
Name:

Math 417: Final Exam 2 Practice

Answer the following questions in the space provided. You may use the backs of pages for
scratch work, but it will not count towards your mark. If a questions begins with the word
”prove” or ”show” then a proof is required. Otherwise, you may simply give an answer.

1. Determine all of the possible numbers of 3-Sylow subgroups of a group of size 60.

Solution: The Third Sylow Theorem says that the number of 3-Sylow subgroups must
be 1 modulo 3 and also divide 20 = 60/3. Therefore the number of 3-Sylow subgroups must
be 1, 4, or 10.

2. Suppose we consider the set of all necklaces with 4 orange beads and 4 blue beads.
We can let D8 act on this set by rotating beads on a necklace, and by flipping a necklace
upside-down.

(a) Compute the set Fix(r2) where r is the rotation of the beads counterclockwise by one
position.

Solution: A necklace is fixed by r2 if and only if every other bead on the necklace has
the same color. There are two such necklaces: the necklaces that starts with a blue bead
then alternates, and the necklace that starts with an orange beads and then alternates.

(b) Compute size of the orbit of a necklace with blue beads in the first four positions,
and orange beads in the last four positions. (That is, the orange beads are grouped
together, and the blue beads are grouped together.)

Solution: Suppose we have a necklaces with blue beads in the first four positions and
orange beads in the last four positions. This necklace can be rotated 8 times before
returning to its starting position. Further, any flip of this necklace will have orange
and blue beads all grouped, so it will look like one of the 8 rotations already counted.
Therefore the orbit of such a necklace has size 8.

1



3. Give an example of a subring of R which is not an ideal.

Solution: Consider the subring Z of R. This is a subring, since if x, y ∈ Z, then
x+ y,−x, xy ∈ Z as well. However, it is not an ideal. For example, π ∈ R, and 1 ∈ Z, but
π · 1 6∈ Z.

4. Let R be a commutative ring with 1. Prove that R[x]/(x) ∼= R.

Solution: Let ev0 be the evaluation map ev0 : R[x] → R which sends f(x) ∈ R[x] to
ev0(f(x)) = f(0). As seen in 6.2, this is a ring homomorphism. Further, it is surjective,
since for any r ∈ R, the polynomial x+ r ∈ R[x] satisfies ev0(x+ r) = r.

Let K be the kernel of ev0. Then first, ev0(x) = 0, so x ∈ K. Therefore, (x) ⊆ K.
Now, if f(x) ∈ K, then f(0) = 0. Therefore, if we write f(x) = rnx

n + · · ·+ r1x+ r0, then
r0 = 0. Therefore, f(x) = x(rnx

n−1 + · · ·+ r1) ∈ (x). So K ⊆ (x). This prove the kernel
of ev0 is (x). By the First Isomorphism Theorem, R[x]/(x) ∼= R.
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