
Submitted to Bernoulli

Homogenization of Nonlocal Partial

Differential Equations Related to Stochastic

Differential Equations with Lévy Noise
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1. Introduction

In the study of porous media, composite materials and other physical and engineering
systems, one is led to the initial or boundary value problems with periodic structures (see,
e.g., Allaire (2002); Cioranescu and Paulin (1999); Oleinik et al. (1992)). The process of
passing from a microscopic description to a macroscopic description of the behaviors of
such systems is called homogenization. At present, numerous publications can be found
on the mathematical aspects of the homogenization theory (see Bal and Jing (2016);
Bella et al. (2017); Le Bris et al. (2019)).

The goal of this paper is to use a probabilistic approach to study the limit behavior, as
ε→ 0, of the solution uε : Rd → R of the following nonlocal partial differential equation
(PDE) of parabolic-type with rapidly oscillating periodic and singular coefficients,{

∂uε

∂t (t, x) = Lαε uε(t, x) +
(

1
εα−1 e

(
x
ε

)
+ g

(
x
ε

))
uε(t, x), t > 0, x ∈ Rd,

uε(0, x) = u0(x), x ∈ Rd,
(1.1)

1
imsart-bj ver. 2014/10/16 file: HomoNonlocal-main.tex date: April 27, 2021

http://isi.cbs.nl/bernoulli/
mailto:hq932309@alumni.hust.edu.cn
mailto:duan@iit.edu
mailto:rsong@illinois.edu


2 Q. Huang et al.

where 1 < α < 2 and the linear operator Lαε is a nonlocal integro-differential operator of
Lévy-type given by

Lαε f(x) :=

∫
Rd\{0}

[
f
(
x+ σ

(
x
ε , y
))
− f(x)− σi

(
x
ε , y
)
∂if(x)1B(y)

]
να(dy)

+
[

1
εα−1 b

i
(
x
ε

)
+ ci

(
x
ε

)]
∂if(x), x ∈ Rd.

Here B is the unit open ball in Rd centering at the origin, and να(dy) := dy
|y|d+α is the

isotropy α-stable Lévy measure. In this paper, we use Einstein’s convention that the
repeated indices in a product will be summed automatically.

For notational simplicity, we introduce the linear operator Aσ,α defined by

Aσ,ν
α

f(x) :=

∫
Rd\{0}

[
f(x+ σ(x, y))− f(x)− σi(x, y)∂if(x)1B(y)

]
να(dy), x ∈ Rd.

(1.2)
For a function f on Rd (or F on Rd × Rd), we denote fε(x) := f

(
x
ε

)
(or Fε(x, y) :=

F
(
x
ε , y
)
). Then

Lαε = Aσε,ν
α

+
(

1
εα−1 bε + cε

)
· ∇. (1.3)

The main result of this paper is the following theorem. Assumptions H1–H6 are made
for the coefficients and will be listed in the sequel. We will prove it at the end of Section
5.

Theorem 1.1. Under Assumptions H1–H6, the nonlocal PDE (1.1) has a unique mild
solution uε for each ε > 0. Moreover, for each t ≥ 0, x ∈ Rd,

uε(t, x)→ u(t, x), ε→ 0, (1.4)

where u satisfies the limit nonlocal PDE,{
∂u
∂t (t, x) = AIdy,ν̄u(t, x) + C̄ · ∇u(t, x) + Ēu(t, x), t > 0, x ∈ Rd,
u(0, x) = u0(x), x ∈ Rd,

where

AIdy,ν̄f(x) :=

∫
Rd\{0}

[
f(x+ y)− f(x)− yi∂if(x)1B(y)

]
ν̄(dy),

and the constant coefficients C̄, Ē and measure ν̄ are given by (5.2), (5.4) and (5.3)
respectively. The solution is given by

u(t, x) = E[u0(x+ C̄t+ L̄t)]e
Ēt,

where {L̄t}t≥0 is a symmetric α-stable Lévy processes with jump intensity measure ν̄.
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The original probabilistic approach to the homogenization of local linear second order
parabolic partial differential operators is presented in (Bensoussan et al., 1978, Chapter
3), which is based on the ergodic theorem, the Feynman-Kac formula and the functional
central limit theorem. By now, there are lots of literature concerning the homogenization
of second order local PDEs, i.e., the case of replacing the operator Aσε,να in (1.3) by a
second order partial differential operator with singular coefficients. Two different scales
of spatial variables involved in the coefficients have been considered in Benchérif-Madani
and Pardoux (2007), by using the nonlinear Feynman-Kac formula in the context of
backward stochastic differential equations (SDEs). In Pardoux and Piatnitski (2012), the
authors allowed the singular coefficients to be time-dependent and rapidly oscillating
in time with a different scale in contrast to the spatial variable. The paper Hairer and
Pardoux (2008) dealt with the case when the second order coefficient matrix can be
degenerate, using the existence of a spectral gap and Malliavin’s calculus.

There are also some literature for the homogenization of nonlocal PDEs or SDEs
with jumps involved. Firstly, let us discuss several articles studying the periodic homog-
enization of some kinds of nonlocal operators in the analytical aspects. It was shown in
Piatnitski and Zhizhina (2017) that a homogenization model for a class of nonlocal opera-
tors with convolution-type kernels can generate a diffusion in the limit. The jump kernels
are forced to have finite second moment there, which excludes the stable Lévy densities.
Later on, Kassmann et al. (2019) studied the homogenization of Lévy-type operators (or
stable-like operators called by other authors) with both symmetric and non-symmetric
kernels, the limit is a Lévy-operator. Besides, an approach based on the viscosity solution
of PDEs can be found in Arisawa (2009), the author focused on the Lévy-operator per-
turbed linearly by a zeroth-order term. This method has also been extended to several
classes of nonlinear problems; see, e.g., Schwab (2010). It is worth to mention that all
the homogenization problems considered in Kassmann et al. (2019), Arisawa (2009) and
Schwab (2010) can cover the Lévy-type operators (or Lévy-operators) with full range of
α ∈ (0, 2), while none of them involves the drift (gradient) parts.

The probabilistic study of homogenization of periodic stable-like processes in pure jump
or jump-diffusion case can be found in Franke (2006); Sandrić (2016). The homogenization
in random medium is slightly different from the periodic case, referring to Rhodes and
Sow (2011) for related results for jump-diffusion processes in random medium.

The homogenization of a kind of one-dimensional pure jump Markov processes with
the following form of generators has been investigated in the paper Horie et al. (1977),

Aεf(x) =

∫
R\{0}

[f(x+ z)− f(x)− zf ′(x)] a
(
x
ε ,

z
ε

)
1

|z|1+α dz + 1
εα−1 b

(
x
ε

)
f ′(x).

See Tomisaki (1992) for a generalization for multi-dimensional case and with diffusion
terms involved. In their context, the jump function h is oscillating both in the spatial
variable x and in the noise variable y, and they are in the same scale. This means the noise
comes from the underlying space of periodic medium. But when we do homogenization
for systems with fluctuations, the noise usually comes from the external environment, so
that the jump function is no longer oscillating in the noise variable, and there happens
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to be two different scales. As we will see in Section 2, the change of variables allows us
to write

Lαε f(x) :=

∫
Rd\{0}

[
f(x+ z)− f(x)− zi∂if(x)1B(y)

]
h
(
x
ε , z
)

1
|z|d+α dz

+
[

1
εα−1 b

i
(
x
ε

)
+ ci

(
x
ε

)]
∂if(x),

for some function h. Note that the main difference is that we do not involve oscillations
for h in its noise variable, while Horie et al. (1977); Tomisaki (1992) involve. Meanwhile,
the coefficients of drift and the zeroth order term b, c, e, g has two different scales.

In paper Franke (2007), the author considered the homogenization of SDEs driven
by multiplicative stable processes, where the noise intensity coefficient σ is linear in
the noise variable in the sense that σ(x, y) = σ0(x)y, with σ0 three-times continuously
differentiable. In the present paper, we generalize his results to the general multiplicative
case. That is, the intensity function σ need not to be linear for the noise component. This
is also more realistic in applications (see, e.g., Sakamoto and Yoshida (2004); Bessaih
et al. (2015)). For some typical forms of σ that are nonlinear in y, see Example 2.3. In
addition, the coefficients only need to possess some Hölder or Lipschitz continuity in our
context (see Remark 2.2 for the comparison of the regularity assumptions for σ). This
will give rise to several difficulties both in analytic and probabilistic aspects. We also
use the homogenization results of SDEs to study the homogenization of the nonlocal
PDEs with singular coefficients involved, by utilizing Feynman-Kac formula. The trick
we use to remove the singular drift in (1.1) is now known as Zvonkin’s transform, which
appeared originally in Zvonkin (1974).

The work in this paper is highly motivated by these two considerations. That is, the
noise in our homogenization problem comes from the external environment instead of the
underlying periodic medium, and is not necessarily linear. Both are more suitable from
the practical point of view than in earlier papers. Under these considerations, we further
weaken the regularity assumptions for all coefficients in a compatible way.

Last but not least, the present paper will only focus on the subcritical case 1 < α < 2.
There are both probabilistic and analytical difficulties for the supercritical case 0 < α ≤ 1.
In analytical aspect, the well-posedness of the nonlocal Poisson equations (Section 3) in
the supercritical case is still open in general setting. Intuitively, the nonlocal part has
lower order than the drift part in this case, so that one cannot regard the drift as a pertur-
bation of the nonlocal operator (in the sense of C0-semigroups, as ideally the perturbing
operator needs to be “bounded” with respect to the principal operator, cf. (Engel and
Nagel, 2000, Secton III.2)). This will give rise to some analytical difficulties, of which the
most crucial one is the heat kernel estimates for the coupling of supercritical nonlocal
operators with gradients (cf. Chen and Zhang (2018) for the subcritical case). Although
there are a few published results for these topics, they all focus on some special case such
as the drifted critical (α = 1) fractional Laplacian (Xie and Zhang (2014)). Moreover,
the condition α > 1 is also crucial when doing the probabilistic homogenization, since
we will have used this condition explicitly in the proofs of Lemma 4.7 and Lemma 5.3.

We denote by Ck (Ckb ) with integer k ≥ 0 the space of (bounded) continuous func-
tions possessing (bounded) derivatives of orders not greater than k. We shall explicitly
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write out the domain if necessary. Denote by Cb(Rd) := C0
b (Rd), it is a Banach space

with the supremum norm ‖f‖0 = supx∈Rd |f(x)|. The space Ckb (Rd) is a Banach space

endowed with the norm ‖f‖k = ‖f‖0 +
∑k
j=1 ‖∇⊗jf‖. We also denote by CLip the class

of all Lipschitz continuous functions. For a non-integer γ > 0, the Hölder spaces Cγ
(Cγb ) are defined as the subspaces of Cbγc (Cbγcb ) consisting of functions whose bγc-th or-
der partial derivatives are locally Hölder continuous (uniformly Hölder continuous) with
exponent γ − bγc. These two spaces Cγ and Cγb obviously coincide when the underly-
ing domain is compact. The space Cγb (Rd) is a Banach space endowed with the norm
‖f‖γ = ‖f‖bγc + [∇bγcf ]γ−bγc, where the seminorm [·]γ′ with 0 < γ′ < 1 is defined as

[f ]γ′ := supx,y∈Rd,x 6=y
|f(x)−f(y)|
|x−y|γ′ (this seminorm can also be defined for the case γ′ = 1,

which is exactly the Lipschitz seminorm). In the sequel, the torus Td := Rd/Zd will be
used frequently. Denote by D := D(R+;Td) the space of all Td-valued càdlàg functions
on R+, equipped with the Skorokhod topology. We shall always identify the periodic
function on Rd of period 1 with its restriction on the torus Td = Rd/Zd. This allows us
to regard the space Ck(Td) (Cγ(Td)) as a sub-Banach space of Ckb (Rd) (Cγb (Rd)).

By Br we means the open ball in Rd centering at the origin with radius r > 0, we shall
omit the subscript when the radius is one. The capital letter C denotes a finite positive
constant whose value may vary from line to line. We also use the notation C(· · · ) to
emphasize the dependence on the quantities appearing in the parentheses.

The remainder of the paper is organized as follows. In Section 2, we present some
general assumptions and preliminary results. In Section 3, we study the well-posedness
of the nonlocal Poisson equation and the Feller properties of the semigroup associat-
ed with generator of the form (1.3). Section 4 is devoted to the strong well-posedness
and exponential ergodicity of the Lévy driven SDE. As a consequence, we obtained the
Feynman-Kac representation for the nonlocal PDE (1.1). Lastly, Section 5 contains the
homogenization results of SDEs and nonlocal PDEs, utilizing the ergodicity and the
Feynman-Kac representation.

2. Preliminaries and general assumptions

Let (Ω,F ,P, {Ft}t≥0) be a filtered probability space endowed with a Poisson random

measure Nα on (Rd \ {0}) × R+ with jump intensity measure να(dy) = dy
|y|d+α , where

1 < α < 2. Denote by Ñ the associated compensated Poisson random measure, that is,
Ñα(dy, ds) := Nα(dy, ds)−να(dy)ds. We assume that the filtration {Ft}t≥0 satisfies the
usual conditions. Let Lα = {Lαt }t≥0 be a d-dimensional isotropic α-stable Lévy process
given by

Lαt =

∫ t

0

∫
B\{0}

yÑα(dy, ds) +

∫ t

0

∫
Bc
yNα(dy, ds).

Given ε > 0, x ∈ Rd, consider the following:

dXx,ε
t =

(
1

εα−1 b
(
Xx,εt
ε

)
+ c

(
Xx,εt
ε

))
dt+ σ

(
Xx,εt−
ε , dLαt

)
, Xx,ε

0 = x, (2.1)
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or more precisely,

Xx,ε
t = x+

∫ t

0

(
1

εα−1 b
(
Xx,εs
ε

)
+ c

(
Xx,εs
ε

))
ds

+

∫ t

0

∫
B\{0}

σ
(
Xx,εs−
ε , y

)
Ñα(dy, ds) +

∫ t

0

∫
Bc
σ
(
Xx,εs−
ε , y

)
Nα(dy, ds),

where the coefficients b, c, σ(·, y) are periodic, for each y ∈ Rd, of periodic one in each
component. The shorthand notation for the stochastic differential term in (2.1) is due to
Masuda (2007).

Define X̃x,ε
t := 1

εX
x,ε
εαt. It is easy to check that

dX̃x,ε
t =

(
b(X̃x,ε

t ) + εα−1c(X̃x,ε
t )
)
dt+ 1

εσ
(
X̃x,ε
t− , εdL̃

α
t

)
, X̃x,ε

0 = x
ε , (2.2)

where {L̃αt } := { 1
εL

α
εαt}

d
= {Lαt } by virtue of the selfsimilarity. We shall also consider the

“limit” equation, namely

dX̃x
t = b(X̃x

t )dt+ σ̄
(
X̃x
t−, dL̃

α
t

)
, X̃x

0 = x, (2.3)

where, intuitively, σ̄ is the limit of 1
εσ(·, ε·). We will make the relation between σ and

σ̄ clear in the forthcoming assumption H5. For notational simplicity, we shall allow the
parameter ε to be zero in X̃x,ε to include X̃x, i.e., X̃x,0 := X̃x.

In the sequel, we will regard the solutions X̃x,ε, X̃x of (2.2) and (2.3) as Td-valued
processes, by mapping all trajectories of the processes on Rd to the torus Td, via the
canonical quotient map π : Rd → Rd/Zd. Then the periodicity of the coefficients implies
that X̃x,ε and X̃ are well-defined stochastic processes on Td (cf. (Bensoussan et al., 1978,
Section 3.3.2)).

Now we list some general assumptions for the nonlocal PDE (1.1) and the SDE (2.1).
All these assumptions are assumed to hold in the sequel unless otherwise specified.

Assumption H1. The functions b, c, e, g, u0 are all periodic of period 1 in each com-
ponent. For every y ∈ Rd, the function x → σ(x, y) is periodic of period 1 in each
component.

Assumption H2. The functions b, c, e are of class Cβb with exponent β satisfying

1− α

2
< β < 1.

The functions g and u0 are both continuous.

Assumption H3. The function σ : Rd × Rd → Rd satisfies the following conditions.
(1). Regularity. For every x ∈ Rd, the function y → σ(x, y) is of class C2. There exists

α− 1 < λ ≤ 1 such that
sup
x∈Rd

[∇yσ (x, ·)]λ <∞. (2.4)
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There exists a constant C > 0, such that for any x1, x2, y ∈ Rd,

|σ(x1, y)− σ(x2, y)| ≤ C|x1 − x2||y|.

(2). Oddness. For all x, y ∈ Rd, σ(x,−y) = −σ(x, y).
(3). Bounded inverse Jacobian. The Jacobian matrix with respect to the second variable

∇yσ(x, y) is non-degenerate for all x, y ∈ Rd, and there exists a constant C > 0 such
that |(∇yσ(x, y))−1| ≤ C for all x, y ∈ Rd, where | · | is the operator norm on L (Rd,Rd).

(4). Growth condition. There exists a positive bounded measurable function φ : Rd →
R+, such that for all x, y ∈ Rd,

φ(x)−1|y| ≤ |σ(x, y)| ≤ φ(x)|y|.

Remark 2.1. Some comments on our assumptions will be helpful:
(1). As mentioned in the end of the introduction, b, c, e, g, u0 and the function x →

σ(x, y), for every y ∈ Rd, can be regarded as functions on Td. Hence we have b, c, e ∈
Cβ(Td), g, u0 ∈ C(Td), under Assumptions H1 and H2. The condition (2.4) reduce to

sup
x∈Td

[∇yσ (x, ·)]λ <∞.

(2). In Assumption H3, the condition (2.4) should not be confused with the condition
that y → σ(x, y) is of class C2. The former requires the uniform Hölder continuity of σ
in y, as indicated in the definition of the Hölder seminorm [·]λ, while the latter do not
force the uniformity. Therefore, none of them can imply the other.

(3). Both the oddness and the growth condition in Assumption H3 imply that σ(·, 0) ≡
0.

(4). The bounded inverse Jacobian condition implies that |∇yσ| ≥ C−1. Since by
Hadamard’s inequality (see, for instance, Schäffer (1970)),

|(∇yσ)−1| ≤ C ⇒ |det((∇yσ)−1)| ≤ Cd ⇔ |det(∇yσ)| ≥ C−d ⇒ |∇yσ| ≥ C−1. (2.5)

(5). The growth condition implies that for any γ > α, we have

sup
x∈Rd

∫
B\{0}

|σ(x, y)|γνα(dy) <∞. (2.6)

This ensures that we can apply Itô’s formula to f(X̃x
t ) (or f(X̃x,ε

t ), f(Xx,ε
t )), for any

f ∈ Cγb (Rd) with γ > α (cf. (Priola, 2012, Lemma 4.2)).
(6). By virtue of the oddness condition in Assumption H3 and the symmetry of the

jump intensity measure να, for any x ∈ Rd,

P.V.

∫
σ(x,·)−1B\B

σi(x, y)να(dy) = P.V.

∫
B\σ(x,·)−1B

σi(x, y)να(dy) = 0. (2.7)

Consequently we can rewrite the operator Aσ,να in (1.2) as

Aσ,ν
α

f(x) =

∫
Rd\{0}

[
f(x+ z)− f(x)− zi∂if(x)1B(z)

]
νσ,α(x, dz), (2.8)
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where the kernel {νσ,α(x, ·)|x ∈ Rd} is given by

νσ,α(x,A) :=

∫
Rd\{0}

1A(σ(x, y))να(dy), A ∈ B(Rd \ {0}). (2.9)

Moreover, for any γ > α, the growth condition in Assumption H3 implies that

sup
x∈Rd

∫
Rd\{0}

(|z|γ ∧ 1)νσ,α(x, dz) = sup
x∈Rd

∫
Rd\{0}

(|σ(x, y)|γ ∧ 1)να(dy)

≤ sup
x∈Rd

(∫
|y|≤φ(x)

(φ(x)|y|)γνα(dy) +

∫
|y|≥φ(x)−1

να(dy)

)

≤ 1

γ − α
‖φ‖2γ−αL∞ +

1

α
‖φ‖αL∞ <∞.

(2.10)

Remark 2.2. The special case σ(x, y) = σ0(x)y with certain σ0 is considered in Franke
(2007), where the author assumed the function σ0 : Rd → GL(Rd) is periodic and of class
C3. In our context, Assumption H1 and H3 amounts to saying that

σ0 : Rd → GL(Rd) is periodic and Lipschitz. (2.11)

Since these imply the regularity condition immediately, the bounded inverse Jacobian and
growth conditions are fulfilled by continuity and periodicity, together with the observation
supx∈Rd ‖σ0(x)‖ ∨ ‖σ0(x)−1‖ <∞. The oddness condition is trivial in this case.

In practice, the noise is not always linear. Here we give some nontrivial examples for
σ, that is, nonlinear in y.

Example 2.3. Suppose σ0 to satisfy (2.11).
(i). The dependence of the noise is a small perturbation of the linear case, namely,

σ(x, y) = σ0(x)y + δ(x, y), where the function δ satisfies the same properties as σ in
Assumptions H1 and (i), (ii) in H3, but has much smaller scale than σ0(x)y, so that
Assumptions H1-H3 and the forthcoming Assumption H4 do hold for σ.

(ii). Another case is that the function σ is separable but not linear in y. To be precise,
let η : Rd → Rd be an odd function of class C2, satisfying that ∇η is uniformly Hölder
continuous with exponent λ > α − 1 and ∇η(y) is non-degenerate for all y ∈ Rd, and
there exist some constants C1, C2 > 0, such that |∇η| ≥ C1 and C−1

2 |y| ≤ |η(y)| ≤ C2|y|.
Now let σ(x, y) = σ0(x)η(y). Then σ satisfies Assumption H3.

(iii). Combining the above two example together, one can obtain a more general ex-
ample, that is, σ(x, y) = σ0(x)η(y) + δ(x, y).

We will need some regularities for the ’partial’ inverse of σ. For a function F : Rd×Rd 3
(x, y)→ F (x, y) ∈ R, we say F ∈ L∞2 (Rd; CLip

1 (Rd;Rd)), if there exists a constant C > 0
such that for all x, y ∈ Rd, |F (x, y)| ≤ C, and for all x1, x2, y ∈ Rd, |F (x1, y)−F (x2, y)| ≤
C|x1−x2|. Then the regularity and growth conditions in Assumption H3 imply that the

function (x, y)→ σ(x, y)/|y| is of class L∞2 (Rd; CLip
1 (Rd;Rd)).
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Homogenization of Nonlocal Partial Differential Equations 9

Lemma 2.4. Under Assumption H3, for every x ∈ Rd, the function y → σ(x, y) is a
C2-diffeomorphism. Denote the inverse by τ(x, z) := σ(x, ·)−1(z), then for every z ∈ Rd,
the function x → τ(x, z) is periodic of period one in each component. Moreover, the

function (x, z)→ τ(x, z)/|z| is of class L∞2 (Rd; CLip
1 (Rd;Rd)).

Proof. Fix x ∈ Rd. Since the function y → σ(x, y) is of class C2, by the bounded inverse
Jacobian condition in Assumption H3, together with Hadamard’s global inverse function
theorem (see (Krantz and Parks, 2012, Theorem 6.2.4)), σ(x, ·) is a C2-diffeomorphism.
The periodicity is obvious.

Now using the bounded inverse Jacobian condition, the Jacobian matrix of τ(x, z) with
respect to z satisfies |∇zτ(x, z)| ≤ C, for all x, z ∈ Rd. Then by the growth condition
and regularity condition, the second assertion follows from the following derivation,

sup
z

|τ(x, z)|
|z|

≤ φ(x),

sup
z

|τ(x1, z)− τ(x2, z)|
|z|

= sup
y

|τ(x1, σ(x1, y))− τ(x2, σ(x1, y))|
|σ(x1, y)|

= sup
y

|τ(x2, σ(x2, y))− τ(x2, σ(x1, y))|
|σ(x1, y)|

≤ ‖φ‖L∞‖∇zτ‖L∞ sup
y

|σ(x2, y)− σ(x1, y)|
|y|

≤ C‖φ‖L∞‖∇zτ‖L∞ |x1 − x2|.

Assumption H4. det(∇zτ) ∈ L∞2 (Rd; CLip
1 (Rd;R)).

This assumption is rather mild, as shown in the following remark.

Example 2.5. (i). In the case σ(x, y) = σ0(x)y, the partial inverse is τ(x, z) =
σ0(x)−1y, the Jacobian of τ(x, z) with respect to z is ∇zτ(x, z) ≡ σ0(x)−1. Then As-
sumption H4 reduces to that the function det(σ0)−1 : Rd → R is Lipschitz, while this
holds automatically since it is a direct consequence of (2.11).

(ii). When σ(x, y) = σ0(x)η(y) as in Example 2.3.(ii), τ(x, z) = η−1(σ0(x)−1z). Then
it is easy to deduce that Assumption H4 is implied by the bounded inverse Jacobian
condition in Assumption H3, using a similar argument as (2.5).

If we let

h(x, z) = |det∇zτ(x, z)| |z|d+α

|τ(x, z)|d+α
, (2.12)

then by (2.9), νσ,α(x, dz) = h(x, z) dz
|z|d+α . Using the growth condition, we also find that

for all x, z ∈ Rd,

‖φ‖−1
L∞ ≤

|τ(x, z)|
|z|

≤ ‖φ‖L∞ . (2.13)

Combining (2.12), (2.13), Lemma 2.4 and Assumption H4, together with the fact that if
f, g ∈ Cγ and inf |g| > 0, then f/g ∈ Cγ , we conclude that
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Lemma 2.6. Under Assumptions H3 and H4, h ∈ L∞2 (Rd; CLip
1 (Rd;Rd)), namely, there

exists a constant h0 > 0 such that |h(x1, z)−h(x2, z)| ≤ h0|x1−x2| for all x1, x2, z ∈ Rd.
Moreover, there also exists a constant h1 > 1 such that h−1

1 ≤ h(x, z) ≤ h1 for all
x, z ∈ Rd.

In particular, the kernel νσ,α is comparable to the jump intensity measure of an isotrop-
ic α-stable process.

Remark 2.7. Thanks to Lemma 2.6, the general assumptions in Bass (2009); Chen
and Zhang (2018) are satisfied. Thus, the regularity results and heat kernel estimates
therein are available in our context. Actually, these two papers only need that h ∈
L∞2 (Rd; Cγ1 (Rd;Rd)) for some 0 < γ < 1, this is the case by virtue of the natural embed-
ding CLip ⊂ Cγ . Note that Bass (2009) also needs α+ β not to be an integer, this can be
fulfilled by choosing an appropriate β.

Now we clarify that the function σ̄ appeared in the “limit” equation (2.3) is the scaling
limit of σ. Firstly, we use the L’Hôpital’s rule to proceed the limit,

lim
ε→0

1
εσ(x, εy) = lim

ε→0
(∇yσ(x, εy))y = (∇yσ(x, 0))y,

by the continuity of ∇yσ(x, y) with respect to y. If we set

σ̄0(x) := ∇yσ(x, 0), (2.14)

σ̄(x, y) := σ̄0(x)y, (2.15)

then σ̄ is the point-wise limit of 1
εσ(·, ε·) as ε → 0. However, as we will see in Section

4 (more precisely, Lemma 4.7), the point-wise convergence is not enough when we deal
with the ergodicity. We need a stronger convergence as follows:

Assumption H5. For every y ∈ Rd, 1
εσ(x, εy) → (∇yσ(x, 0))y uniformly in x ∈ Rd,

as ε→ 0.

We can say more for the scaling limit σ̄.

Remark 2.8. The function σ̄0 : Rd → GL(Rd) defined in (2.14) is periodic and Lips-
chitz. Indeed, by a straightforward limit argument, one can easily verify that Assumptions
H1 and H3 holds for σ̄. This implies that σ̄0 has the same property as σ0 in Remark 2.2.
Moreover, if we denote the partial inverse of σ̄ with respect to the second variable by τ̄ ,
and denote the associated function as in (2.12) by h̄, then Lemma 2.6 also holds for h̄.

Example 2.9. (i). Obviously, in the linear case that σ(x, y) = σ0(x)y, Assumption H5
automatically holds with σ̄ = σ.

(ii). For the case in Example 2.3.(ii), σ(x, y) = σ0(x)η(y), Assumption H5 also holds
automatically, with σ̄(x, y) = σ0(x)(∇η(0))y. Indeed, this assumption reduces to 1

ε η(εy)→
(∇η(0))y for every y, while this is a consequence of L’Hôpital’s rule.
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(iii). In the perturbation case that σ(x, y) = σ0(x)y + δ(x, y) as in Example 2.3.(i),
Assumption H5 reduces to that for every y ∈ Rd, 1

ε δ(x, εy)→ (∇yδ(x, 0))y uniformly in
x ∈ Rd, as ε→ 0.

Finally, we need a centering assumption on b and e when and only when doing the
homogenization.

Assumption H6. The functions b and e satisfy the centering condition,∫
Td
b(x)µ(dx) = 0,

∫
Td
e(x)µ(dx) = 0,

where µ is the invariant probability measure on (Td,B(Td)) of the solution X̃x of (2.3).

We remark here that the well-posedness of (2.3) and the existence and uniqueness
of the invariant probability measure µ will be clear in Proposition 4.2 and Lemma 4.6,
respectively.

Note that the centering assumption H6 is quite common and natural in the homoge-
nization problems and the reader can also find it in Bensoussan et al. (1978); Hairer and
Pardoux (2008); Pardoux (1999).

3. Nonlocal Poisson equation with zeroth-order term

As mentioned in the introduction, we will apply Zvonkin’s transform to study the
homogenization of SDEs and nonlocal PDEs. Before that, we shall investigate the strong
well-posedness of all the SDEs presented in the previous section, and Zvonkin’s transform
will also play an important role in this step (see next section). For the generality, we will
focus on SDE (2.3) with σ̄ only satisfying Assumption H1-H4 in the whole of this section
as well as Subsection 4.1, since SDEs (2.1) and (2.2) are basically of the same form.

The key is to consider the following nonlocal Poisson equation with zeroth-order term,

κu− Lαu = f, (3.1)

where κ > 0, and Lα is the linear integro-partial differential operator given by

Lα := Aσ̄,ν
α

+ b · ∇, (3.2)

which may be regarded as the infinitesimal generator of the solution process X̃ of (2.3)
once we prove its well-posedness in the next section.

3.1. Well-posedness of nonlocal Poisson equation

We first adapt the maximum principle in (Priola, 2012, Proposition 3.2) as follows. The
proof is almost the same and the difference is provided in the Supplementary Material
Huang et al. (2021).
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12 Q. Huang et al.

Lemma 3.1. If u ∈ C1+γ
b (Rd), 1 + γ > α, is a solution to κu − Lαu = f with κ > 0

and f ∈ Cb(Rd), then
κ‖u‖0 ≤ ‖f‖0.

Now we investigate the solvability of the Poisson equation with a zeroth-order term
involved. The results generalize the Schauder estimates in Priola (2012) to the anisotropic
nonlocal case.

Proposition 3.2. For any κ > 0 and f ∈ Cβb (Rd), where β is the exponent in Assump-

tions H2, the nonlocal Poisson equation (3.1) has a unique solution u = uκ ∈ Cα+β
b (Rd).

In addition, there exists a positive constant C = C(κ, ‖b‖β) such that

‖uκ‖α+β ≤ C(‖uκ‖0 + ‖f‖β). (3.3)

Proof. The a priori estimate (3.3) is from (Bass, 2009, Theorem 7.1, Theorem 7.2). We

thus need to show that the equation (3.1) has a unique solution uκ ∈ Cα+β
b (Rd).

Now we prove the existence and uniqueness of solution in Cα+β
b (Rd). It is shown in

(Priola, 2012, Theorem 3.4) that when σ̄(·, y) ≡ Idy(y) := y, the existence and uniqueness

hold in Cα+β
b (Rd). For the general σ̄, we apply the method of continuity (see (Gilbarg

and Trudinger, 2001, Section 5.2)).
Define a family of linear operators by Lθ := θAσ̄,να+(1−θ)AIdy,ν

α

+b·∇. We consider
the family of equations:

κu− Lθu = f.

We can also rewrite the nonlocal term in Lθ into the form (2.8), with the kernel given by
νθ := θνσ̄,α + (1 − θ)να. Then the a priori estimate (3.3) also holds for uθ (cf. Remark
2.7). As a result, the operator Lθ can be considered as a bounded linear operator from

the Banach space Cα+β
b (Rd) into the Banach space Cβb (Rd).

Note that L0 = AIdy,ν
α

+ b · ∇, which is the case considered in Priola (2012), and

L1 = Lα. The solvability of the equation (3.1) for any f ∈ Cβb (Rd) is then equivalent
to the invertibility of the operator Lθ. We can see from the proof of Lemma 3.1 that
‖uθ‖0 ≤ C‖f‖0. Then together with the estimate (3.3) for uθ, we have the bound

‖uθ‖α+β ≤ C‖f‖β ,

with the constant C independent of θ. Since, as discussed in Priola (2012), the operator

L0 = AIdy,ν
α

+ b ·∇ maps Cα+β
b (Rd) onto Cβb (Rd), the method of continuity is applicable

and the result follows.

Remark 3.3. If we take the periodicity assumption H1 into account, then we can
slightly strengthen the conclusions in Proposition 3.2. That is, if f ∈ Cβ(Td), then the
unique solution of (3.1) is of class Cα+β(Td).
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3.2. Feller property and heat kernels

In this subsection, we will study further the operator Lα. All these results will be
used in the next section. First of all, the classical theory of C0-semigroups yields that
Lα is the generator of a Feller semigroup. The proof is standard and provided in the
Supplementary Material Huang et al. (2021).

Lemma 3.4. The linear operator (Lα, D(Lα)), D(Lα) = Cα+β(Td), defined on the
Banach space (C(Td), ‖ · ‖0), is closable and dissipative, its closure generates a Feller
semigroup {Pt}t≥0 on C(Td).

Let us recall the notion of martingale problem (see (Ethier and Kurtz, 2009, Section
4.3)). First recall that D = D(R+;Td) is the space of all Td-valued càdlàg functions on
R+, equipped with the Skorokhod topology. Let wt(ω) = ω(t), ω ∈ D, be the coordinate
process on (D,B(D)), and {Fwt }t≥0 := σ(ws : 0 ≤ s ≤ t) be the canonical filtration. Given
a probability measure ν on Td, we say that a probability measure Pν on (D,B(D)) is a
solution of the martingale problem for (Lα, ν), if Pν ◦ w−1

0 = ν and the process

Mf (t) := f(wt)− f(w0)−
∫ t

0

Lαf(ws)ds

is a (D,B(D), {Fwt }t≥0,P
ν)-martingale, for any f ∈ D(Lα) = Cα+β(Td). We denote by

δx the Dirac measure, or equivalently, the Dirac function as distribution, focusing on
x ∈ Rd.

The following heat kernel results can be found in references, see the Supplementary
Material Huang et al. (2021) for details.

Lemma 3.5. For every x ∈ Td, the martingale problem for (Lα, δx) has a unique
solution Px. Moreover, the coordinate process {wt}t≥0 is a Feller process with generator
the closure of (Lα, Cα+β(Td)), and has a jointly continuous transition probability density
p(t;x, y), i.e., Px(wt ∈ A) =

∫
A
p(t;x, y)dy, A ∈ B(Td), which satisfies for each T > 0,

C−1
1

∑
j∈Zd

(
t

|x−y+j|d+α ∧ t
− d
α

)
≤ p(t;x, y) ≤ C1

∑
j∈Zd

(
t

|x−y+j|d+α ∧ t
− d
α

)
,

|∇xp(t;x, y)| ≤ C2t
− 1
α

∑
j∈Zd

(
t

|x−y+j|d+α ∧ t
− d
α

)
,

for all x, y ∈ Rd and t ∈ (0, T ], where C1 > 1, C2 > 0 are two constants depending on
d, α, ‖b‖0, h0, h1. The constants h0, h1 are related to the function h as in Lemma 2.6.

Remark 3.6. (1). Combining Lemma 3.4 and Lemma 3.5, we see that the Feller semi-
group {Pt}t≥0 generated by the closure of Lα has the representation

Ptf(x) =

∫
Td
f(y)p(t;x, y)dy, f ∈ C(Td),
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14 Q. Huang et al.

and the following gradient estimate holds

|∇Ptf(x)| ≤ C2‖f‖0t−
1
α

∫
Td
∑
j∈Zd

(
t

|y+j|d+α ∧ t
− d
α

)
dy

= C2‖f‖0t−
1
α

∫
Rd

(
t

|y|d+α ∧ t
− d
α

)
dy ≤ C2

(
1 + 1

α

)
‖f‖0t−

1
α .

(3.4)

(2). Denote the formal generator of X̃x,ε by L̃αε , i.e.,

L̃αε f(x) :=

∫
Rd\{0}

[
f
(
x+ 1

εσ (x, εy)
)
− f(x)− 1

εσ
i (x, εy) ∂if(x)1B(y)

]
να(dy)

+
[
bi (x) + εα−1ci (x)

]
∂if(x), x ∈ Rd.

(3.5)

Then Lemma 3.4 and 3.5 still hold true with L̃αε in place of Lα.

As a corollary, the solution of equation (3.1) can be represented in terms of a semi-
group, and satisfies a finer estimate.

Corollary 3.7. For any κ > 0 and f ∈ Cβ(Td), the unique solution uκ of equation
(3.1) admits the representation

uκ(x) =

∫ ∞
0

e−κtPtf(x)dt, (3.6)

where {Pt}t≥0 is the Feller semigroup generated by the closure of Lα, and the integral
on the right hand side converges. Moreover, there exists a constant C > 0 independent
of u, f, b, κ such that

κ‖uκ‖0 + κ
α+β−1
α ‖∇uκ‖0 + [∇uκ]α+β−1 ≤ C‖f‖β . (3.7)

Proof. Proposition 3.2 tells that the interval (0,+∞) is contained in the resolvent set
of Lα. Then by the integral representation of the resolvent (see (Engel and Nagel, 2000,
Theorem II.1.10.(ii))), we arrive at

uκ = (κ− Lα)−1f = lim
t→∞

∫ t

0

e−κsPsfds,

where the limit is taken in (C(Td), ‖ · ‖0). The representation (3.6) then follows. Now
thanks to the gradient estimate (3.4) and representation (3.6), the estimate (3.7) is then
obtained by the same argument as the proof of (Priola, 2012, Theorem 3.3, Part I).

In the next section, we will remove the large jumps from the SDEs and study their
well-posedness by Zvonkin’s transform. Thus we consider the following operator, which
is a “flat” version of Lα:

Lα,[f(x) =

∫
B\{0}

[
f(x+ σ̄(x, y))− f(x)− σ̄i(x, y)∂if(x)

]
να(dy) + bi(x)∂if(x). (3.8)

We have the following regularity result for Lα,[.
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Corollary 3.8. There exists a constant κ∗ > 0 such that for any κ > κ∗ and f ∈
Cβ(Td), there exists a unique solution u = u[κ ∈ Cα+β(Td) to the equation

κu− Lα,[u = f. (3.9)

In addition, there exists a constant C > 0 independent of u, f, b, κ, such that for any
κ > κ∗,

(κ− κ∗)‖u[κ‖0 + (κ− κ∗)
α+β−1
α ‖∇u[κ‖0 + [∇u[κ]α+β−1 ≤ C‖f‖β . (3.10)

Proof. To obtain the a priori estimate (3.10), we rewrite the equation (3.9) in the form

κu− Lαu = f −
∫
Bc

[u(x+ σ̄(x, y))− u(x)]να(dy).

The estimate (3.7) implies that

κ‖u‖0 + κ
α+β−1
α ‖∇u‖0 + [∇u]α+β−1 ≤ C(‖f‖β + 2να(Bc)‖u‖β).

It is easy to see that there exists δ > 0 such that

sup
|x−y|<δ

|u(x)− u(y)|
|x− y|

≤ 2‖∇u‖0,

and then

‖u‖β ≤ sup
|x−y|<δ

|u(x)− u(y)|
|x− y|

|x−y|1−β+ sup
|x−y|≥δ

|u(x)− u(y)|
|x− y|β

≤ 2δ1−β‖∇u‖0+2δ−β‖u‖0.

Combining these together, we get(
κ− 4Cδ−βνα(Bc)

)
‖u‖0 +

(
κ
α+β−1
α − 4Cδ1−βνα(Bc)

)
‖∇u‖0 + [∇u]α+β−1 ≤ C‖f‖β .

Then (3.10) follows by choosing κ∗ = 4Cδ−βνα(Bc) ∨
(
4Cδ1−βνα(Bc)

) α
α+β−1 .

Now define a family of operators by

L[θ = Lα,[ + θ

∫
Bc

[u(x+ σ̄(x, y))− u(x)]να(dy).

Then L[1 = Lα,L[0 = Lα,[. The well-posedness of equation (3.9) follows from the method
of continuity and the a priori estimate (3.10), just as in the proof of Proposition 3.2.

4. SDEs with multiplicative stable Lévy noise

The goal of this section is to study the strong well-posedness of SDEs (2.2) and (2.3),
as well as the invariance and ergodicity of the solution processes X̃x,ε for each ε ≥ 0. As
corollaries, we also obtain the Feynman-Kac formula and the well-posedness of nonlocal
Poisson equation without zeroth-order term, which will be used to study homogenization
in the next two sections.
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16 Q. Huang et al.

4.1. Strong well-posedness of SDEs

We only consider the strong well-posedness for SDE (2.3) since (2.2) has the same
form. As we have seen in Lemma 3.5, the existence and uniqueness hold for the martingale
problem for (Lα, δx). Meanwhile, it is known that the martingale solution for (Lα, δx) is
equivalent to the weak solution of SDE (2.3), see (Kurtz, 2011, Theorem 2.3, Corollary
2.5). Thus, the existence and uniqueness of weak solution hold for SDE (2.3).

Moreover, utilizing the fact shown in (Barczy et al., 2015, Theorem 1.2) that the weak
existence and pathwise uniqueness for SDE (2.3) imply strong existence, we only need
to prove the pathwise uniqueness. The key is to reduce the SDE (2.3), whose coefficients
have low regularity, to an SDE with Lipschitz coefficients by using Zvonkin’s transform.

For κ > κ∗, let b̂κ ∈ Cα+β(Td) be the solution of

κb̂κ − Lα,[b̂κ = b,

where Lα,[ is the operator in (3.8). The existence and uniqueness of solution b̂κ is ensured
by Corollary 3.8. Define a map Φκ : Rd → Rd by

Φκ(x) = x+ b̂κ(x).

Then Φκ is of class Cα+β . Moreover, we have the following lemma, whose proof is standard
and left into the Supplementary Material Huang et al. (2021).

Lemma 4.1. For κ > 0 large enough, the map Φκ : Rd → Rd is a C1-diffeomorphism
and its inverse Φ−1

κ is also of class Cα+β.

To solve SDE (2.3), by a standard interlacing technique (cf. (Applebaum, 2009, Section
6.5) or (Ikeda and Watanabe, 2014, Theorem IV. 9.1)), it suffices to solve the following
SDE with no jumps greater than one:

X̃x,[
t = x+

∫ t

0

b(X̃x,[
s )ds+

∫ t

0

∫
B

σ̄(X̃x,[
s− , y)Ñα(dy, ds).

Now fix κ > 0 large enough such that the conclusions in Lemma 4.1 hold. We introduce
Zvonkin’s transform

X̃∗t = Φκ(X̃x,[
t ).

Then by applying Itô’s formula, we have

X̃∗t = Φκ(x) +

∫ t

0

b∗(X̃∗s )ds+

∫ t

0

∫
B

σ̄∗(X̃∗s−, y)Ñα(dy, ds), (4.1)

where
b∗(x) = κb̂κ(Φ−1

κ (x)),

σ̄∗(x, y) = b̂κ(Φ−1
κ (x) + σ̄(Φ−1

κ (x), y))− b̂κ(Φ−1
κ (x)) + σ̄(Φ−1

κ (x), y).
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Proposition 4.2. For each x ∈ Rd, there is a unique strong solution X̃x = {X̃x
t }t≥0

to SDE (2.3).

Proof. By the above argument, we only need to prove the pathwise uniqueness for SDE
(4.1). First of all, we have, for any x, x1, x2 ∈ Rd,∣∣b∗(x1)− b∗(x2)

∣∣ ≤ C(‖b̂κ‖1, ‖Φ−1
κ ‖1)|x1 − x2|, (4.2)

Note that for γ ∈ (0, 1), f ∈ C1+γ
b (Rd), x, u, v ∈ Rd, there exists a constant C > 0 such

that
|f(u+ x)− f(u)− f(v + x)− f(v)| ≤ C‖f‖1+γ |u− v||x|γ ,

the proof can be found in (Bass, 2009, Theorem 5.1.(c)). Then for any x1, x2,

|σ̄∗(x1, y)− σ̄∗(x2, y)|

≤
∣∣b̂κ(Φ−1

κ (x1) + σ̄(Φ−1
κ (x1), y))− bκ(Φ−1

κ (x1))

− b̂κ(Φ−1
κ (x2) + σ̄(Φ−1

κ (x1), y)) + bκ(Φ−1
κ (x2))

∣∣
+
∣∣b̂κ(Φ−1

κ (x2) + σ̄(Φ−1
κ (x1), y))− b̂κ(Φ−1

κ (x2) + σ̄(Φ−1
κ (x2), y))

∣∣
+
∣∣σ̄(Φ−1

κ (x1), y)− σ̄(Φ−1
κ (x2), y)

∣∣
≤ C‖b̂κ‖α+β

∣∣Φ−1
κ (x1)− Φ−1

κ (x2)
∣∣ ∣∣σ̄(Φ−1

κ (x1), y)
∣∣α+β−1

+ (‖∇b̂κ‖0 + 1)
∣∣σ̄(Φ−1

κ (x1), y)− σ̄(Φ−1
κ (x2), y)

∣∣
≤ C

(
‖b̂κ‖α+β , ‖Φ−1

κ ‖1, ‖φ‖L∞
)
|x1 − x2|(|y|α+β−1 + |y|).

where we have used the regularity condition for σ̄ in Assumption H3, and φ is the positive
bounded function in the growth condition in that assumption. Noting that 2(α+β−1) > α
by Assumption H2, we arrive at∫

B

|σ̄∗(x1, y)− σ̄∗(x2, y)|2 να(dy) ≤ C
(
‖b̂κ‖α+β , ‖Φ−1

κ ‖1, ‖φ‖L∞
)
|x1 − x2|2. (4.3)

The pathwise uniqueness of SDE (4.1) follows from (4.2), (4.3) and the classical result
(Ikeda and Watanabe, 2014, Theorem 4.9.1). The proof is complete.

The following corollary is just a summarizing of above results for the process X̃x, the
proof is left into the Supplementary Material Huang et al. (2021).

Corollary 4.3. The solution process X̃x is a Feller process with generator the closure
of (Lα, Cα+β(Td)). In particular, X̃x is a strong Markov process.

Remark 4.4. The Feller semigroup {Pt}t≥0 in Lemma 3.4 is the semigroup associated

with the solution process X̃x, that is,

Ptf(x) = E(f(X̃x
t )), f ∈ C(Td).
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As a consequence of the Feller property, we can obtain the well-posedness of the
parabolic nonlocal PDE and the corresponding Feynman-Kac representation. See Par-
doux and Rşcanu (2014) for the classical version for second order PDE.

Proposition 4.5. The parabolic nonlocal PDE{
∂u
∂t (t, x) = Lαu(t, x) + g(x)u(t, x), t > 0, x ∈ Rd,
u(0, x) = u0(x), x ∈ Rd,

admits a unique mild solution in the sense that
∫ t

0
u(s)ds ∈ D(Lα) for all t ≥ 0 and

u(t) = u0 + Lα
∫ t

0

u(s)ds+ g

∫ t

0

u(s)ds.

Moreover, the unique solution has the following Feynman-Kac representation

u(t, x) = E

[
u0(X̃x

t ) exp

(∫ t

0

g(X̃x
s )ds

)]
.

Proof. Choose G > 0 large enough such that ‖g‖0 < G. Define

P gt f(x) = E

[
f(X̃x

t ) exp

(∫ t

0

g(X̃x
s )ds−Gt

)]
, f ∈ C(Td).

Then by an argument similar to that used in (Applebaum, 2009, Section 6.7.2), one
can show that {P gt }t≥0 is a Feller semigroup with generator the closure of (Lα + g −
G, Cα+β(Td)). This yields that {eGtP gt }t≥0 is a C0-semigroup on C(Td) with generator
the closure of (Lα + g, Cα+β(Td)). Note that u0 ∈ C(Td). Now applying the classic result
(Engel and Nagel, 2000, Proposition II.6.4) in the theory of C0-semigroups, we conclude
that the parabolic nonlocal PDE admits a unique mild solution, which can be given by
the orbit map u(t) = eGtP gt u0. The desired conclusions follow immediately.

4.2. Invariance and ergodicity

Now we deal with the invariant measures and ergodicity of SDEs. From now on,
Assumptions H1-H5 are set in force.

By the discussion in previous subsection, SDE (2.1) and SDE (2.2) for each ε ≥ 0,
admit the unique strong solutions X̃x and X̃x,ε, which are all Td-valued Feller processes.
Denote by pε(t;x, y) the transition probability density of X̃x,ε, by {P εt }t≥0 the associated

Feller semigroup. Recall that we denote X̃x,0 := X̃x for notational simplicity.

Lemma 4.6. For each 0 ≤ ε ≤ 1, the process X̃x,ε possesses a unique invariant dis-
tribution µε on Td. Moreover, there exist positive constants C and ρ, depending only on
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d, α, ‖b‖0, ‖c‖0, h0, h1, such that for any periodic bounded Borel function f on Rd (i.e.,
f is Borel bounded on Td),

sup
x∈Td

∣∣∣∣P εt f(x)−
∫
Td
f(y)µε(dy)

∣∣∣∣ ≤ C‖f‖0e−ρt
for every t ≥ 0.

Proof. One can find a version of Doeblin-type result in (Bensoussan et al., 1978, The-
orem 3.3.1, 3.3.2), which states that for a Markov process with transition probability
densities bounded from below by a positive constant, it has a unique invariant proba-
bility measure and the associated semigroup converges exponentially fast. Therefore, it
is enough to ensure that the transition probability density pε(1;x, y) is bounded from
below by a positive constant, which follows immediately from the density estimates in
Lemma 3.5. Moreover, one can also realize from (Bensoussan et al., 1978, Theorem 3.3.1,
3.3.2) that the two constants C and ρ are only related to the lower bound of pε(1;x, y).
The only thing left is to verify the dependence of the constants C and ρ. In particular,
they can be chosen uniformly in ε ∈ [0, 1].

In the case ε = 0, the lower bound of p(1;x, y) depends on d, α, ‖b‖0, h̄0, h̄1 by Lemma
3.5, where h̄0 and h̄1 are the constants associated to σ̄ as indicated in Lemma 2.6 and
Remark 2.8. We turn to the case that ε ∈ (0, 1]. Since the generator of each semigroup

{P εt } is L̃αε = A 1
εσε,ν

α

+ (b+ εα−1c) · ∇ as in (3.5), where σε(x, y) := σ
(
x
ε , y
)
, it is easy

to derive that the function hε associated with 1
εσε as in (2.12) is given by

hε(x, z) = |det∇zτ(x, z)| |εz|d+α

|τ(x, εz)|d+α
,

Hence, the constants hε0 and hε1 associated to hε as in Lemma 2.6 can be chosen to equal
to h0 and h1, respectively. We conclude that when ε ∈ (0, 1], the constant C1 associated
to pε(t;x, y) in Lemma 3.5 are related to d, α, ‖b + εα−1c‖0, h0, h1. Hence, for ε ∈ [0, 1],
constants C and ρ can be chosen to depend only on d, α, ‖b‖0, ‖c‖0, h0, h1, h̄0, h̄1. In
particular, they are independent of ε ∈ [0, 1].

Denote by µ = µ0 the unique invariant probability measure for the limit process X̃x
t

in (2.3). Then we can prove the following lemma.

Lemma 4.7. As ε→ 0, we have µε → µ weakly.

Proof. Using the same argument as the proof of (Hairer and Pardoux, 2008, Lemma 2.4),
and noting that the tightness of the family {µε}ε>0 is automatic due to the compactness
of Td, it suffices to prove that P εt f → Ptf in C(Td) as ε→ 0 for any f ∈ C(Td) and t ≥ 0.
By Lemma 3.5 and Remark 3.6.(2), we know that Cα+β(Td) is a core for Lα and each
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L̃αε , ε > 0. Fix an arbitrary f ∈ Cα+β(Td),

|L̃αε f(x)− Lαf(x)| ≤ εα−1 |c(x) · ∇f(x)|+
∫
Bc

∣∣f (x+ 1
εσ(x, εy)

)
− f(x+ σ̄(x, y))

∣∣ να(dy)

+

∫
B\{0}

∣∣f (x+ 1
εσ(x, εy)

)
− f(x+ σ̄(x, y))−

(
1
εσ(x, εy)− σ̄(x, y)

)
· ∇f(x)

∣∣να(dy)

≤ εα−1‖c‖0‖f‖1 + ‖∇f‖0
∫
Bc

∣∣ 1
εσ(x, εy)− σ̄(x, y)

∣∣να(dy)

+ 1
α+β ‖f‖α+β

∫
B\{0}

∣∣ 1
εσ(x, εy)− σ̄(x, y)

∣∣α+β
να(dy).

By the growth condition for σ and σ̄ as indicated in Assumption H3 and Remark 2.8,∫
Bc

sup
x∈Td

∣∣ 1
εσ(x, εy)− σ̄(x, y)

∣∣να(dy) ≤ 2‖φ‖L∞
∫
Bc
|y|να(dy) <∞,

since α > 1. Similarly,∫
B\{0}

sup
x∈Td

∣∣ 1
εσ(x, εy)− σ̄(x, y)

∣∣α+β
να(dy) ≤ (2‖φ‖L∞)α+β

∫
B\{0}

|y|α+βνα(dy) <∞.

Hence, the dominated convergence and Assumption H5 implies that |L̃αε f(x)− Lαf(x)|
converges to zero uniformly in x, as ε→ 0. That is,

‖L̃αε f − Lαf‖0 → 0, as ε→ 0.

Now using the Trotter-Kato approximation theorem (see (Engel and Nagel, 2000, Theo-
rem III.4.8)), P εt f → Ptf in C(Td) as ε→ 0 for all f ∈ C(Td), uniformly for t in compact
intervals.

Now we combine Lemma 4.6 and Lemma 4.7 to get the following ergodic theorem.

Proposition 4.8. Let f be a bounded Borel function on Td. Then for any t > 0,∫ t

0

∣∣∣∣f(Xx,εsε )
−
∫
Td
f(x)µ(dx)

∣∣∣∣ ds→ 0

in probability, as ε→ 0.

Proof. We follow the lines of (Pardoux, 1999, Proposition 2.4). For ε > 0, 0 ≤ s < t,
let f̄ be a bounded measurable function on Td satisfying

∫
Td f̄(x)µε(dx) = 0. By Lemma

4.7, it suffices to prove that
∫ t

0
|f̄(Xε

s/ε)|ds→ 0 in L2(Ω,P). Using Lemma 4.6, we have

E
[
|f̄(X̃x,ε

t )|
∣∣∣X̃x,ε

s

]
=

∫
Td
|f̄(y)|

[
pε(t− s, X̃x,ε

s , y)dy − µε(dy)
]
≤ C‖f̄‖0e−ρ(t−s).
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By the Markov property,

E|f̄(X̃x,ε
s )f̄(X̃x,ε

t )| = E
[
|f̄(X̃x,ε

s )|E
(
|f̄(X̃x,ε

t )|
∣∣∣X̃x,ε

s

)]
≤ C‖f̄‖20e−ρ(t−s).

Hence,

E

[(∫ t

0

|f̄(Xx,ε
s /ε)|ds

)2
]

= ε2α
∫ ε−αt

0

∫ r

0

E|f̄(X̃x,ε
s )f̄(X̃x,ε

r )|dsdr

≤ 2Cε2α‖f‖20
∫ ε−αt

0

∫ r

0

e−ρ(r−s)dsdr

= 2Cε2α‖f‖20ρ−2(−1 + ρε−αt+ e−ρε
−αt)

→ 0,

as ε→ 0. The results follow.

For every γ > 0, denote by Cγµ(Td) the class of all f ∈ Cγ(Td) which are centered with
respect to the invariant measure µ in the sense that

∫
Td f(x)µ(dx) = 0. It is easy to check

that Cγµ(Td) is closed, and hence a sub-Banach space of Cγ(Td) under the norm ‖ · ‖γ .
Thanks to Proposition 3.2 and Lemma 4.6, we can use the Fredholm alternative to

obtain the solvability of the following Poisson equation without zeroth-order term in the
smaller space Cα+β

µ (Td),
Lαu+ f = 0, (4.4)

for f ∈ Cβµ(Td). Before that, we need some lemmas that are straightforward consequences
of the classical theory of C0-semigroups. We provide their proofs in the Supplementary
Material Huang et al. (2021).

Lemma 4.9. The restrictions {Pµt := Pt|Cµ(Td)}t≥0 form a C0-semigroup on the Ba-

nach space (Cµ(Td), ‖ · ‖0), with generator given by Lαµf := Lαf , D(Lαµ) := Cα+β
µ (Td).

Lemma 4.10. If f ∈ Cβµ(Td), then the unique solution uκ of (3.1) is of class Cα+β
µ (Td),

for any κ > 0.

The following theorem will solve the well-posedness of equation (4.4), which is more
general than the results in (Franke, 2007, Proposition 3). We formulate it as follows,
referring to (Pardoux and Veretennikov, 2001, Theorem 1) for the classical version for
second order partial differential operators.

Proposition 4.11. For any f ∈ Cβµ(Td), there exists a unique solution in Cα+β
µ (Td) to

the equation (4.4), which satisfies the estimate

‖u‖α+β ≤ C(‖u‖0 + ‖f‖β), (4.5)
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where C = C(‖b‖β) is a positive constant. Moreover, the unique solution admits the
representation

u(x) =

∫ ∞
0

Ptf(x)dt. (4.6)

Proof. The a priori estimate (4.5) is also from (Bass, 2009, Theorem 7.1).
First, we show that if the equation has a solution u ∈ Cµ(Td) for f ∈ Cβµ(Td), then u

must have the representation (4.6), this also implies the uniqueness. By the exponential
ergodicity result in Lemma 4.6, we have ‖Pµt f‖0 ≤ C‖f‖0e−ρt for any f ∈ Cµ(Td) and
t ≥ 0. This yields that, using (Engel and Nagel, 2000, Theorem II.1.10.(ii)) as in the
proof of Corollary 3.7, the set {z ∈ C|Rez > −ρ} is contained in the resolvent set of Lαµ .
Noting that u = (0− Lαµ)−1f , the representation and uniqueness follow.

Now we prove the existence. Let κ0 be a fixed positive constant. Thanks to Lemma
4.10, the linear map κ0 − Lα : Cα+β

µ (Td)→ Cβµ(Td) is invertible. Furthermore, by virtue
of Lemma 3.1 and the energy estimate (3.3), together with the compact embedding
Cα+β
µ (Td) ⊂ Cβµ(Td) (see, for instance, (Gilbarg and Trudinger, 2001, Lemma 6.36)), the

resolvent Rκ0 := (κ0 − Lα)−1 is compact from Cβµ(Td) to Cβµ(Td). Consider then the
equation

u− κ0Rκ0
u = Rκ0

f, f ∈ Cβµ(Td), (4.7)

Then the Fredholm alternative (see (Gilbarg and Trudinger, 2001, Section 5.3)) implies
that the equation (4.7) always has a unique solution u ∈ Cβµ(Td) provided the homoge-
neous equation u− κ0Rκ0

u = 0 has only the trivial solution u = 0.
To rephrase these statements in terms of the Poisson equation (4.4), we observe first

that since Rκ0
maps Cβµ(Td) onto Cα+β

µ (Td), any solution u ∈ Cβµ(Td) of (4.7) must also

belong to Cα+β
µ (Td). Hence, operating on (4.7) with κ0 − Lα we obtain

−Lαu = (κ0 − Lα)(u− κ0Rκ0u) = f.

Thus, the solutions of (4.7) are in one-to-one correspondence with the solutions of the
Poisson equation (4.4). Consequently, (4.7) has a unique solution in Cα+β

µ (Td) if we can
show that the homogeneous equation Lαu = 0 has only the zero solution, while the latter
follows from the representation (4.6).

Remark 4.12. The assumption that f is centered with respect to µ in Proposition 4.11
is necessary. To see this informally, let’s recall the Riesz-Schauder theory for compact
operators (cf. (Yosida, 1995, Theorem X.5.3)). The equation (4.7) admits a solution
u ∈ C(Td) if and only if Rκf ∈ Ker(I∗ − κR∗κ)⊥, where the superscript ∗ denotes the
adjoint of operators. This is equivalent to say that the equation (4.4) admits a solution
u ∈ C(Td) if and only if f ∈ Ker(Lα,∗)⊥. On the other hand, we have µ ∈ Ker(Lα,∗)
since µ is the invariant measure with respect to {Pt}t≥0. Thus a necessary condition for
the existence of (4.4) is 〈µ, f〉 = 0, regarding µ as an element in the dual space of C(Td).
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5. Homogenization results

5.1. Homogenization of SDEs

The aim of this subsection is to show the homogenization result of the solutions Xx,ε

of SDEs (2.1). We will let Assumptions H1-H6 all hold true in this and next subsection.
It is quite natural to get rid of the drift term involving 1

εα−1 in (2.1). For this purpose,
we again use Zvonkin’s transform,

X̂x,ε
t := Xx,ε

t + ε
(
b̂
(
Xx,εt
ε

)
− b̂

(
x
ε

))
,

where b̂ is the solution of the Poisson equation

Lαb̂+ b = 0, (5.1)

with the linear operator Lα given by (3.2). Note that the transform here is slightly

different from that used in Section 4. Due to Proposition 4.11, b̂ ∈ Cα+β
µ (Td) is uniquely

determined under Assumptions H6.
We also need an elementary lemma. The proof is elementary and shall be omitted.

Lemma 5.1. Let 0 < γ ≤ 1 and f ∈ C1+γ
b (Rd). For any x, u, v ∈ Rd, it holds that

|f(x+ u)− f(x+ v)− (u− v) · ∇f(x)| ≤ 1
1+γ [∇f ]γ |u− v|1+γ .

Now we are in a position to study the homogenization of SDEs with multiplicative
stable noise.

Proposition 5.2. In the sense of weak convergence on the space D, we have that,

Xx,ε ⇒ Xx, where Xx
t := x+ C̄t+ L̄t,

as ε→ 0. The homogenized coefficient C̄ is given by

C̄ =

∫
Td

(I +∇b̂)c(x)µ(dx), (5.2)

and {L̄t}t≥0 is a symmetric α-stable Lévy processes with jump intensity measure

ν̄(A) =

∫
Rd\{0}

∫
Td

1A(σ(x, y))µ(dx)να(dy), A ∈ B(Rd \ {0}). (5.3)

Proof. Since b̂ is bounded, the theorem will follow if we prove that X̂x,ε ⇒ Xx, as
ε→ 0. By applying Itô’s formula, and note that b̂ ∈ Cα+β(Td) is the solution of Poisson
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equation (5.1),

X̂x,ε
t = x+

∫ t

0

(I +∇b̂)c
(
Xx,εs
ε

)
ds−

∫ t
0

1
εα−1Aσ̄,ν

α

b̂
(
Xx,εs
ε

)
ds+

∫ t
0
εAσε,να b̂ε (Xx,ε

s ) ds

+

∫ t

0

∫
Rd\{0}

ε
[
b̂ε
(
Xx,ε
s− + σε

(
Xx,ε
s− , y

))
− b̂ε

(
Xx,ε
s−
)]
Ñα(dy, ds)

+

∫ t

0

∫
B\{0}

σε
(
Xx,ε
s− , y

)
Ñα(dy, ds) +

∫ t

0

∫
Bc
σε
(
Xx,ε
s− , y

)
Nα(dy, ds)

=: x+ Λε1(c)t − Λε2(b̂,Aσ̄,ν
α

)t + Λε3(b̂,Aσε,ν
α

)t + Λε4(b̂, Ñα)t + Λε5(σ, Ñα)t + Λε6(σ,Nα)t.

where b̂ε(x) := b̂
(
x
ε

)
, σε(x, y) := σ

(
x
ε , y
)
.

For the last three stochastic integral terms, we figure out the characteristics of them
as semimartingales (cf. (Jacod and Shiryaev, 2013, Proposition IX.5.3)). Choose the

truncation function h1(x) = x1B(x). Denote by Ξε(s, y) := ε[b̂ε(X
x,ε
s− + σε(X

x,ε
s− , y)) −

b̂ε(X
x,ε
s− )]. Note that Ξε(·, 0) ≡ 0 by virtue of σ(·, 0) ≡ 0 as mentioned in Remark 2.1.(3).

Then the characteristics of Λε4(b̂, Ñα) associated with h1 is given by

Bε4(t) = −
∫ t

0

∫
Rd\{0}

Ξε(s, y)1Bc(Ξ
ε(s, y))να(dy)ds,

Cε4 ≡ 0,

νε4(A× [0, t]) =

∫ t

0

∫
Rd\{0}

1A(Ξε(s, y))να(dy)ds, A ∈ B(Rd \ {0}).

The characteristics of Λε5(σ, Ñα) + Λε6(σ,Nα) is given by

Bε5+6(t) =

∫ t

0

∫
Rd\{0}

σε
(
Xx,ε
s− , y

) [
1B
(
σε
(
Xx,ε
s− , y

))
− 1B(y)

]
να(dy)ds,

Cε5+6 ≡ 0,

νε5+6(A× [0, t]) =

∫ t

0

∫
Rd\{0}

1A
(
σε
(
Xx,ε
s− , y

))
να(dy)ds, A ∈ B(Rd \ {0}).

By the same argument as in (2.7), we have Bε5+6 ≡ 0.
Then the theorem is a consequence of the functional central limit theorem in (Jacod

and Shiryaev, 2013, Theorem VIII.2.17), and the following lemma whose proof is technical
and provided in the Supplementary Material Huang et al. (2021).

Lemma 5.3. For any t ∈ R+, and any bounded continuous function f : Rd → R which
vanishes in a neighbourhood of the origin, the following convergences hold in probability
P when ε→ 0:

(i) sup0≤s≤t
∣∣Λε1(c)s − C̄s

∣∣→ 0;
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(ii) sup0≤s≤t

∣∣∣Λε3(b̂,Aσε,να)s − Λε2(b̂,Aσ̄,να)s

∣∣∣→ 0;

(iii) sup0≤s≤t |Bε4(s)| → 0;

(iv)
∫ t

0

∫
Rd\{0} f(x)νε4(dx, ds)→ 0;

(v)
∫ t

0

∫
Rd\{0} f(x)νε5+6(dx, ds)→ t

∫
Rd\{0} f(x)ν̄(dx);

where C̄ and ν̄ are defined in (5.2) and (5.3), respectively.

5.2. Homogenization of linear nonlocal PDEs

Define

Y εt :=

∫ t

0

(
1

εα−1 e
(
Xx,εs
ε

)
+ g

(
Xx,εs
ε

))
ds.

Thanks to Proposition 4.5, the nonlocal PDE (1.1) has a unique mild solution, which is
given by the Feynman-Kac formula,

uε(t, x) = E [u0(Xx,ε
t ) exp(Y εt )] .

Similar to X̂x,ε, we define

Ŷ εt := Y εt + ε
(
ê
(
Y εt
ε

)
− ê

(
x
ε

))
.

Here ê ∈ Cα+β
µ (Td), thanks to Proposition 4.11 and Assumption H6, is the unique solution

of the Poisson equation
Lαê+ e = 0,

with Lα given by (3.2). Again using Itô’s formula,

Ŷ εt =

∫ t

0

(g +∇êc)
(
Xx,εs
ε

)
ds−

∫ t

0

1
εα−1Aσ̄,ν

α

ê
(
Xx,εs
ε

)
ds+

∫ t

0

εAσε,ν
α

êε (Xx,ε
s ) ds

+

∫ t

0

∫
Rd\{0}

ε
[
êε
(
Xx,ε
s− + σε

(
Xx,ε
s− , y

))
− êε

(
Xx,ε
s−
)]
Ñα(dy, ds)

=: Λε1(c, g)t − Λε2(ê,Aσ̄,ν
α

)t + Λε3(ê,Aσε,ν
α

)t + Λε4(ê, Ñα)t.

Then in the same way as the proof of Proposition 5.2, we have the convergence of
Y ε to a deterministic path in distribution, as well as in probability, since the limit is
deterministic (see, e.g., (Van der Vaart, 1998, Theorem 2.7.(iii))).

Lemma 5.4. In the sense of weak convergence on the space D, both Y ε and Ŷ ε converge
in distribution, and hence in probability, to the deterministic path y(t) := Ēt as ε → 0,
where the homogenized coefficient Ē is given by

Ē :=

∫
Td

(g +∇êc)(x)µ(dx). (5.4)
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Now we are in the position to prove the main result of this section. Since b̂ and ê are
bounded on Rd, uε has the same limit behavior as

ûε(t, x) := E[u0(Xx,ε
t ) exp(Ŷ εt )]

when ε→ 0. Hence, we only need to show ûε(t, x)→ u(t, x), ε→ 0 for any t ≥ 0, x ∈ Rd,
where u has the following Feynman-Kac representation by virtue of Proposition 4.5,

u(t, x) = E[u0(Xx
t )]ey(t).

Proof of Theorem 1.1. For the convenience of notation, we shall write Λε1(c, g)t, Λε2(ê,Aσ,να)t,
Λε3(ê,Aσε,να)t, Λε4(ê, Ñα)t as Λε1(t), Λε2(t), Λε3(t), Λε4(t), respectively. We fix a t ∈ R+.

Firstly, we prove the uniform integrability of the set {eΛε4(t)|0 < ε ≤ 1} for each t ∈ R+.
This follows by proving that it is uniformly bounded in L2(Ω,P). Denoting the integrand
in Λε4(ê, Ñα) by

Γε(s, y) := ε
[
êε
(
Xx,ε
s− + σε

(
Xx,ε
s− , y

))
− êε

(
Xx,ε
s−
)]
.

Then by Itô’s formula,

e2Λε4(t) = 1−
∫ t

0

∫
Bc

2e2Λε4(s−)Γε(s, y)να(dy)ds

+

∫ t

0

∫
B\{0}

e2Λε4(s−)
(
e2Γε(s,y) − 1

)
Ñα(dy, ds)

+

∫ t

0

∫
Bc
e2Λε4(s−)

(
e2Γε(s,y) − 1

)
Nα(dy, ds)

+

∫ t

0

∫
B\{0}

e2Λε4(s−)
[
e2Γε(s,y) − 1− 2Γε(s, y)

]
να(dy)ds.

Since ê is bounded, Γε has a uniform bound for all ε > 0. Then there exists a large
constant C > 0 such that for each ε > 0 and t ∈ R+,

E

∫ t

0

∫
Bc

∣∣∣e2Λε4(s−)
(
e2Γε(s,y) − 1− 2Γε(s, y)

)∣∣∣2 να(dy)ds ≤ Cνα(Bc)E

∫ t

0

e2Λε4(s−)ds <∞.

Hence combining these, there exists θ ∈ (0, 1) such that

Ee2Λε4(t) = 1 + E

∫ t

0

∫
B\{0}

e2Λε4(s−)
[
e2Γε(s,y) − 1− 2Γε(s, y)

]
να(dy)ds

≤ 1 + E

∫ t

0

e2Λε4(s−)

∫
B\{0}

2e2θΓε(s,y)|Γε(s, y)|2να(dy)ds

≤ 1 + C(‖ê‖0)E

∫ t

0

e2Λε4(s−)

∫
B\{0}

|Γε(s, y)|2να(dy)ds.
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As shown in the proof of part (iii) and (iv) in Lemma 5.3,∫
B\{0}

|Γε(s, y)|2να(dy) ≤ ε2‖ê‖21
∫
B\{0}

|σε(Xx,ε
s− , y)|2να(dy) ≤ |S

d−1|
2− α

ε2‖ê‖21‖ψ‖2L∞ .

Thus,

Ee2Λε4(t) ≤ 1 + ε2C(α, |Sd−1|, ‖ê‖1, ‖ψ‖L∞)

∫ t

0

Ee2Λε4(s−)ds.

By Grönwall’s inequality, the uniform boundness of {eΛε4(t)|0 < ε ≤ 1} in L2(Ω,P)
follows.

Secondly, the proof of Lemma 5.3 shows that the set {Λε3(t) − Λε2(t)|0 < ε ≤ 1} is
bounded. The set {Λε1(t)|0 < ε ≤ 1} is bounded by virtue of the boundness of c, g and ê.
Also since u0 is periodic and continuous, {u0(Xx,ε

t )|0 < ε ≤ 1} is bounded. Thus, the set
{u0(Xx,ε

t ) exp(Ŷ εt )|0 < ε ≤ 1} is uniformly integrable.

Finally, we pass to the limit. It is easy to see that eŶ
ε
t → ey(t) in probability as ε→ 0,

by the continuous mapping theorem (see, for instance, (Van der Vaart, 1998, Theorem
2.3.(ii))). Then for any subsequence {εn} → 0, there exists a subsubsequence {εnk} → 0

such that eŶ
εnk
t → ey(t) almost uniformly (cf. (Kallenberg, 2006, Lemma 4.2)). That is,

for any ρ > 0, there exists a set N ∈ F with P(N) ≤ ρ, such that∥∥∥eŶ εnkt − ey(t)
∥∥∥
L∞(Nc,P)

→ 0, k →∞. (5.5)

By the boundness of u0, we know the set {u0(Xx,ε
t )[exp(Ŷ εt ) − exp(y(t))]|0 < ε ≤ 1}

is also uniformly integrable. Then for any δ > 0, there exist ρ0 > 0 and N0 ∈ F with
P(N0) ≤ ρ0, such that

E
∣∣∣u0(Xx,ε

t )
(
eŶ

ε
t − ey(t)

)
1N0

∣∣∣ < δ. (5.6)

Now along the sequence {εnk}, we combining (5.5) with (5.6) to get

E
∣∣∣u0(X

x,εnk
t )

(
eŶ

εnk
t − ey(t)

)∣∣∣ ≤ E |· · ·1N0
|+ E

∣∣· · ·1Nc0 ∣∣
≤ δ + ‖u0‖L∞P(N c

0 )
∥∥∥eŶ εnkt − ey(t)

∥∥∥
L∞(Nc,P)

≤ 2δ.

To summarize these together, for any subsequence {εn} → 0, there exists a subsubse-
quence {εnk} → 0 such that

E
∣∣∣u0(X

x,εnk
t )

(
eŶ

εnk
t − ey(t)

)∣∣∣→ 0, k →∞,

which implies that the convergence holds on the whole line 0 < ε ≤ 1. On the other hand,
by Proposition 5.2, we know that E[u0(Xx,ε

t )] → E[u0(Xx
t )] as ε → 0. The result (1.4)
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follows from

|ûε(t, x)− u(t, x)| =
∣∣∣E [u0(Xx,ε

t )eŶ
ε
t

]
−E[u0(Xx

t )]ey(t)
∣∣∣

≤ E
∣∣∣u0(Xx,ε

t )
(
eŶ

ε
t − ey(t)

)∣∣∣+ |E [u0(Xx,ε
t )]−E [u0(Xx

t )]| ey(t).

Remark 5.5. We close this section by some comments for the proof of Theorem 1.1.
In Pardoux (1999), the author applied Girsanov’s transform to get rid of the stochastic
integral term involved in Ŷ ε, since this term may not possess the uniformly integrability.
While in our case, since the stochastic integral term in Y εt has an infinitesimal integrand
Γε(s, y), the uniform integrability of {exp(Ŷ εt )|0 < ε ≤ 1} is easier to treat.
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