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a b s t r a c t

In this paper,we consider a general Lévy riskmodelwith two-sided jumps and a constant dividend barrier.
We connect the ruin problem of the ex-dividend risk process with the first passage problem of the Lévy
process reflected at its running maximum. We prove that if the positive jumps of the risk model form a
compound Poisson process and the remaining part is a spectrally negative Lévy process with unbounded
variation, the Laplace transform (as a function of the initial surplus) of the upward entrance time of the
reflected (at the running infimum) Lévy process exhibits the smooth pasting property at the reflecting
barrier. When the surplus process is described by a double exponential jump diffusion in the absence of
dividend payment, we derive some explicit expressions for the Laplace transform of the ruin time, the
distribution of the deficit at ruin, and the total expected discounted dividends. Numerical experiments
concerning the optimal barrier strategy are performed and new empirical findings are presented.

© 2011 Elsevier B.V. All rights reserved.
1. Introduction

Since the pioneering work by De Finetti (1957), the problem of
finding the optimal dividend-payment strategy has been studied
extensively. De Finetti found that, if the goal is to maximize
the expected discounted dividends, the optimal strategy must be
a barrier strategy. Some related works on this subject include,
among others, Gerber and Shiu (1998, 2004), Siegl and Tichy
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(1999), Højgaard (2002), Irbäck (2003), Sheldon et al. (2003),
Zhou (2005), Kyprianou and Palmowski (2007), Renaud and Zhou
(2007), Belhaj (2010). Recently, based on the fluctuation theory
of spectrally negative Lévy processes, Avram et al. (2007), Loeffen
(2008), Loeffen (2009) have studied the optimal dividend problem
for general spectrally negative Lévy processes, and provided
sufficient conditions under which the barrier strategy solves
the de Finetti optimal dividend problem. Kyprianou et al. (2010)
further generalized the results in Avram et al. (2007) and Loeffen
(2008, 2009) by showing that if the Lévy measure of the spectrally
negative Lévy process has a log convex density, the barrier strategy
is optimal. Loeffen and Renaud (2010) finally proved that the
results on optimal dividend strategies of these papers are still valid
when the corresponding condition imposed on the Lévy measure
is replaced by the condition that the tail of the Lévy measure is
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log-convex. All of the abovementionedwork is based on spectrally
one-sided models.

Recently, risk models with two-sided jumps attract more and
more attention. In this kind of models, the upward jumps can be
interpreted as random returns (obtained by investing the initial
asset and the insurance premium) of an insurance company, while
the downward jumps are interpreted as random losses (from
investment or claim indemnity) of the company. For research on
this kind of models, we refer, among others, to Perry et al. (2002),
Cai and Yang (2005), Jacobsen (2005), Xing et al. (2008), Cai et al.
(2009), Zhang et al. (2010), Chi (2010) and Albrecher et al. (2010).
Most recently, Chi and Lin (2011) studied the threshold dividend
strategy when the risk process follows a Lévy process with two-
sided jumps.

The current paper aims at studying risk models with two-sided
jumps and a (constant) barrier dividend strategy. To the best of our
knowledge, Paulsen and Gjessing (1997), Yin and Yuen (2011) and
Yuen and Yin (2011) are the only papers that addressed the barrier
dividend problem with two-sided jumps. However, the proofs
in these three papers are questionable. It is worthwhile to note
that when the surplus process can jump upward, the threshold
dividend strategy is drastically different from the barrier dividend
strategy, since the former generates a continuous dividendprocess,
while the latter creates a discontinuous one. Thus the techniques
used in Chi and Lin (2011) for studying the threshold dividend
strategy are not feasible for the barrier dividend strategy in this
paper.

The purpose of this paper is to establish some easily imple-
mentable results on a general Lévy risk model with two-sided
jumps and a barrier dividend strategy. More specifically, we are
going to show that the constant barrier dividend problem can be
explicitly solved as well for some spectrally two-sided Lévy pro-
cesses. We first relate the ruin problem of the risk model with bar-
rier dividend strategy to the first passage problemof the riskmodel
reflected at its running maximum (see Proposition 2.1). For a gen-
eral Lévy risk model, we show that the expected discounted div-
idend can be expressed in terms of the Laplace transform of the
upward entrance time of the unconstrained Lévy process and the
joint Laplace transform of the upward entrance time and the over-
shoot of the Lévy process reflected at its running maximum (see
Theorem 2.1). If the Lévy risk model can be decomposed into two
parts, namely a spectrally negative Lévy process with unbounded
variation and a subordinator, we can prove that the Laplace trans-
form (as a function of the initial surplus) of the upward entrance
time of the Lévy process reflected at its running infimum pos-
sesses the smooth pasting property at the reflecting barrier 0. A
more general version of this result is proved when the underly-
ing risk model is the so-called double exponential jump diffusion
(see, e.g. Kou and Wang, 2003, 2004). The smooth pasting prop-
erty will serve as a homogeneous Neumann boundary condition
when we solve the Feynman–Kac integro-differential equations
corresponding to the first passage problems of the reflected Lévy
processes. We then study the (joint) Laplace transform of the up-
ward entrance time and the overshoot for the double exponential
jump diffusion reflected at its running infimum andmaximum, re-
spectively. Then, applying our results above, we find some explicit
expressions for the Laplace transform of the time of ruin, the dis-
tribution of the deficit at ruin and the expected discounted divi-
dends up to ruin. All our results on the ruin problem are expressed
in terms of the parameters of the jump size and the solutions to the
Cramér–Lundberg equation corresponding to the underlying dou-
ble exponential jump diffusion or its dual. A nice feature of our re-
sults is that they are explicit functions of the initial surplus and the
barrier parameter, which is very handy when wewant to solve the
optimal dividend barrier. Finally, we present some numerical ex-
periments related to the optimal barrier strategy. The most impor-
tant empirical finding is that the optimal dividend barrier would
depend on the initial surplus if the initial surplus is less than some
critical value (in our experiment, the optimal barrier decreases to
a positive value as the initial surplus decreases to zero); whereas if
the initial surplus is greater than or equal to the critical value, the
optimal dividend barrier will be equal to the critical value. The de-
pendence on the initial surplus of the optimal dividend barrier is
different from the case in the spectrally negative setting (see, e.g.,
Gerber and Shiu (1998, 2004) and Kyprianou et al. (2010)), which
is due to the incorporation of two-sided jumps in the risk model.
Note that a barrier strategy that depends on the initial surplus can-
not be optimal among all admissible dividend strategies.

The dividend process corresponding to the barrier strategy is
exactly the so-called regulator (or the local time) at the dividend
barrier, which can be given as the solution to a Skorokhod problem
(see, e.g., Skorokhod (1961), Harrison (1985), Doney and Maller
(2007) and Asmussen and Pihlsgard (2007)). The post-dividend
surplus process is the so-called reflected jump-diffusion (or jump-
diffusion with reflecting barrier). Some theoretical results related
to reflected spectrally one-sided Lévy processes can be found in
Pistorius (2003, 2004). Kella and Whitt (1992) and Nguyen-Ngoc
and Yor (2005) introduced some useful martingales related to
the reflected Lévy processes, which are very powerful in various
applications in queueing, finance and insurance theory.

Our paper is organized as follows. Section 2 investigates the
general Lévy risk model. In particular, we will establish some key
identities between the ruin problem and the first passage problem
of a Lévy process reflected at its running maximum. In Section 3,
we concentrate on the double exponential jump diffusion as a
solvable example. Thereinwewill derive some explicit expressions
for the Laplace transform of the time of ruin, the distribution of the
deficit at ruin, and the expected discounted dividends. Section 4
provides numerical results on optimal dividend strategy. Section 5
concludes the paper and discusses some potential further research.
Some proofs are given in the Appendix.

2. General Lévy risk model with two-sided jumps

Let X = {Xt , t ≥ 0} be a Lévy process on a filtered probabil-
ity space (Ω,F , {Ft}t≥0, P), where {Ft}t≥0 satisfies the usual con-
ditions of right-continuity and completeness. Let σ and Π be the
Gaussian coefficient and the Lévymeasure of X respectively.When
X is of bounded variation, we will write Xt = dt + Jt where d is the
drift and J is a pure jump Lévy process. Throughout this paper, we
assume that either X has unbounded variation or Π is absolutely
continuous with respect to the Lebesgue measure, i.e.,

σ > 0 or


|x|<1
|x|Π(dx) = ∞ orΠ(dx) ≪ dx. (2.1)

Denote by Px, x ∈ R the law of X + x under P. Let Ex be the
expectation operator corresponding to Px. Let T+

a and T−
a be the

entrance times of the Lévy process X into (a,+∞) and (−∞,−a),
respectively:

T+

a = inf{t ≥ 0: Xt > a}, T−

a = inf{t ≥ 0: Xt < −a}, (2.2)

with the convention inf∅ = ∞. Define Y := X − I and Ŷ = S − X
as the Lévy process X reflected at its running infimum I and at its
running supremum S, respectively:

It := inf
s≤t
(Xs ∧ 0), St = sup

s≤t
(Xs ∨ 0). (2.3)

Let X̂ = −X be the dual process of X , we have

St = sup
0≤s≤t

(Xs ∨ 0) = − inf
0≤s≤t

((−Xs) ∧ 0)

= − inf
0≤s≤t

(X̂s ∧ 0) =: −Î, (2.4)
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and thus the process Ŷ = S − X = X̂ − Î is the dual process X̂
reflected at its running infimum. Further, denote by τa (resp. τ̂a)
the entrance time of the reflected process Y (resp. Ŷ ) into (a,∞):

τa = inf{t ≥ 0: Yt > a}, τ̂a = inf{t ≥ 0: Ŷt > a}. (2.5)

Note that the reflected Lévy processes Y and Ŷ are Markov
processes.

2.1. Risk model with constant barrier dividend strategy

In this subsection, we consider a risk model with constant bar-
rier dividend strategy. Let X be the risk process of an insurance
company before dividends are deduced. The companywill pay div-
idends according to a barrier strategywith parameter b > 0. Define
the running maximum by Mt = sup0≤s≤t Xs, then the aggregate
dividends paid by time t are

Lbt = max{Mt − b, 0} = sup
s≤t

[Xs − b] ∨ 0. (2.6)

Throughout this paper, we use Ub to denote the risk process regu-
lated by the dividend payment Lb, that is

Ub
t = Xt − Lbt ≤ b, t ≥ 0. (2.7)

Roughly speaking, the dividend process (Lbt )t≥0 is the magni-
tude of the displacement which is the minimal amount required
to keep (Ub

t )t≥0 always less than or equal to b. Moreover, the
dividend process (Lbt )t≥0 has the following properties (see, e.g.,
Harrison (1985), Asmussen and Pihlsgard (2007) andAndersen and
Asmussen (2009)):

(1) the paths of t → Lbt have càdlàg modifications, nondecreas-
ing and Lb0 = max{X0 − b, 0};

(2) for all t ≥ 0,

Lbt =


[0,t]

1
{Ub

u=b}dL
b
u. (2.8)

Denote by τ̃b the ruin time of the insurance company with
surplus process Ub

τ̃b = inf{t ≥ 0:Ub
t < 0}.

Then we have the following results concerning the Laplace
transform of the ruin time, the deficit at ruin, and the expected
discounted dividends (see also Proposition 1 in Avram et al. (2007),
p. 162):

Proposition 2.1. Suppose b > 0 and x ∈ [0, b]. Then we have the
following:
(I) The Laplace transform of the ruin time is given by

Ex


e−r τ̃b


= Ex−b


e−r τ̂b


. (2.9)

(II) The total expected discounted dividends before ruin satisfies

Ex

 τ̃b

0
e−rtdLbt


= Ex−b

 τ̂b

0
e−rtdSt


. (2.10)

(III) The deficit at ruin satisfies, for each y ≥ 0

Ex


e−r τ̃b1

{−Ub
τ̃b
>y}


= Ex−b


e−r τ̂b1

{Ŷτ̂b−b>y}


. (2.11)

Moreover, for any bounded Borel function f , we have

Ex


e−r τ̃b f (−Ub

τ̃b
)


= Ex−b


e−r τ̂b f (Ŷτ̂b − b)


. (2.12)
Proof. By the spatial homogeneity of the surplus process X , it is
not hard to see that {Ub, Lb, τ̃b;U0 = x} has the same law as
{b − Ŷ , S, τ̂b; Ŷ0 = b − x}. Note that Ŷ0 = b − x if X0 = x − b.
The conclusion follows easily from this fact. �

We next present a useful expression for the total expected
discounted dividends (see Theorem 1 in Avram et al. (2007) for the
spectrally negative case).

Theorem 2.1. For the Lévy process X, suppose 0 is regular for
(0,∞).1 Let b > 0. For x ∈ [0, b], the total expected discounted
dividends can be expressed as

Ex

 τ̃b

0
e−rtdLbt


= k(x − b)− Ex−b


e−r τ̂bk(−Ŷτ̂b)


, (2.13)

where, for x ≥ 0,

k(−x) = E[e−rT+
x (XT+

x
− x)] + E[e−rT+

x ]


∞

0
E[e−rT+

z ]dz. (2.14)

Proof. From Proposition 2.1(II), we have

Ex

 τ̃b

0
e−rtdLbt


= Ex−b

 τ̂b

0
e−rtdSt



= Ex−b


∞

0
e−rtdSt



− Ex−b


e−r τ̂bE

−Ŷτ̂b


∞

0
e−rtdSt


:= k(x − b)− Ex−b


e−r τ̂bk(−Ŷτ̂b)


,

(2.15)

where, for x ≥ 0,

k(−x) = E−x


∞

0
e−rtdSt



= E−x[e−rT+

0 XT+

0
] + E−x[e−rT+

0 ]E


∞

0
e−rtdSt



= E[e−rT+
x (XT+

x
− x)] + E[e−rT+

x ]


∞

0
E[St ]re−rtdt

= E[e−rT+
x (XT+

x
− x)]

+ E[e−rT+
x ]


∞

0
re−rtdt


∞

0
P(St ≥ z)dz

= E[e−rT+
x (XT+

x
− x)]

+ E[e−rT+
x ]


∞

0
re−rtdt


∞

0
P(T+

z ≤ t)dz

= E[e−rT+
x (XT+

x
− x)] + E[e−rT+

x ]


∞

0
E[e−rT+

z ]dz,

1 0 is regular for (0,∞) means that a Lévy process started at the origin gets to
(0,∞) at arbitrarily small times. See Definition 6.4 in Kyprianou (2006), p. 142.
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where the second equality holds since ŶT+

0
= 0, and the penulti-

mate one follows from the regularity of 0 for (0,∞). The proof is
now complete. �

Remark 2.1. Theorem 2.1 shows that if we want to compute the
expected discounted dividends when the underlying risk model is
a general Lévy process X with two-sided jumps, we need to know
the Laplace transform of the one-sided first (upward) passage time
of X as well as the joint distribution of the (upward) entrance time
and the overshoot of the reflected Lévy process Ŷ = S − X .

We recall some known results for spectrally negative Lévy
processes in the next subsection, and then in Section 2.3 we
will prove that under some appropriate conditions the Laplace
transform (as a function of the initial value) of the upward entrance
time of a general Lévy process (with two-sided jumps) reflected
at its running infimum satisfies the smooth pasting property at
the reflecting barrier 0. The smooth pasting property (which is
a homogeneous Neumann boundary condition) will be used to
derive the explicit solution for the ruin problem by solving a
Feynman–Kac integro–differential equation in Section 3.

2.2. Spectrally negative Lévy processes

In this subsection we recall some known results for (reflected)
spectrally negative Lévy processes and show that under some
appropriate conditions the Laplace transform (as a function of
initial value) of the upward entrance time of a spectrally negative
Lévy process reflected at its running infimum satisfies the smooth
pasting property at the reflecting barrier 0.

We rewrite X as

Xt = X (−)t + X (+)t , (2.16)

where X (−) is a spectrally negative Lévy process, and X (+) is a
pure jump Lévy process which can only jump upward. Denote the
Laplace exponent of X (−) by ψ (−)

ψ (−)(ζ ) := logE

eζX

(−)
1


, (2.17)

which is well defined at least in the right half complex plane.
Denote by Y (−) := X (−) − I(−) the spectrally negative Lévy process
X (−) reflected at its running infimum

I(−)t := inf
s≤t


X (−)s ∧ 0


. (2.18)

Let τ (−)a be the entrance time of the reflected process Y (−) into
(a,∞)

τ (−)a = inf{t ≥ 0: Y (−)t > a}. (2.19)

It was shown in Pistorius (2004) that, for x ∈ [0, a]

g(−)(x) := Ex


e−rτ (−)a


=

Z (r)(x)
Z (r)(a)

, (2.20)

where Z (r)(x) = 1 + r
 x
0 W (r)(y)dy with W (r)(x) being the r-scale

function, which is increasing and continuously differentiable (see,
e.g., Lambert (2000)) on (0,∞)with Laplace transform

∞

0
e−ζ xW (r)(x)dx =

1
ψ (−)(ζ )− r

, ζ > Φ(−)(r), (2.21)
where Φ(−)(·) is the inverse function of the Laplace exponent
ψ (−)(·). If X (−) is of bounded variation and d(−) is the drift of X (−),
we have (see, e.g., Avram et al. (2004))

Z (r)
′
(0+) = rW (r)(0) = r/d(−). (2.22)

WhenX (−) is of unbounded variation, it holds that (see, e.g., Lemma
8.3 and Exercise 8.5 in Kyprianou (2006))

Z (r)
′
(0) = rW (r)(0) = 0. (2.23)

From the above results, we have the following

Proposition 2.2. If the spectrally negative Lévy process X (−) is of
unbounded variation, then

g(−)
′
(0) = 0. (2.24)

If X (−) is of bounded variation, we have

0 = g(−)
′
(0−) ≠ g(−)

′
(0+) =

r
dZ (r)(a)

. (2.25)

Proof. Note that g(−)′(x) =
Z(r)

′
(x)

Z(r)(a)
on [0, a]. It follows from (2.23)

that g(−)′(0+) = 0. On the other hand, by the definition of Y (−), we
have g(−)(x) = g(−)(0) for x < 0, which yields that g(−)′(0−) = 0.
We have proved the first conclusion. The other conclusion follows
from (2.22). �

Remark 2.2. The above proposition shows that, when X (−) is a
spectrally negative Lévy process with unbounded variation, the
Laplace transform g(−)(x) defined in (2.20) satisfies the smooth
pasting property at the reflecting barrier 0. This phenomenon
has been well documented for the classical diffusion models (see,
e.g., Chapter 15 in Karlin and Taylor (1981) and Linetsky (2005)).
Next we will provide a sufficient condition for a general Lévy
processes such that smooth pasting occurs at the reflecting barrier.

2.3. Smooth pasting at the reflecting barrier: general Lévy processes

In this subsection, we will prove that under some appropriate
conditions, the Laplace transform of the upward entrance time of
the Lévy process reflected at its running infimum has the smooth
pasting property at the reflecting boundary 0,whichwill be needed
to find the explicit solution for the ruin problem in Section 3. To
this end, define the Laplace transform of the entrance time τa of
the reflected Lévy process Y by

g(x) = Ex

e−rτa


, a > 0, r > 0. (2.26)

Then we have (recall the decomposition (2.16))

Lemma 2.1. If X (−) is of unbounded variation and X (+) is a
subordinator, then

g ′(0+) = 0. (2.27)

Proof. Recall that Y (−) = X (−)− I(−) and τ (−)a is the entrance time
of Y (−) into (a,∞). We have, for 0 < x < a,

Ex

e−rτa


− E


e−rτa


≤ E


EYτx


e−rτa


− E


e−rτxEYτx


e−rτa


≤ E


1 − e−rτx


≤ E


1 − e−rτ (−)x


,
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where the last inequality follows from the fact that τx < τ
(−)
x .2

Recall from (2.20) that3

E[e−rτ (−)x ] =
1

Z (r)(x)
→ 1, as x ↓ 0.

Thus we have

0 ≤ g ′(0+) = lim
x↓0

g(x)− g(0)
x

= lim
x↓0

Ex

e−rτa


− E


e−rτa


x

≤ lim
x↓0

1 − E

e−rτ (−)x


x

= 0,

where the last equality follows by using L’Hôpital’s rule and noting
thatwhenX is of unbounded variation Z (q)′(0) = W (q)(0) = 0. �

Conjecture. The Laplace transform g(x) defined in (2.26) has the
smooth pasting property at the reflecting barrier 0 if X is of
unbounded variation.

Remark 2.3. As in the diffusion case, we impose a homogeneous
Neumann boundary condition when the corresponding boundary
is instantaneously reflecting, which says that the diffusion will
leave the boundary immediately (with an infinite speed) after the
diffusion hits the boundary. The above conjecture is based on the
fact that when the Lévy process is of unbounded variation, it will
also leave the boundary at an infinite speed as soon as it hits the
reflecting barrier.

The following corollary of Lemma 2.1 provides an expression
for the Laplace transform of the entrance time of the reflected Lévy
process in termsof the Laplace transformof the two-sided exit time
of the unconstrained Lévy process.

Corollary 2.1. Let a > 0 and x ∈ [0, a]. If X (−) is of unbounded
variation and X (+) is a compound Poisson process, then the Laplace
transform of the entrance time of the reflected Lévy process Y is

Ex

e−rτa


= uu(x)−

u′
u(0+)

u′

d(0+)
ud(x), r > 0, (2.28)

provided u′

d(0+) ≠ 0, where uu(x) = Ex


e−rT+

a 1
{T+

a <T−

0 }


and

ud(x) = Ex


e−rT−

0 1
{T+

a >T−

0 }


.

Proof. Note that YT−

0
= 0 (due to the reflection). From the strong

Markov property, we have

f (x) := Ex

e−rτa


= Ex


e−rT+

a 1
{T+

a <T−

0 }


+ Ex


e−rT−

0 1
{T+

a >T−

0 }


E

e−rτa


= uu(x)+ ud(x)f (0).

2 Noting that X (+) is nondecreasing and X (+)t ≥ 0 for all t ≥ 0, we have

Yt − Y (−)t = X (+)t + inf
s≤t
(X (−)s ∧ 0)− inf

s≤t
[(X (−)s + X (+)s ) ∧ 0] ≥ 0,

which yields τ (−)x > τx .
3 If τx is the first passage time of a reflected Brownian motion, we know from

Proposition II.3.7 in Revuz and Yor (1999), p. 71 that

E

e−λτx


=


cosh


x
√
2λ
−1

, E[τx] = −
∂E

e−λτx


∂λ


λ=0

= x2.
Taking derivative on both side of the above equation and letting x
approach to zero yield the following equation for f (0)

0 = f ′(0+) = u′

u(0+)+ u′

d(0+)f (0),

thus f (0) = −u′
u(0+)/u

′

d(0+). The conclusion follows by substi-
tuting f (0) back into the expression for f (x). �

3. The double exponential jump-diffusion model

The double exponential jump diffusion is a special one-
dimensional Lévy processes with two-sided jumps which have
been studied in finance by many authors (see, e.g., Kou (2002),
Kou and Wang (2003, 2004), Sepp (2004) and Ramezani and Zeng
(2007)) due to its analytical tractability and its consistencywith the
asymmetric leptokurtosis of the return distribution and volatility
smile in option pricing. In this section, we will show that the ruin
problem (time of ruin, deficit at ruin and the expected discounted
dividend) with barrier dividend strategy can be explicitly solved
under the double exponential jump diffusion model.4 We first
study the first passage problem of the reflected double exponential
jump diffusion, then provide explicit solutions to the ruin problem
as corollaries of our results above.We heremention that Albrecher
et al. (2010) studied this model without dividend barrier. Gerber
and Yang (2010) investigated the dividends-penalty identity for
models with two-sided jumps, while the authors did not deal with
the riskmodel with a diffusion part. See also Albrecher et al. (2011)
for some related calculations for this model.

3.1. (Reflected) double exponential jump diffusion

Throughout this section, we suppose that the surplus (in the
absence of dividendpayment) of an insurance company follows the
following double exponential jump diffusion

Xt = µt + σWt +

Nt
i=1

ξi, t ≥ 0, (3.1)

with µ ∈ R, σ > 0. Here W = (Wt)t≥0 is a standard Brownian
motion (or Wiener process) and N = (Nt)t≥0 is an independent
Poisson process with intensity λ > 0. The common distribution of
the independent identically distributed (i.i.d) jumps ξi has a double
exponential density

fξ (y) = pγ1e−γ1y1y>0 + qγ2eγ2y1y<0, (3.2)

with parameters γ1, γ2, p, q > 0 and p + q = 1. We call Θ :=

(µ, σ , λ, p, γ1, γ2) the characteristics of X . It is known that the
infinitesimal generator of X is

Au(x) = µu′(x)+
1
2
σ 2u′′(x)

+ λ


∞

−∞

[u(x + y)− u(y)]fξ (y)dy, (3.3)

and its Laplace exponent is given by

G(δ) = G(δ;Θ)

= µδ +
1
2
σ 2δ2 + λ


pγ1
γ1 − δ

+
qγ2
γ2 + δ

− 1

. (3.4)

4 In fact the explicit solution is also available under a more general setting,
i.e., the so-called Lévy phase-type assumption studied in Asmussen et al. (2004).
However in order to obtain some simple results and avoid the direct usage of
Wiener–Hopf factorization theory, we here only investigate the double exponential
jump diffusion.
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Recall that I and S are the running infimum and supremum of the
surplus process X , and that Y = X−I and Ŷ = S−X are the surplus
process X reflected at its running infimum I and at its running
supremum S, respectively. We denote by Θ̂ := (−µ, σ , λ, 1 −

p, γ2, γ1) the characteristic of the dual process X̂ = −X , and recall
that the process Ŷ = S − X = X̂ − Î is the dual process X̂ reflected
at its running infimum.

First, we have the following result concerning the solutions to
the Cramér–Lundberg equation (see Lemma 2.1 in Kou and Wang
(2003)).

Lemma 3.1. For each r > 0, the Cramér–Lundberg equation

G(δ) = r, (3.5)

has exactly four roots δi with i = 1, 2, 3, 4 such that

−∞ < δ1 < −γ2 < δ2 < 0 < δ3 < γ1 < δ4 < ∞.

In addition, define the overall drift of X by

µ̄ := µ+
pλ
γ1

−
qλ
γ2
,

then, as r → 0,

δ1 → δ∗

1 , δ2 →


0 if µ̄ ≤ 0,
δ∗

2 if µ̄ > 0,

δ3 →


0 if µ̄ ≥ 0,
δ∗

3 if µ̄ < 0, and δ4 → δ∗

4 ,

where δ∗

1 , δ
∗

2 , δ
∗

3 and δ∗

4 are defined as the unique roots such that

G(δ∗

1) = G(δ∗

2) = G(δ∗

3) = G(δ∗

4) = 0,
−∞ < δ∗

1 < −γ2 < δ∗

2 < 0 < δ∗

3 < γ1 < δ∗

4 < ∞.

Wenext prove a lemma similar to Lemma 2.1.Wewill find that,
for the double exponential jump diffusion, a more general version
holds. To this end, define

ϕ(x) = Ex

e−rτaη(Yτa − a)


, (3.6)

for some nonnegative measurable function η on [0,∞). Then we
have

Lemma 3.2. Let a > 0 and r > 0. If η(0) < ∞ and


∞

0 η(x)γ1
e−γ1xdx < ∞, then ϕ′(0+) = 0.

Proof. By a similar procedure as the proof of Lemma 2.1, we get,
for 0 < x < a

E

e−rτaη(Yτa − a)


≥ E


e−rτx; Yτx = x


Ex

e−rτaη(Yτa − a)


≥ E


e−rτ (−)x ;N (+)

τ
(−)
x

= 0

Ex

e−rτaη(Yτa − a)


= E


e−(r+p)τ (−)x


Ex

e−rτaη(Yτa − a)


,

from which we can get that ϕ′(0+) ≤ 0. On the other hand, we
can prove that, conditional on Yτa − a > 0, the overshoot Yτa − a
is independent of τa and has the exponential distribution with
parameter γ1 (see also Proposition 2.1 in Kou and Wang (2003)).
We thus have

E

e−rτaη(Yτa − a)


≤ E


e−rτx; Yτx = x


× Ex


e−rτaη(Yτa − a)


+ CP[Yτx > x],

with C = max{η(0),


∞

0 η(x)γ1e−γ1xdx} < ∞, and

ϕ′(0+) = lim
x↓0

Ex

e−rτaη(Yτa − a)


− E


e−rτaη(Yτa − a)


x

≥ lim
x↓0

Ex

e−rτaη(Yτa − a)

 
1 − P


Yτx = x


− C(1 − P[Yτx = x])

x
.

Note that

0 ≤ lim
x↓0

1 − P[Yτx = x]
x

≤ lim
x↓0

1 − E[e−pτ (−)x ]

x
= 0.

It follows that ϕ′(0+) ≥ 0, which concludes the proof. �

From Lemmas 2.1 and 3.2, we find that under the double
exponential assumption almost all of themost important functions
in insurance satisfy the smooth pasting property, which is a
homogeneous Neumann boundary condition at the reflecting
barrier 0. We next find the infinitesimal generator of the reflected
Lévy process Y .

Proposition 3.1. Let X be the double exponential jump diffusion
given by (3.1). The infinitesimal generator of the reflected Lévy process
Y := X − I is given by

Ãu(x) = µu′(x)+
1
2
σ 2u′′(x)

+ λ


∞

−∞

[u((x + y) ∨ 0)− u(x)]fξ (y)dy, (3.7)

with the domain of definition

D(Ã) = {u ∈ C2
[0,∞): u′(0) = 0}. (3.8)

Proof. Note that Y = X − I and5

Ict =


[0,t]

1{Yu=0}dIcu =


[0,t]

1{Yu−=0}dIcu, (3.10)

where Ict = It −


s≤t ∆Is is the continuous part of I with ∆It =

It − It− being the jump at time t . Applying Itô’s formula to u(Yt) for
any function u ∈ D(Ã), we have

Ex [u(Yt)] = u(x)+ Ex

 t

0
µu′(Ys)ds −

 t

0
u′(Ys−)dIcs

+
1
2

 t

0
σ 2u′′(Ys)ds


+ λ

 t

0


∞

−∞

(u((x + y) ∨ 0)

− u(x))fξ (y)dyds (3.11)

= u(x)+ Ex

 t

0
µu′(Ys)ds +

1
2

 t

0
σ 2u′′(Ys)ds


+ λ

 t

0


∞

−∞

(u((x + y) ∨ 0)

− u(x))fξ (y)dyds. (3.12)

By the definition of infinitesimal generator, we have

Ãu(x) := lim
t↓0

Ex[u(Yt)] − u(x)
t

(3.13)

= µu′(x)+
1
2
σ 2u′′(x)+ λ


∞

−∞

[u((x + y) ∨ 0)

− u(x)]fξ (y)dy. (3.14)

This completes the proof. �

5 It is worth noting that (see, e.g., Cooper et al. (2001) and Andersen and
Asmussen (2009))

It =


[0,t]

1{Yu=0}dIu ≠


[0,t]

1{Yu−=0}dIu, (3.9)

since on {∆It = It − It− > 0}, we have 0 = Yt < Yt− almost surely.
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Now we are in a position to present the Laplace transforms
related to the entrance times and the overshoots of the reflected
double exponential jump diffusion model.

Proposition 3.2. Let δ1 < −γ2 < δ2 < 0 < δ3 < γ1 < δ4 be the
four roots to the Eq. (3.5). Then we have, for 0 ≤ x < a and y ≥ 0

Ex

e−rτa


=

4
i=1

Cie−δix, (3.15)

Ex

e−rτa1{Yτa−a>y}


= e−γ1y

4
i=1

C̄ie−δix, (3.16)

where Ci’s satisfy the following system of linear equations

4
i=1

Ci
γ1

δi + γ1
e−δia = 1, (3.17a)

4
i=1

Ci
δi

δi − γ2
= 0, (3.17b)

4
i=1

Cie−δia = 1, (3.17c)

4
i=1

Ciδi = 0, (3.17d)

and C̄i’s satisfy the following system of linear equations

4
i=1

C̄i
γ1

δi + γ1
e−δia = 1, (3.18a)

4
i=1

C̄i
δi

δi − γ2
= 0, (3.18b)

4
i=1

C̄ie−δia = 0, (3.18c)

4
i=1

C̄iδi = 0. (3.18d)

Proof. See Appendix. �

Remark 3.1. By a similar argument as the one used in the proof
of Proposition 3.2, we can derive the formulas for uu and ud in
Corollary 2.1, and then verify that the formula (3.15) is consistent
with (2.28).

In Proposition 3.2, the conditions (3.17c) and (3.18c) are the
so-called continuous pasting conditions such that those functions
are continuous at point a. The conditions (3.17d) and (3.18d) are
the smooth pasting conditions obtained in Lemmas 2.1 and 3.2.
Since we are considering the double exponential jump diffusion,
both X and its dual process X̂ = −X satisfy the assumptions in
Theorem 2.1, and Lemmas 2.1 and 3.2. This results in the following
proposition related to the process Ŷ = X̂ − Î .

Proposition 3.3. Let δ̂1 < −γ1 < δ̂2 < 0 < δ̂3 < γ2 < δ̂4 be the
four roots to the equation Ĝ(δ̂) = G(δ̂; Θ̂) = r. Then we have, for
0 ≤ x < a

E−x


e−r τ̂a


=

4
i=1

Ĉie−δ̂ix, (3.19)
E−x


e−r τ̂a1

{Ŷτ̂a−a>y}


= e−γ2y

4
i=1

ˆ̄C ie−δ̂ix, (3.20)

where Ĉi’s satisfy the following system of linear equations

4
i=1

Ĉi
γ2

δ̂i + γ2
e−δ̂ia = 1,

4
i=1

Ĉi
δ̂i

δ̂i − γ1
= 0, (3.21a)

4
i=1

Ĉie−δ̂ia = 1,
4

i=1

Ĉiδ̂i = 0, (3.21b)

and ˆ̄C i’s satisfy the system of linear equations

4
i=1

ˆ̄C i
γ2

δ̂i + γ2
e−δ̂ia = 1,

4
i=1

ˆ̄C i
δ̂i

δ̂i − γ1
= 0, (3.22a)

4
i=1

ˆ̄C ie−δ̂ia = 0,
4

i=1

ˆ̄C iδ̂i = 0. (3.22b)

Proof. The result is a direct consequence of Proposition 3.2 by
noting that, under P−x, the process Ŷ starts at x and has the same
distribution as the dual process X̂ (with characteristic Θ̂) reflected
at its running infimum. �

Remark 3.2. By symmetry, it is easy to see that δ̂i = −δ5−i, i =

1, 2, 3, 4.

3.2. Laplace transform of ruin time, deficit at ruin and expected
discounted dividends

The following theorem is a direct consequence of Proposi-
tion 2.1(I) and Proposition 3.3.

Theorem 3.1. Suppose δ̂i, Ĉi, i = 1, 2, 3, 4, are given in Proposi-
tion 3.3 with a replaced by b therein. The Laplace transform of the
ruin time can be expressed as

Ex


e−r τ̃b


=

4
i=1

Ĉie−δ̂i(b−x). (3.23)

The next theorem presents the distribution and themean of the
deficit at ruin |Ub

τ̃b
| = −Ub

τ̃b
.

Theorem 3.2. Suppose δ̂i, Ĉi,
ˆ̄C i, i = 1, 2, 3, 4, are given in Proposi-

tion 3.3 with a replaced by b therein. Then, for y ≥ 0,

Ex


e−r τ̃b1

{|Ub
τ̃b

|>y}


= e−γ2y

4
i=1

ˆ̄C ie−δ̂i(b−x), (3.24a)

Ex


e−r τ̃b1

{|Ub
τ̃b

|=0}


=

4
i=1

(Ĉi −
ˆ̄C i)e−δ̂i(b−x). (3.24b)

Moreover the expected discounted deficit at ruin is given by

Ex


e−r τ̃b

Ub
τ̃b

 =
1
γ2

4
i=1

ˆ̄C ie−δ̂i(b−x). (3.25)

Proof. The first two equations are direct consequences of Propo-
sition 2.1(III) and Proposition 3.3. The last conclusion follows by
noting that

Ex


e−r τ̃b

Ub
τ̃b

 =


+∞

0
y


−
∂

∂y
Ex


e−r τ̃b1

{|Ub
τ̃b

|>y}


dy.

The proof is complete. �
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Finally, we compute the expected total discounted dividends
up to ruin. Recall from (2.2) that T+

a and T−
a are the entrance

times of the initial surplus process X into (a,+∞) and (−∞,−a),
respectively. Theorem 3.1 in Kou and Wang (2003) obtained
explicit expressions for the quantities

E[exp(−rT+

a )], E[exp(−rT+

a )1{X
T+
a

=a}],

E[exp(−rT+

a )1{X
T+
a

−a>y}] for y ≥ 0.

Now we can present an explicit expression for the total expected
discounted dividends.

Theorem 3.3. Let b > 0. For x ∈ [0, b], the total expected dis-
counted dividends can be expressed as

D(b; x) := Ex

 τ̃b

0
e−rtdLbt



=
1

γ1(δ4 − δ3)
(k(x − b)− h(x, b)), (3.26)

where

k(x − b) =
(γ1 − δ3)δ4

δ3
e(x−b)δ3 +

(δ4 − γ1)δ3

δ4
e(x−b)δ4 , (3.27a)

h(x, b) =


(γ1 − δ3)δ4

δ3
e−bδ3 +

(δ4 − γ1)δ3

δ4
e−bδ4


×

4
i=1

Ĉieδ̂i(x−b)

−


δ4(γ1 − δ3)

δ3 + γ2
e−bδ3 +

δ3(δ4 − γ1)

δ4 + γ2
e−bδ4


×

4
i=1

ˆ̄C ieδ̂i(x−b), (3.27b)

with 0 < δ3 < γ1 < δ4 being the only two positive roots of the equa-
tion G(δ) = r, δ̂1 < −γ1 < δ̂2 < 0 < δ̂3 < γ2 < δ̂4 being the
four roots to the equation Ĝ(δ̂) = r, and Ĉi,

ˆ̄C i, i = 1, 2, 3, 4, given
by Proposition 3.3 with a replaced by b. Moreover, if x > b, we have

D(b; x) = x − b + D(b; b). (3.28)

Proof. From Theorem 2.1, we have

Ex

 τ̃b

0
e−rtdLbt


= k(x − b)− Ex−b


e−r τ̂bk(−Ŷτ̂b)


,

where, for x ≥ 0,

k(−x) = E[e−rT+
x (XT+

x
− x)] + E[e−rT+

x ]


∞

0
E[e−rT+

z ]dz.

Note that E[e−rT+
x ] and E[e−rT+

x 1{X
T+
x

−x>y}] for y ≥ 0 are known
(see (3.1) and (3.2) in Kou and Wang (2003)). We have

∞

0
E[e−rT+

z ]dz =
1
δ3

+
1
δ4

−
1
γ1
,

and

E

e−rT+

x (XT+
x

− x)


=


∞

0
y


−
∂

∂y
E

exp(−rT+

x )1{X
T+
x

−x>y}


dy

=
(δ4 − γ1)(γ1 − δ3)

γ 2
1 (δ4 − δ3)


e−xδ3 − e−xδ4


.

The expression for k(·) follows after some simple algebra. On the
other hand, from (3.19) to (3.20), we have

Ex−b


e−r τ̂b1

{Ŷτ̂b−b>y}


= e−γ2y

4
i=1

ˆ̄C ieδ̂i(x−b), (3.29)

Ex−b


e−r τ̂b1

{Ŷτ̂b=b}


=

4
i=1

(Ĉi −
ˆ̄C i)eδ̂i(x−b). (3.30)

It follows that

Ex−b


e−r τ̂bk(−Ŷτ̂b)


=


∞

0
k(−(b + y))


−
∂

∂y
Ex−b


e−r τ̂b1

{Ŷτ̂b−b>y}


dy

+ k(−b)Ex−b


e−r τ̂b1

{Ŷτ̂b=b}


=

4
i=1


ˆ̄C i


∞

0
k(−(b + y))γ2e−γ2ydy

+ k(−b)(Ĉi −
ˆ̄C i)


eδ̂i(x−b).

The proof is completed by substituting (3.27a) into the above
equation and using some algebra. �

Remark 3.3. Note that
4

i=1 Ĉie−δ̂ib = 1 and
4

i=1
ˆ̄C ie−δ̂ib = 0. It

is easy to see from (3.26) that D(b; 0) = 0 for all b ≥ 0. This is
consistent with intuition since τ̃b = 0 a.s. when σ > 0.

4. Numerical results: the optimal barrier strategy

In this section, we present some numerical results concerning
the optimal dividend barrier for the double exponential jump
diffusion model. The program is coded in Mathematica R⃝. The
underlying surplus process is described by a double exponential
jump diffusion with parameters

Θ = (µ, σ , λ, p, γ1, γ2) = (0.1, 0.2, 20, 0.8, 60, 20). (4.1)

So the mean return per unit time is µ̄ = µ+
pλ
γ1

−
(1−p)λ
γ2

=
1
6 . We

can use some Laplace inversion algorithm (e.g., the Gaver–Stehfest
algorithmused in Kou andWang (2003) and the Gaver–Wynn–Rho
algorithm used in Bo et al. (2011b,a); see also Abate and Whitt
(1992) and Abate and Valkó (2004)) to invert the Laplace transform
of the ruin time to get its distribution. The distribution and the
mean of the deficit at ruin can be obtained from Theorem 3.2 by
letting r ↓ 0. In this section we will concentrate on finding the
optimal dividend barrier. Recall from Theorem 3.3 that

D(b; x) =


1

γ1(δ4 − δ3)
(k(x − b)− h(x, b)), 0 ≤ x ≤ b,

x − b + D(b; b), x > b,
(4.2)

where the functions k and h are given in (3.27). Denote

b̂ = argmax
b≥0

D(b; b)− b. (4.3)

We first study the optimal barrier b∗ for different values of the
initial surplus x. The left panel of Fig. 1 shows the function D(b; x)
against the dividend barrier b. The optimal barrier parameter b∗

and the optimal value D(b∗
; x) are reported in Table 1. The left

panel of Fig. 2 shows the optimal barrier b∗ versus the initial
surplus x and right panel depicts the optimal value D(b∗

; x) versus
the initial surplus x. We find that when the initial surplus x is
smaller than b̂, the optimal dividend barrier b∗ is smaller than b̂
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Table 1
The optimal dividend barrier b∗ versus the initial surplus x. The model parameters are given by (4.1) and the discount rate r = 0.02.

x 10−10 10−3 1/10 1/2 3/2 5/2 3.0355 7/2 9/2 11/2
b∗ 0.6315 0.6320 0.6903 0.9353 1.7044 2.5693 3.0355 3.0355 3.0355 3.0355
D(b∗, x) 10−9 0.0062 0.2434 0.9337 2.4570 3.6990 4.2649 4.7293 5.7293 6.7293
Fig. 1. Left: expected discounted dividends D(b; x) versus barrier parameter b with initial surplus x = 1/2, 3/2, 5/2, 3.0355, 7/2, 9/2, 11/2 (from the bottom up). Right:
the derivative (with respect to b) of D(b; x) versus barrier parameter bwith initial surplus x = 1/2, 3/2, 5/2, 3.0355, 7/2, 9/2, 11/2 (from the top down as b ∈ [6, 8]). The
optimal barrier parameter b∗ and the optimal value D(b∗

; x) are reported in Table 1. The vertical dashed line corresponds to the value b̂ defined in (4.3). In both of the two
plots the discount rate is r = 0.02.
Fig. 2. Left: optimal dividend barrier b∗ versus initial surplus x. The horizontal dashed line is at the level 3.0355. Right: optimal dividend valueD(b∗
; x) versus initial surplus

x. The dashed line has slope 1. In both of the two plots the discount rate is r = 0.02. Some of the values of b∗ and D(b∗
; x) are reported in Table 1.
as well and increases as the initial surplus x increases.6 While if
the initial surplus x ≥ b̂, the optimal dividend barrier will be
determined by b∗

= b̂, which is independent of x. In both cases
the optimal dividend value is a increasing function of the initial
surplus (note that when x ≥ b̂ the optimal dividend value D(b∗

; x)
is a linear function of xwith slope 1).We also find that, as the initial
surplus tends to zero, the optimal barrier converges to a positive
value, while the optimal dividend value goes to zero (because
there is a diffusion part). It is worth noting that for the spectrally

6 By applying the optimal dividend barrier of the initial surplus, one never gets up
to those other (higher) barrier values that would be optimal for the higher surplus,
which is a drawback of surplus-dependent ‘optimal’ barriers.
negative risk model the optimal dividend barrier is independent
of the initial surplus x (see, e.g., Gerber (1969); Bühlmann (1970),
(7.10) in Gerber and Shiu (1998), (7.3) in Gerber and Shiu (2004),
Theorem 3 in Li andWu (2008) and Theorem 1.2 in Kyprianou et al.
(2010)).

We next study the optimal dividend barrier b∗ versus the
discount rate r . We find from Table 2 that the optimal dividend
barrier b∗ decreases as the discount rate r increases, which is
consistent with intuition since the shareholders prefer earlier
dividends when r is large and the dividends come earlier if the
dividend barrier is smaller. Moreover, the optimal dividend barrier
b∗ (resp. the optimal expected discounted dividend D(b∗

; x))
decreases to 0 (resp. x) as r increases to ∞.

Finally we take a look at the derivative of D(b; x) with respect
to b for some fixed x > 0. From Fig. 3 (see also the right panel of
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Table 2
The optimal dividend barrier b∗ versus the discount rate r . The model parameters are given by (4.1) and the initial surplus x = 1.

r 100 1/2 1/5 1/10 1/20 1/100 10−3 10−4 10−5 10−10

b∗ 0.0000 0.1398 0.3691 0.6950 1.0810 1.4619 1.9870 2.5012 3.0133 3.2140
D(b∗

; x) 1.0000 1.0489 1.1034 1.2180 1.4482 1.8726 2.0441 2.0683 2.0714 2.0718
Fig. 3. Left: the derivative (with respect to b) of D(b; x) versus barrier parameter b with initial surplus x = 5, 10, 15, 20, 30 (from the top down on b > 20). Right: the
local display of the plot in the left panel. In both of the two plots the discount rate is r = 0.02.
Fig. 4. Left: D(b; x) versus initial surplus xwith barrier parameter b = 1. Right: the derivative (with respect to x) of D(b; x) in the left panel versus initial surplus x. In both
of the two plots the discount rate is r = 0.02.
Fig. 1) we find that: (1) ∂D(b;x)
∂b ≥ −1 and ∂D(b;x)

∂b |b=0 = 0; (2) ∂D(b;x)
∂b

is continuous on [0,∞); (3) for any x > 0, the optimal barrier b∗

is the unique b > 0 such that ∂D(b;x)
∂b = 0 (if x > b̂, b∗

= b̂).
Moreover the numerical experiments also reveal that (see

Fig. 4), for a fixed b > 0, the derivative ofD(b; x)with respect to x is
a strictly positive continuous non-increasing function of x. Specifi-
cally, it holds that ∂D(b;x)

∂x |x=b− =
∂D(b;x)
∂x |x=b+ =

∂D(b;x)
∂x |x=z = 1, for

all z > b.
However, due to the complexity of the expression of D(b; x)

(since Ĉi’s and ˆ̄C i’s are solutions to some systems of linear
equations), it seems difficult to prove all of the above observations
rigorously.We leave the related issues as openproblems for further
research, which may be hard to solve (if it can be), since the two-
sided jumps always result in a complex structure for the expected
discounted dividends function D(b; x).
5. Conclusion

This paper studied a general Lévy risk model with two-sided
jumps and a constant dividend barrier. For a general Lévy risk
process, we expressed the Laplace transform of the ruin time, the
deficit at ruin and the expected discounted dividends in terms
of the first passage problem of the Lévy process reflected at
its running maximum (or the dual Lévy process reflected at its
infimum). For the Lévy risk model which can be expressed as
the sum of a spectrally negative Lévy process with unbounded
variation and a subordinator, we showed that the smooth pasting
condition holds for the Laplace transform of the upward entrance
time of the Lévy process reflected at its running infimum. A
more general smooth pasting condition was proved for the double
exponential risk model. Based on those results, we present explicit
expressions for the Laplace transformof the ruin time, the deficit at
ruin and the expected discounted dividends when the underlying
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risk model is a double exponential jump diffusion. All these
expressions were explicit functions of the initial surplus and the
dividend barrier, and could be easily implemented to get numerical
results. Numerical experiments concerning the optimal dividend
barrier were also presented. The most important empirical finding
is that the optimal dividend barrier would depend on the initial
surplus if the initial surplus is less than some critical value.We also
find that the optimal barrier converges to a positive value as the
initial surplus decreases to zero. On the other hand, if the initial
surplus is greater than or equal to the critical value, the optimal
dividend barrier will equal the critical value. The dependence on
the initial surplus of the optimal dividend barrier stems from the
incorporation of two-sided jumps in the risk model. However it
seems to be hard to verify these empirical findings rigorously,
which is due to the complicated structure of the dividend as a
function of the barrier parameter. We leave it as an open problem
for further research.

Almost all our results related to the double exponential jump
diffusion model can be generalized to a more general class of Lévy
process, the so-called Lévy phase-type model (which is known
to be dense in the class of all Lévy processes), with some effort
(see Asmussen et al. (2004) for related results on Lévy phase-
type model). Moreover, under our settings, the ruin-free risk
model considered in Section 4 of Avram et al. (2007) can also be
studied.

Another interesting problem is to provide necessary and
sufficient conditions (in terms of the Lévy characteristics) under
which the lower barrier 0 of the reflected Lévy process is an
instantaneous reflecting barrier (or the Laplace transform of
upward entrance time exhibit smooth pasting at 0), so that its
infinitesimal generator should be defined on a functional space
with homogeneous Neumann boundary condition at 0. For smooth
pasting in optimal stopping problems, the interested reader is
referred to Alili and Kyprianou (2005).
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Appendix. Proofs

Proof of Proposition 3.2. Recall the infinitesimal generator of the
reflected process Y

Ãu(x) = µu′(x)+
1
2
σ 2u′′(x)

+ λ


∞

−∞

[u((x + y) ∨ 0)− u(x)]fξ (y)dy, (A.1)

with the domain of definition D(Ã) = {u ∈ C2
[0,∞) : u′(0) =

0}. Define function u by (see (3.15))

u(x) :=


4

i=1

Cie−δix, 0 ≤ x < a,

1, x ≥ a,

(A.2)

where Ci’s satisfy the system of linear equations (3.17). From
(3.17c) we have u is continuous at a. By (3.17d), it follows that
u ∈ D(Ã). Moreover, by doing the integration in three regions
(−∞,−x], (−x, a − x) and [a − x,∞), we get
Ãu(x)− ru(x)

=

4
i=1

Cie−δixφ(δi)+ λqe−γ2x
4

i=1

Ci
δi

δi − γ2

− λpe−γ1(a−x)


4

i=1

Ci
γ1

δi + γ1
e−δia − 1


, (A.3)

where φ(δ) = G(δ)− r . Recall from (3.17) that
4

i=1

Ci
γ1

δi + γ1
e−δia = 1,

4
i=1

Ci
δi

δi − γ2
= 0.

We have

Ãu(x)− ru(x) = 0, 0 ≤ x < a. (A.4)

Now by Itô’s formula for jump processes (see, e.g., Theorem 32 in
Protter (2004)) and the boundedness of the function u, we have

{Mt := e−r(t∧τa)u(Yt∧τa), t ≥ 0} (A.5)

is a martingale. By the martingale property

u(x) = Ex

e−r(t∧τa)u(Yt∧τa)


for each t ≥ 0. (A.6)

Note that u(Yτa) = 1. By the Lebesgue dominated convergence the-
orem, we have

u(x) = lim
t→∞

Ex

e−r(t∧τa)u(Yt∧τa)


= Ex


e−rτau(Yτa)


= Ex


e−rτa


. (A.7)

We have proved (3.15).
We next prove (3.16). Define

u(x) :=


e−γ1y

4
i=1

C̄ie−δix, 0 ≤ x < a,

0, a ≤ x ≤ a + y,
1, x > a + y,

(A.8)

where C̄i’s satisfy the system of linear equations (3.18). From
(3.18c) we have u is continuous at a. By (3.18d), it follows that
u ∈ D(Ã). Moreover, by doing the integration in three regions
(−∞,−x], (−x, a − x) and [a + y − x,∞), we get

Ãu(x)− ru(x) = e−γ1y
4

i=1

C̄ie−δixφ(δi)

+ λqe−γ2x−γ1y
4

i=1

C̄i
δi

δi − γ2

− λpe−γ1(a+y−x)

×


4

i=1

C̄i
γ1

δi + γ1
e−δia − 1


, (A.9)

where φ(δ) = G(δ)− r . Recall from (3.18) that
4

i=1

C̄i
γ1

δi + γ1
e−δia = 1,

4
i=1

C̄i
δi

δi − γ2
= 0.

We have

Ãu(x)− ru(x) = 0, 0 ≤ x < a. (A.10)

Now by a similar martingale argument, we have

u(x) = lim
t→∞

Ex

e−r(t∧τa)u(Yt∧τa)


= Ex


e−rτau(Yτa)


= Ex


e−rτa1{Yτa−a>y}


, (A.11)

since u(Yτa) = 1{Yτa−a>y}. We have proved (3.16). �
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