then (ab)n = anbn for all
n ∈ N. As a base case, when n = 1, the statement is obvious. We also know the case n = 2
holds. Suppose now that (ab)k = akbk for some k ∈ N which is larger than 2.
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Finally, we show that if for all n ∈ N and all a, b ∈ G, (ab)n = anbn, then G is abelian.
When n = 2, the statement is that (ab)(ab) = a2b2. First, we multiply both sides by a−1

on the left. We get that bab = ab2. Next, we multiply by b−1 on the right. We find that
ba = ab. This proves that G is abelian.

2.2.2. Claim: The subgroup lattice for the symmetries of a square card is as follows.

{e}

{e, a} {e, b} {e, r2} {e, d} {e, c}

{e, r, r2, r3}{e, a, r2, b} {e, d, r2, c}

{e, r, r2, r3, a, b, c, d}

Proof: Let the symmetry group of the square contain the elements {e, r, r2, r3, a, b, c, d}
as before. Then the rotation r generates a subgroup of order 4, which is also generated
by r3. All other elements square to the identity, hence generate only subgroups of order
2. We then consider proper subgroups containing 2 of these generators, to complete the
lattice.

2.2.7. Claim: If G is a group and Hi are subgroups of G for i ∈ S for some set S, then
∩i∈SHi is a subgroup of G.

Proof: Suppose Hi is a subgroup of G for each i ∈ S for some set S. Define H = ∩i∈SHi.
First, since e, the identity of G is in each Hi, the intersection H is nonempty. Now we
apply the Subgroup Test. Suppose a, b ∈ H. Then a, b ∈ Hi for all i ∈ S. For each fixed
subgroup Hi, since a, b ∈ Hi and Hi is closed under multiplication, ab ∈ Hi. This shows
that ab ∈ Hi for all i ∈ S. Hence ab ∈ H. Now suppose a ∈ H. Then since a ∈ Hi for all
i ∈ S and each Hi is a subgroup of G, each Hi must contain a−1 This proves that a−1 ∈ H.
Hence H is a subgroup of G by the subgroup test.

2.2.24. Claim: If G is a group of order 20 with 3 elements of order 4, it is not cyclic. If
G is cyclic and of order 20, it has exactly 2 elements of order 4.

Proof: Any cyclic group of order 20 is isomorphic to Z20. The order of an element is
preserved under isomorphism, so we may determine how many elements of Z20 are of order
4. In Z20, the order of an element g is 20/gcd(20, g). So the order of an element g is 4 if and
only if gcd(20, g) = 5. There are exactly two elements of Z20 that satisfy this condition, 5
and 15. Hence if a group G has 20 elements and 3 elements of order 4, it is not cyclic.
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