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Abstract

In this paper, we study the problem of explosion suppression by noise

for nonlinear non-autonomous differential systems. For a deterministic non-

autonomous differential system dx(t) = f(x(t), t)dt which may explode at a

finite time, we introduce a polynomial noise and study the perturbed system

dx(t) = f(x(t), t)dt + h(t)
1
2 |x(t)|βAx(t)dB(t). We show that the polynomial

noise not only can guarantee the existence and uniqueness of the global solution

for the perturbed system, but also can make almost every path of global solu-

tion grow at most with certain general rate and even decay with certain general

rate (including super-exponential, exponential and polynomial rates) under some

weak conditions.

Keywords and phrases: explosion suppression; noise; non-autonomous differ-

ential system; growth with general rate; decay with general rate; general poly-

nomial growth condition.

1 Introduction

It is well known that noises not only can stabilize a given unstable deterministic system, but

also can make an already stable deterministic system even more stable. The earliest work

on this topic can be traced back to Khasminskii [1], which stabilized a linear deterministic

differential system by using two Brownian noises. Later, Arnold, Crauel and Wihstutz [2]

showed that the linear system dx(t) = Ax(t)dt can be stabilized by a zero mean stationary

noise if and only if the trace of A is less than 0.

∗Corresponding author.
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An n-dimensional nonlinear deterministic differential system

dx(t) = f(x(t), t)dt,

where f(x(t), t) satisfies the local Lipschitz condition and the linear growth condition, can

be stabilized by noise, see [3, 4]. Appleby and Mao [5, 6] showed that deterministic systems

satisfying one-sided linear growth conditions may also be stabilized by noise. For a systematic

treatment of stochastic stabilization, we refer our readers to Mao [7]. Although the one-sided

linear growth condition includes many more systems than the linear growth condition, many

important dynamical systems are still excluded. Thus many researchers studied stabilization

by noise for systems satisfying polynomial growth conditions. In [8], Mao, Marion and Ren-

shaw showed that a noise can suppress the explosion of Lotka-volterra systems. The above

result was extended to delay Lotka-volterra systems by Bahar and Mao [9] and Mao, Yuan

and Zou [10]. Recently, Wu and Hu [11] studied stochastic stabilization of deterministic d-

ifferential systems satisfying one-sided polynomial growth condition using two independent

stochastic noises. The result of [11] was extended to the case of non-autonomous differential

systems with general decay rate [12].

Noises might play other roles on the asymptotic behavior of the solutions of deterministic

differential systems. However, this question has not been studied much in the literature.

Deng, Luo, Mao and Pang [13] proved that noises can suppress exponential growth. Liu

and Shen [14] showed that a single nonlinear noise of the form |x(t)|β
∑
x(t)dB(t) can make

solutions of deterministic differential systems grow at most polynomially. In [14], f(x(t), t) is

required to satisfy the local Lipschitz condition and the following general polynomial growth

condition:

xTf(x, t) ≤ σ|x|α+1 + o(|x|α+1), (1.1)

where σ > 0, α > 1 and o(|x|α+1) satisfies limx→∞
o(|x|α+1)
|x|α+1 = 0.

The literature on different roles played by noises on the asymptotic behavior of the so-

lutions, see [13, 14], mainly concerns with the following question: When a deterministic

differential system explodes at a finite time, can one add an appropriate noise guaranteeing

the solutions of the perturbed system grow exponentially or polynomially? To illustrate some

other problems that might happen, we consider the following 2-dimensional non-autonomous

differential system

dx1(t) =
1

2
t
1
4

[
x2(t) + x1(t)(x2

1(t) + x2
2(t))

]
dt

dx2(t) =
1

2
t
1
4

[
(x2(t)− 1

x2(t)
)(x2

1(t) + x2
2(t))− x1(t)

]
dt (1.2)

with initial value (1, 1). From the simulation of the system (1.2) (see Figure 1), we can see

that the system (1.2) explodes at a finite time. Obviously, the system (1.2) does not satisfy
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the condition (1.1) of [14], thus the results in [14] could not be applied to the system (1.2)

directly. Hence, it is natural to ask the following questions:

Figure 1: The curves show the trajectories of x1(t),x2(t) of system (1.2) on [0, 0.86] with

initial value (1, 1).

1) Can one add a nonlinear noise such that the perturbed system has a unique global

solution?

2) If the answer to the above question is yes, can the nonlinear noise guarantee some

particular asymptotic behavior of the global solution?

For the system (1.2), we will show that a polynomial noise of the form

t
1
8 (x2

1(t) + x2
2(t))diag(x1(t),x2(t))dB(t),

where B(t) is a scalar Brownian motion, can guarantee the perturbed system has a unique

global solution. Furthermore, we will show that, under some conditions, the global solution

will grow at most with rate λ(t) = et
5
4 , or even decay to the zero solution with rate λ(t) = et

5
4 .

Compared with prior literature on explosion suppression, the present paper is to show that

a properly chosen noise not only can suppress explosion, it also can make the solution of the

system decay to the zero solution.

The organization of this paper is as follows. Section 2 describes some necessary notation

and preliminary results. Results on suppression of explosion by the noise and on the asymp-

totic boundedness of the perturbed system are given in Section 3. In Section 4, we give

some sufficient conditions on the noise for various asymptotic behaviors of the solutions of

the perturbed system. In the final section, we give some illustrative examples.
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2 Preliminaries

Throughout this paper, (Ω,F , {Ft}t≥0,P) is a complete probability space with a filtration

{Ft}t≥0 satisfying the usual conditions and B(t) is an m-dimensional Brownian motion de-

fined on this probability space. If A is a vector or matrix, then AT is its transpose and

|A| =
√
trace(ATA) is its trace norm. We set L =

{
Λ ∈ Rn×n : det(Λ) 6= 0, γ(Λ) =

sup|x|=1
|Λx|2

(xTΛx)2
< 2

}
. From [14] we know that the set L is not empty. Let L1(R+;R+) be

the family of all functions ξ : R+ → R+ such that
∫ +∞

0 ξ(t)dt <∞.

Consider an n-dimensional non-autonomous differential system

dx(t) = f(x(t), t)dt, t ≥ 0 (2.1)

with initial data x(0) = ζ ∈ Rn and f(0, t) = 0, where

f : C(Ω, Rn)×R+ → Rn.

We will always assume that f satisfies the following condition.

Assumption 2.1. (Local Lipschitz condition) For each k = 1, 2, ..., there exists a constant

dk > 0 such that for all t ∈ R+ and x,y ∈ Rn satisfying |x| ∨ |y| ≤ k,

|f(x, t)− f(y, t)| ≤ dk|x− y|.

Motivated by the system (1.2), we will always impose the following general polynomial

growth condition on our non-autonomous differential system.

Assumption 2.2. (General polynomial growth condition) There exist a constant α > 1 and

a positive continuous function h(t) such that for all x ∈ Rn and t ∈ R+,

xTf(x, t) ≤ h(t)

(
|x|α+1 + o(|x|α+1)

)
. (2.2)

From the simulation of the system (1.2) (see Figure 1), we can see that the system

(2.1) with Assumptions 2.1 and 2.2 may explode at a finite time. To suppress the ex-

plosion of the solution of the system (2.1), we introduce a polynomial noise of the form

h(t)
1
2 |x(t)|βAx(t)dB(t), A ∈ L. Then the perturbed system becomes the following stochastic

differential system

dx(t) = f(x(t), t)dt+ h(t)
1
2 |x(t)|βAx(t)dB(t). (2.3)

Obviously, the system (2.3) admits the trivial solution x(t) ≡ 0.

The main goals of this paper are to provide sufficient conditions on β and A for the system

(2.3) to have a unique global solution and to study the asymptotic behavior of the global

solution. Before stating our main results, we give two definitions and a lemma.
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Definition 2.1. (cf. [15]) Let λ(t) ∈ C1(R+, R+) be strictly increasing and assume λ(t)→∞
as t→∞. The system (2.3) is said to be almost surely stable with decay λ(t) of order γ > 0

if, for any initial data ζ ∈ Rn, lim sup
t→∞

log(|x(t)|)
log(λ(t)) ≤ −γ.

Similar to Definition 2.1, we give the following definition of general growth.

Definition 2.2. Let λ(t) ∈ C1(R+, R+) be strictly increasing and assume λ(t) → ∞ as

t→∞. The system (2.3) is said to grow almost surely with general rate λ(t) of order κ > 0

if, for any initial data ζ ∈ Rn, lim sup
t→∞

log(|x(t)|)
log(λ(t)) = κ.

Remark 1. Obviously, λ(t) = et
2
, λ(t) = et, λ(t) = 1 + t and λ(t) = log(1 + t) satisfy the

above conditions on λ(t) and represent the usual almost sure super-exponential, exponential,

polynomial and logarithmic growth, respectively.

Lemma 2.1. (cf. [16]) Assume α, β > 0. If h ∈ C(Rn;R) satisfies lim sup|t|→∞(h(t)/|t|α) =

0, then there exists a constant H satisfying sup
t∈Rn
{−β|t|α + h(t)} < H.

Let C2,1(Rn × R+;R) denote the family of all continuous functions V (x, t) on Rn × R+

which are twice continuously differentiable in x and once continuously differentiable in t. For

each V ∈ C2,1(Rn ×R+;R), we define an operator L from Rn ×R+ to R by

L V (x(t), t) = Vt(x(t), t) + Vx(x(t), t)f(x(t), t) +
1

2
trace[gT (x(t), t)Vxx(x(t), t)g(x(t), t)],

where Vt(x, t) = ∂V (x,t)
∂t , Vx(x, t) = (∂V (x,t)

∂x1
, · · ·, ∂V (x,t)

∂xn
), Vxx(x, t) = (∂

2V (x,t)
∂xixj

)n×n.

3 Suppression of explosion by noise

To ensure the existence and uniqueness of the global solution for a stochastic differential

system, one usually assume that the system satisfies the linear growth condition and the

local Lipschitz condition, see [4, 17]. It is also shown that when the system satisfies the linear

growth condition and some non-Lipschitz condition, there is also a unique global solution,

see [18]. However, when the system (2.3) is only assumed to satisfy Assumptions 2.1 and

2.2, its solution may explode at a finite time. So it is necessary to examine the existence and

uniqueness of the global solution for the system (2.3).

Theorem 3.1. If Assumptions 2.1, 2.2 hold and β > α−1
2 , then for any initial data x(0) =

ζ ∈ Rn, the system (2.3) has a unique global solution x(t, ζ).

Proof. Since g(x(t), t) , h(t)
1
2 |x(t)|βAx(t) and f(x(t), t) satisfy the local Lipschitz condition,

and f(0, t) = g(0, t) = 0, we know, by the standard truncation technique (see [16], Theorem

5.2.8 in [4], Theorem 3.3.2 in [3]), that, for any given initial data ζ ∈ Rn, our system (2.3)
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has a unique maximal solution x(t, ζ) on t ∈ [0, σ∞), where σ∞ is the explosion time. Let

k0 > 0 be sufficiently large so that |ζ| < k0. For each integer k ≥ k0, define the stopping time

τk , inf{t ∈ [0, σ∞) : |x(t, ζ)| ≥ k}.

Obviously, τk is increasing in k. Let τ∞ = lim
t→∞

τk, so τ∞ ≤ σ∞ a.s.. If we can show

that τ∞ = ∞ a.s., then σ∞ = ∞ a.s.. For simplicity, we write x(t) = x(t, ζ). For any

p ∈ (0, 1− γ(A)
2 ), setting V (x, t) = (1 + |x|2)p, we get

L V (x(t), t)

= 2p(1 + |x(t)|2)p−1xT (t)f(x(t), t) +
1

2
trace

[
h(t)

1
2xT (t)AT |x(t)|β

(
2p(1 + |x(t)|2)p−1

+4p(p− 1)(1 + |x(t)|2)p−2x(t)xT (t)

)
h(t)

1
2 |x(t)|βAx(t)

]
≤ h(t)p(1 + |x(t)|2)p−2

[
2(1 + |x(t)|2)(|x|α+1 + o(|x|α+1)) + (1 + |x(t)|2)|x(t)|2β|Ax(t)|2

+2(p− 1)|x(t)|2β(xT (t)Ax(t))2

]
≤ h(t)p(1 + |x(t)|2)p−2

[
|x(t)|2β(|Ax(t)|2|x(t)|2 + 2(p− 1)(xT (t)Ax(t))2) + o(|x|2β+4)

]
≤ h(t)p(1 + |x(t)|2)p−2

[
(γ(A) + 2(p− 1))|x(t)|2β(xT (t)Ax(t))2) + o(|x|2β+4)

]
.

Since p ∈ (0, 1 − γ(A)
2 ) and |x(t)| ≥ 0 for any t ≥ 0, we have that γ(A) + 2(p − 1) < 0 and

(1 + |x(t)|2)p−2 ≤ 1. Thus, by Lemma 2.1, we know that the function

R(|x(t)|) , (1 + |x(t)|2)p−2[(γ(A) + 2(p− 1))|x(t)|2β(xT (t)Ax(t))2) + o(|x|2β+4)]

is bounded from above, i.e., there is a constant R̄ such that

R(|x(t)|) ≤ R̄. (3.1)

Applying Itô’s formula, we get that, for t ≥ 0,

E(1 + |x(t ∧ τk)|2)p = E(1 + |x(0)|2)p + E

∫ t∧τk

0
L V (x, s)ds

≤ E(1 + |x(0)|2)p + pR̄

∫ t

0
h(s)ds , R̄t.

Noting E(1 + |x(t ∧ τk)|2)p ≥ E(1 + |x(t ∧ τk)|2)pI{τk≤t}) ≥ (1 + k2)pP{τk ≤ t}, we get that

P{τ∞ ≤ t} = lim
k→∞

P{τk ≤ t} ≤ lim
k→∞

R̄t
(1 + k2)p

= 0.

Since t is arbitrary, we must have that τ∞ =∞ a.s. and this completes the proof.
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Next, we show that the noise can also guarantee the asymptotic boundedness of the global

solution in the sense of the pth moment.

Theorem 3.2. Let λ(t) ∈ C1(R+, R+) be strictly increasing, assume that λ(t) → ∞ as

t → ∞ and λ′(t) = ch(t)λ(t) > 0 for some c > 0. If the assumptions of Theorem 3.1 hold,

then for any initial data x(0) = ζ ∈ Rn and any p ∈ (0, 1− γ(A)
2 ), the global solution x(t, ζ) of

the system (2.3) is bounded in the sense of 2pth moment, i.e., there exists a constant Mp > 0

such that

sup
−τ≤t<+∞

E|x(t, ζ)|2p ≤Mp.

Proof. The existence and uniqueness of the global solution follow from Theorem 3.1. For

simplicity, we write x(t) = x(t, ζ). For any positive constant ε and any p ∈ (0, 1 − γ(A)
2 ),

setting V (x, t) = λε(t)(1 + |x|2)p, we get

L V (x(t), t)

= ελε−1(t)(1 + |x(t)|2)pλ′(t) + λε(t)2p(1 + |x(t)|2)p−1xT (t)f(x(t), t)

+
1

2
trace

[
h(t)

1
2xT (t)AT |x(t)|βλε(t)

(
2p(1 + |x(t)|2)p−1

+4p(p− 1)(1 + |x(t)|2)p−2x(t)xT (t)

)
h(t)

1
2 |x(t)|βAx(t)

]
≤ λε(t)h(t)(1 + |x(t)|2)p−2

[
εc(1 + |x(t)|2)2 + 2p(1 + |x(t)|2)(|x|α+1 + o(|x|α+1)

+p(1 + |x(t)|2)|x(t)|2β|Ax(t)|2 + 2p(p− 1)|x(t)|2β(xT (t)Ax(t))2

]
≤ pλε(t)h(t)(1 + |x(t)|2)p−2

[
|x(t)|2β(|Ax(t)|2|x(t)|2 + 2(p− 1)(xT (t)Ax(t))2) + o(|x|2β+4)

]
≤ pλε(t)h(t)(1 + |x(t)|2)p−2

[
(γ(A) + 2(p− 1))|x(t)|2β(xT (t)Ax(t))2) + o(|x|2β+4)

]
.

By the same technique as the one used to obtain (3.1), we can get that the function

G(|x(t)|) , (1 + |x(t)|2)p−2[(γ(A) + 2(p− 1))|x(t)|2β(xT (t)Ax(t))2) + o(|x|2β+4)] is bounded

from above, i.e., there is a constant G such that G(|x(t)|) ≤ G. Applying Itô’s formula, we

get that, for t ≥ 0,

Eλε(t)(1 + |x(t)|2)p = Eλε(0)(1 + |x(0)|2)p + E

∫ t

0
L V (x, s)ds

≤ λε(0)E(1 + |x(0)|2)p + E

∫ t

0
pGλε(s)h(s)ds

≤ λε(0)E(1 + |x(0)|2)p +
pG

cε
(λε(t)− λε(0)).

Since λ(t) is strictly increasing on R+, λ(t) ≥ λ(0) ≥ 0 for any t ≥ 0. This implies that

E(1 + |x(t)|2)p ≤ λε(0)E(1 + |x(0)|2)p

λε(t)
+
pG

cε

λε(t)− λε(0)

λε(t)
.
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Hence

sup
0≤t<∞

E|x(t)|2p ≤ sup
0≤t<∞

E(1 + |x(t)|2)p ≤ E(1 + |x(0)|2)p +
pG

cε
,Mp.

This completes the proof.

From Theorem 3.2 and the Chebyshev inequality, we get the following proposition on the

asymptotic boundedness of the global solution in the sense of trajectory with large probability.

Proposition 3.1. If Assumptions of Theorem 3.2 hold, then for any initial data x(0) =

ζ ∈ Rn, the global solution x(t, ζ) of the system (2.3) is stochastically ultimately bounded,

namely, for any ε ∈ (0, 1), there exists a constant H = H(ε) > 0 such that

lim sup
t→∞

P{|x(t, ζ)| ≤ H} ≥ 1− ε.

Proof. For any ε ∈ (0, 1), letting H , (
Mp

ε )
1
2p , applying Theorem 3.2 and the Chebyshev

inequality, we get

P{|x(t, ζ)| > H} ≤ E|x(t, ζ)|2p

H2p
≤ ε.

Now the desired assertion follows immediately.

4 General growth/decay of perturbed systems

In the last section we have shown that a noise can guarantee the asymptotic boundedness of

the solution of the perturbed system (2.3). In this section we discuss other effects that the

noise have on the asymptotic behavior of the solution of the perturbed system (2.3). The first

result of this section is about general growth/decay of the solution of the perturbed system

(2.3).

Lemma 4.1. If Assumptions 2.1, 2.2 hold and β > α−1
2 , then for any initial data x(0) =

ζ ∈ Rn with ζ 6= 0,

P{x(t, ζ) 6= 0, t ≥ 0} = 1,

where x(t, ζ) is the global solution of the system (2.3).

The proof is similar to the proof of Lemma 3.2 on Page 120 in [4]. Here, we omit it.

Theorem 4.1. Let λ(t) ∈ C(R+, R+) be strictly increasing and assume that λ(t) → ∞ as

t→∞. Suppose further that there exist constants h0 > 0, δ > 0 such that lim
t→∞

∫ t
0 h(s)ds

log(λ(t)) = h0

and λ(t)−δ ∈ L1(R+;R+). If Assumptions 2.1 and 2.2 hold, and β > α−1
2 , then for any

initial data x(0) = ζ ∈ Rn with ζ 6= 0, the global solution x(t, ζ) of the system (2.3) has the

property

lim sup
t→∞

log(|x(t, ζ)|)
log(λ(t))

≤ 1

2
Qh0 +

2δ0

2− γ(A)
, (4.1)

8



where Q is a constant, δ0 = inf{δ > 0 : λ(t)−δ ∈ L1(R+;R+)}.

Proof. The existence and uniqueness of the global solution follow from Theorem 3.1. For

simplicity, we write x(t) = x(t, ζ). For any initial data ζ ∈ Rn with ζ 6= 0, from Lemma 4.1

we obtain that x(t) 6= 0 almost surely, t ≥ 0. Setting V (x, t) = log(|x|2), we get

L V (x(t), t)

=
2xT (t)f(x(t), t)

|x(t)|2
+

1

2
trace

[
h(t)

1
2xT (t)AT |x(t)|β 2|x(t)|2 − 4x(t)xT (t)

|x(t)|4
h(t)

1
2 |x(t)|βAx(t)

]
≤ 2h(t)(|x(t)|α+1 + o(|x(t)|α+1))

|x(t)|2
+ h(t)

|x(t)|2β+2|Ax(t)|2 − 2|x(t)|2β(xT (t)Ax(t))2

|x(t)|4

≤ h(t)|x(t)|−4

[
2|x(t)|2(|x(t)|α+1 + o(|x(t)|α+1)) + |x(t)|2β+2|Ax(t)|2

−2|x(t)|2β(xT (t)Ax(t))2

]
.

Hence, applying Itô’s formula, we get

log(|x(t)|2) = log(|x(0)|2) +

∫ t

0
L V (x, s)ds+M(t), (4.2)

where M(t) =
∫ t

0 2h(s)
1
2 |x(s)|β−2xT (s)Ax(s)dB(s), which is a continuous local martingale

with the quadratic variation

< M(t),M(t) >=

∫ t

0
4h(s)|x(s)|2β−4(xT (s)Ax(s))2ds.

Thus for any integer k > 0, any ρ ∈ (0, 1− γ(A)
2 ) and δ > 0 satisfying λ(t)−δ ∈ L1(R+;R+),

by the exponential martingale inequality (see Theorem 7.4 on Page 44 in [4]), we have that

P

{
sup

0≤t≤k

[
M(t)− ρ

2

∫ t

0
4h(s)|x(s)|2β−4(xT (s)Ax(s))2ds

]
≥ δ log(λ(k))

ρ

}
≤ 1

λδ(k)
.

Since λ(t) is strictly increasing and converges to ∞ as t → ∞, we know that λ(t)−δ is

strictly decreasing and converges to 0 as t → ∞. Since
∑∞

k=1
1

λδ(k)
≤
∑∞

k=1

∫ k
k−1

1
λδ(t)

dt =∫∞
0

1
λδ(t)

dt <∞, by the Borel-Cantelli lemma, there exists a Ω0 ⊆ Ω with P (Ω0) = 1 such that

for any ω ∈ Ω0, there exists an integer N(ω) such that for any k ≥ N(ω) and k − 1 ≤ t ≤ k,

M(t) ≤ ρ

2

∫ t

0
4h(s)|x(s)|2β−4(xT (s)Ax(s))2ds+

δ log(λ(k))

ρ

≤ ρ

2

∫ t

0
4h(s)|x(s)|2β−4(xT (s)Ax(s))2ds+

δ log(λ(t+ 1))

ρ
.

Thus, for any ω ∈ Ω0, k ≥ N(ω) and k − 1 ≤ t ≤ k, we have by (4.2) that

log(|x(t)|2)
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= log(|x(0)|2) +

∫ t

0
h(s)|x(s)|−4

[
2|x(s)|2(|x(s)|α+1 + o(|x(s)|α+1)) + |x(s)|2β+2|Ax(s)|2

−2|x(s)|2β(xT (s)Ax(s))2 + 2ρ|x(s)|2β(xT (s)Ax(s))2

]
ds+

δ log(λ(t+ 1))

ρ

≤ log(|x(0)|2) +

∫ t

0
h(s)|x(s)|−4

[(
γ(A) + 2(ρ− 1)

)
|x(s)|2β(xT (s)Ax(s))2 + 2|x(s)|α+3

+2|x(s)|2 · o(|x(s)|α+1)

]
ds+

δ log(λ(t+ 1))

ρ
.

Let

Q(|x(s)|)

, |x(s)|−4

[
(γ(A) + 2(ρ− 1))|x(s)|2β(xT (s)Ax(s))2 + 2|x(s)|α+3 + 2|x(s)|2 · o(|x(s)|α+1)

]
≤ (γ(A) + 2(ρ− 1))|x(s)|2β−4(xT (s)Ax(s))2 + 2|x(s)|α−1 + 2|x(s)|−2 · o(|x(s)|α+1).

Note 2|x(s)|α−1+2|x(s)|−2 ·o(|x(s)|α+1) = o(|x(s)|2β). Letting ρ→ 1
2(1− γ(A)

2 ) which implies

γ(A) + 2(ρ− 1)→ −(1− γ(A)
2 ) < 0, by the same technique used to obtain (3.1), we can get

that the function Q(|x(s)|) is bounded from above, i.e., there exists a constant Q such that

Q(|x(s)|) ≤ Q, (4.3)

This implies that, as ρ→ 1
2(1− γ(A)

2 ),

log(|x(t)|2) ≤ log(|x(0)|2) +

∫ t

0
Qh(s)ds+

δ log(λ(t+ 1))

ρ
.

We therefore have

log(|x(t)|2)

log(λ(t))
≤ log(|x(0)|2)

log(λ(t))
+
Q
∫ t

0 h(s)ds

log(λ(t))
+

2δ log(λ(t+ 1))

(1− γ(A)
2 ) log(λ(t))

.

Letting t→∞, we get

lim sup
t→∞

log(|x(t)|2)

log(λ(t))
≤ Qh0 +

2δ

1− γ(A)
2

.

Letting δ → δ0, we obtain the required assertion (4.1).

Remark 2. In the result above we assume that there exists δ > 0 such that λ(t)−δ ∈
L1(R+;R+). This condition is trivially satisfied when λ(t) = et

η
for some η > 0.

Remark 3. It follows from the result above that the asymptotic behavior of the solution

of the system (2.3) depends on the value of Q: if 1
2Qh0 + 2δ0

2−γ(A) > 0, the solution of the

system (2.3) grows at most almost surely with general rate λ(t) of order 1
2Qh0 + 2δ0

2−γ(A) ;

if 1
2Qh0 + 2δ0

2−γ(A) < 0, the system (2.3) is almost surely stable with decay λ(t) of order

−(1
2Qh0 + 2δ0

2−γ(A)).
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In particular, when the condition lim
t→∞

∫ t
0 h(s)ds

log(λ(t)) = h0 in Theorem 4.1 is replaced by the

stronger condition λ′(t) = ch(t)λ(t) > 0, we can obtain the following corollary under the

conditions of Theorem 3.2.

Corollary 4.1. Suppose that the assumptions in Theorem 3.2 hold and that there exists δ > 0

such that λ(t)−δ ∈ L1(R+;R+), then for any initial data x(0) = ζ ∈ Rn with ζ 6= 0, the global

solution x(t, ζ) of the system (2.3) has the property

lim sup
t→∞

log(|x(t, ζ)|)
log(λ(t))

≤ Q

2c
+

2δ0

2− γ(A)
, (4.4)

where Q and δ0 are the same as defined in Theorem 4.1.

In both Theorem 4.1 and Corollary 4.1 we assumed that there exists δ > 0 such that

λ(t)−δ ∈ L1(R+;R+). This condition is not very easy to check. Next, we give the following

result under the easier to check condition lim sup
t→∞

log(t)
log(λ(t)) ≤ h1, h1 ≥ 0.

Theorem 4.2. Let λ(t) ∈ C(R+, R+) be strictly increasing and assume that λ(t) → ∞ as

t→∞. Suppose further that there exist constants h0 > 0, h1 ≥ 0 such that lim
t→∞

∫ t
0 h(s)ds

log(λ(t)) = h0

and lim sup
t→∞

log t
log(λ(t)) ≤ h1. If Assumptions 2.1 and 2.2 hold, and β > α−1

2 , then for any initial

data x(0) = ζ ∈ Rn with ζ 6= 0, the global solution x(t, ζ) of the system (2.3) has the property

lim sup
t→∞

log(|x(t, ζ)|)
log(λ(t))

≤ 1

2
Qh0 +

2h1

2− γ(A)
, (4.5)

where Q is the same as defined in Theorem 4.1.

Proof. We give an outline of the parts different from the proof of Theorem 4.1, and the details

of the computations are similar to those of Theorem 4.1.

Similar to Theorem 4.1, applying Itô’s formula to V (x, t) = log(|x|2), we get

log(|x(t)|2) = log(|x(0)|2) +

∫ t

0
L V (x, s)ds+M(t), (4.6)

where M(t) is the same as defined in Theorem 4.1. Then for any integer k > 0, any ν > 1

and any ρ ∈ (0, 1− γ(A)
2 ), by the exponential martingale inequality (see Theorem 7.4 on Page

44 in [4]), we have that

P

{
sup

0≤t≤k

[
M(t)− ρ

2

∫ t

0
4h(s)|x(s)|2β−4(xT (s)Ax(s))2ds

]
≥ ν log(k)

ρ

}
≤ 1

kν
.

Since
∑∞

k=1
1
kν < ∞, by the Borel-Cantelli lemma, there exists a Ω2 ⊆ Ω with P (Ω2) = 1

such that for any ω ∈ Ω2, there exists an integer N2(ω) such that for any k ≥ N2(ω) and

k − 1 ≤ t ≤ k,

M(t) ≤ ρ

2

∫ t

0
4h(s)|x(s)|2β−4(xT (s)Ax(s))2ds+

ν log(k)

ρ

11



≤ ρ

2

∫ t

0
4h(s)|x(s)|2β−4(xT (s)Ax(s))2ds+

ν log(t+ 1)

ρ
.

Thus, for any ω ∈ Ω2, k ≥ N2(ω) and k−1 ≤ t ≤ k, we have by (4.6) that, as ρ→ 1
2(1− γ(A)

2 ),

log(|x(t)|2) ≤ log(|x(0)|2) +Q

∫ t

0
h(s)ds+

2ν log(t+ 1)

1− γ(A)
2

,

where Q is the same as defined in Theorem 4.1. We therefore have

log(|x(t)|2)

log(λ(t))
≤ log(|x(0)|2)

log(λ(t))
+
Q
∫ t

0 h(s)ds

log(λ(t))
+

2ν log(t+ 1)

(1− γ(A)
2 ) log(λ(t))

.

Letting t→∞, ν → 1, we obtain the desired assertion (4.5).

Remark 4. Obviously, the integral condition λ(t)−δ ∈ L1(R+;R+) for some δ > 0 is different

from the limitation condition lim sup
t→∞

log t
log(λ(t)) ≤ h1, but they sometime have the same role on

the asymptotic behavior of system (2.1). For example, when λ(t) = et (or et
2
), δ0 = h1 = 0;

when λ(t) = t
1
2 , δ0 = h1 = 2.

Remark 5. The asymptotic behavior of system (2.3) depends on the value of Q: if 1
2Qh0 +

2h1
2−γ(A) > 0, the solution of the system (2.3) grows at most almost surely with general rate

λ(t) of order 1
2Qh0 + 2h1

2−γ(A) ; if 1
2Qh0 + 2h1

2−γ(A) < 0, system (2.3) is almost surely stable with

decay λ(t) of order −(1
2Qh0 + 2h1

2−γ(A)).

Similar to Corollary 4.1, we can derive the following corollary.

Corollary 4.2. Suppose that the assumptions in Theorem 3.2 hold and that there exists a

constant h1 ≥ 0 such that lim sup
t→∞

log t
log(λ(t)) ≤ h1, then for any initial data x(0) = ζ ∈ Rn with

ζ 6= 0, the global solution x(t, ζ) of the system (2.3) has the property

lim sup
t→∞

log(|x(t, ζ)|)
log(λ(t))

≤ Q

2c
+

2h1

2− γ(A)
,

where Q is the same as defined in Theorem 4.1.

Remark 6. Compared with the role of the polynomial noise |x(t)|β
∑
x(t)dB(t) for the

system (2.1) with condition (1.1) (Theorem 3.1) in [14], when λ(t) = t and Q = 0, Theorem

4.1, Theorem 4.2, Corollary 4.1 and Corollary 4.2 of the present paper show that polynomial

noise h(t)
1
2 |x(t)|βAx(t)dB(t) plays the same role on the system (2.1) with Assumption 2.2,

that is, it can make almost every path of the system (2.1) grow at most polynomially with the

same rate. Of course, our Theorem 4.1, Theorem 4.2, Corollary 4.1 and Corollary 4.2 are

more general than Theorem 3.1 in [14].

Furthermore, Theorem 4.1, Theorem 4.2, Corollary 4.1 and Corollary 4.2 give more accu-

rate results than Theorem 3.1 in [14], since they can also give asymptotic decay behavior.
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5 Examples

In this section, we shall discuss some examples to illustrate our results.

Example 1. let us recall the non-autonomous differential system (1.2). Obviously, the

coefficients of the system (1.2) satisfy neither the one-sided polynomial growth condition

introduced by [11] nor the general polynomial growth condition (1.1) of [14]. From the

simulation of the system (1.2) (see Figure 1), we can see that system (1.2) explodes to

infinity at a finite time.

We can choose h(t) = 1
2 t

1
4 and λ(t) = et

5
4 such that λ′(t) = 5

2h(t)λ(t). Theorem 3.1

shows that we can introduce a polynomial noise t
1
8 (x2

1(t) + x2
2(t))diag(x1(t),x2(t))dB(t)

with A =
√

2I, β = 2 such that the perturbed differential system

dx1(t) =
1

2
t
1
4

[
x2(t) + x1(t)(x2

1(t) + x2
2(t))

]
dt+ t

1
8 (x2

1(t) + x2
2(t))x1(t)dB(t)

dx2(t) =
1

2
t
1
4

[
(x2(t)− 1

x2(t)
)(x2

1(t) + x2
2(t))− x1(t)

]
dt+ t

1
8 (x2

1(t) + x2
2(t))x2(t)dB(t) (5.1)

has a unique global solution for any initial data, where I is the identity matrix. And the

global solution is asymptotically bounded in the sense of the 2p-th moment and the sense of

the trajectory with large probability by Theorem 3.2 and Proposition 3.1, for any p ∈ (0, 1
2).

Figure 2 shows the simulation based on the Euler scheme with time step ∆ = 2 × 10−5 for

Figure 2: The left curves show the stochastic trajectories of x1(t),x2(t) of system (5.1) on

[0, 40]; And the right curve shows the stochastic trajectory of log(|x(t)|2)

t
5
4

on [0, 40].

the system (5.1) with initial value (1, 1). Furthermore, noting δ0 = inf{δ > 0 : λ(t)−δ ∈
L1(R+;R+)} = 0 and h1 = lim sup

t→∞

log t
log(λ(t)) = 0, the conditions of Theorem 4.1 and Theorem

4.2 are satisfied. Furthermore, we show that the global solution has lim sup
t→∞

log(|x(t)|)
log(λ(t)) < 0.

13



Example 2. Let us consider another non-autonomous differential system

dx(t) = (1 + t)−1x(t)[1 + x(t)]dt. (5.2)

We can choose h(t) = (1+t)−1 and λ(t) = 1+t such that xTf(x, t) ≤ h(t)(|x|2+|x|3), λ′(t) =

h(t)λ(t). Namely, Assumptions 2.1 and 2.2 hold with α = 2. From the simulation of the

system (5.2) (see Figure 3), we can see that the system (5.2) explodes to infinity at a finite

time.

Figure 3: This curve shows the trajectory of system (5.2) on [0, 1] with initial value 1.

Theorem 3.1 shows that we can introduce a polynomial noise (1 + t)−
1
2 |x(t)|2dB(t) with

A = 1, β = 1 such that the perturbed differential system

dx(t) = (1 + t)−1x(t)[1 + x(t)]dt+ (1 + t)−
1
2 |x(t)|2dB(t) (5.3)

has a unique global solution for any initial data. And the global solution is asymptotically

bounded in the sense of the 2p-th moment and the sense of the trajectory with large proba-

bility by Theorem 3.2 and Proposition 3.1, for any p ∈ (0, 1
2). Figure 4 shows the simulation

based on the Euler scheme with time step ∆ = 10−6 for the system (5.3) with initial value 1.

Furthermore, noting h1 = lim sup
t→∞

log t
log(λ(t)) = 1, the conditions of Corollary 4.2 are satisfied.

Hence, we can obtain that lim sup
t→∞

log(|x(t)|)
log(λ(t)) ≤ 4.

6 Conclusion

In this paper, we introduce a polynomial noise to suppress the explosive solution of a deter-

ministic non-autonomous differential system. Further, by using the exponential martingale

14



Figure 4: The left curve shows the stochastic trajectory of x(t) of system (5.3) on [0, 60];

And the right curve shows the stochastic trajectory of log(|x(t)|2)
log(1+t) on [0, 60].

inequality, we show that the polynomial noise can also make almost every path of system grow

at most with general rate and even more decay with general rate including super-exponential,

exponential and polynomial growth under some weak conditions.
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[15] G. Pavlović and S. Janković. Razumikhin-type theorems on general decay stability of

stochastic functional differential equations with infinite delay. J. Comput. Appl. Math.,

236(7): 1679-1690, 2012.

[16] F. Wu and S. Hu. Stochastic suppression and stabilization of delay differential systems.

Int. J. Robust Nonlinear Control, 21: 488-500, 2011.

[17] V. Kolmanovskii and A. Myshkis. Applied Theory of Functional Differential Equations.

Kluwer Academic Publishers, 1992.

[18] S. Fang and T. Zhang. A study of a class of stochastic differential equations with non-

Lipschitzian coefficients. Probab. Theory Relat. Fields, 132: 356-390, 2005.

16


