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Abstract In this paper, we study the problem of the suppression of explosion by noise for nonlinear

non-autonomous differential systems. For a deterministic non-autonomous differential system dx(t) =

f(x(t), t)dt, which can explode at a finite time, we introduce polynomial noise and study the perturbed

system dx(t) = f(x(t), t)dt + h(t)
1
2 |x(t)|βAx(t)dB(t). We demonstrate that the polynomial noise can not

only guarantee the existence and uniqueness of the global solution for the perturbed system, but can also

make almost every path of the global solution grow at most with a certain general rate and even decay with

a certain general rate (including super-exponential, exponential, and polynomial rates) under specific weak

conditions.
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1 Introduction

It is well known that noises can not only stabilize a given unstable deterministic system, but can also make

an already stable deterministic system even more stable. The earliest work on this topic by Khasminskii [1]

demonstrated that a linear deterministic differential system can be stabilized by using two Brownian

noises. Arnold et al. [2] showed that the linear system dx(t) = Ax(t)dt can be stabilized by a zero mean

stationary noise if and only if the trace of A is less than 0.

An n-dimensional nonlinear deterministic differential system

dx(t) = f(x(t), t)dt,

where f(x(t), t) satisfies a local Lipschitz condition and a linear growth condition, can be stabilized

by noise [3, 4]. Appleby et al. [5, 6] showed that deterministic systems satisfying one-sided linear growth

conditions may also be stabilized by noise. A systematic treatment of stochastic stabilization is presented

by Mao [7]. Although the one-sided linear growth condition can be applied to more systems than the

linear growth condition, many important dynamical systems are still excluded. Thus, several researchers
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Figure 1 (Color online) Trajectories of x1(t),x2(t) of the system in (2) on [0, 0.86] with initial value (1, 1).

studied stabilization by noise for systems satisfying polynomial growth conditions. Mao et al. [8] showed

that noise can suppress the explosion of Lotka-Volterra systems, and this result was extended to delay

Lotka-Volterra systems by Bahar et al. [9] and Mao et al. [10]. Wu et al. [11] studied the stochastic

stabilization of deterministic differential systems satisfying the one-sided polynomial growth condition

using two independent stochastic noises. The result in [11] was extended to the case of non-autonomous

differential systems with a general decay rate [12]. Yang et al. [13] demonstrated that noise could speed

up the exponential convergence rate of time-varying delayed systems. Recently, Mao [14] designed a linear

discrete-time control for the almost sure exponential stabilization of an unstable differential system, which

essentially opened a new direction in this field.

Noise might affect the asymptotic behavior of the solutions of deterministic differential systems in

other ways; however, this question has not been studied extensively in the literature. Deng et al. [15]

proved that noise can suppress exponential growth. Liu et al. [16] showed that single nonlinear noise of

the form |x(t)|β ∑x(t)dB(t) can provide solutions for deterministic differential systems grow at most

polynomially, which was developed by Feng et al. [17]. As shown by [16], f(x(t), t) is required to satisfy

the local Lipschitz condition and the following general polynomial growth condition:

xTf(x, t) 6 σ|x|α+1 + o(|x|α+1), (1)

where σ > 0, α > 1 and o(|x|α+1) satisfies limx→∞
o(|x|α+1)
|x|α+1 = 0.

Studies on the different effects of noise on the asymptotic behavior of the solutions [15, 16] mainly

focus on the following question: When a deterministic differential system explodes at a finite time, can

an appropriate noise be added guaranteeing that the solutions of the perturbed system grow exponentially

or polynomially? To illustrate other possible problems, let us consider the following two-dimensional non-

autonomous differential system

dx1(t) =
1

2
t
1
4

[

x2(t) + x1(t)(x
2
1(t) + x2

2(t))
]

dt,

dx2(t) =
1

2
t
1
4

[(

x2(t)−
1

x2(t)

)

(x2
1(t) + x2

2(t))− x1(t)

]

dt, (2)

with initial value (1, 1).

From the simulation of the system in (2) (see Figure 1), it can be seen that the system in (2) explodes

at a finite time. Obviously, this system does not satisfy the condition in (1) given in [16], thus the results
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in [16] cannot be applied to the system in (2) directly. Therefore, it is natural to investigate the following

issues:

(1) The possibility of adding nonlinear noise, such that the perturbed system has a unique global

solution.

(2) If it is possible, it needs to be investigated whether the nonlinear noise can guarantee some particular

asymptotic behavior of the global solution.

For the system in (2), we show that polynomial noise of the form

t
1
8 (x2

1(t) + x2
2(t))diag(x1(t),x2(t))dB(t),

where B(t) is a scalar Brownian motion, can guarantee that the perturbed system has a unique global

solution. Furthermore, we show that, under certain conditions, the global solution grows at most with a

rate of λ(t) = et
5
4 , or even decaying to the zero solution with a rate of λ(t) = et

5
4 . Compared with previous

studies on explosion suppression, the paper shows that properly chosen noise can not only suppress the

explosion, but it can also provide the solution of the system decaying to the zero solution.

The rest of this paper is organized as follows. Section 2 describes necessary notations and preliminary

results. Results on the suppression of explosion by noise and on asymptotic boundedness of the perturbed

system are given in Section 3. In Section 4, certain sufficient conditions are given on the noise for various

asymptotic behaviors of the solutions of the perturbed system. Section 5 presents some illustrative

examples. The final section concludes this paper.

2 Preliminaries

Throughout this paper, (Ω,F , {Ft}t>0,P) is a complete probability space with a filtration {Ft}t>0

satisfying the usual conditions, and B(t) is an m-dimensional Brownian motion defined on this probability

space. If A is a vector or matrix, AT denotes its transpose and |A| =
√

trace(ATA) is its trace norm.

We set L = {Λ ∈ R
n×n : det(Λ) 6= 0, γ(Λ) = sup|x|=1

|Λx|2

(xTΛx)2 < 2}. It is known from [16] that set L is

not empty. Let L1(R+;R+) be the family of all functions ξ : R+ → R+, such that
∫ +∞

0
ξ(t)dt < ∞.

Consider an n-dimensional non-autonomous differential system

dx(t) = f(x(t), t)dt, t > 0 (3)

with initial data x(0) = ζ ∈ R
n and f(0, t) = 0, where

f : C(Ω,Rn)× R+ → R
n.

It is always assumed that f satisfies the following condition.

Assumption 1 (Local Lipschitz condition). For each k = 1, 2, . . . , there exists a constant dk > 0 such

that for all t ∈ R+ and x,y ∈ R
n satisfying |x| ∨ |y| 6 k,

|f(x, t)− f(y, t)| 6 dk|x− y|.

Motivated by the system in (2), we always impose the following general polynomial growth condition

on our non-autonomous differential system.

Assumption 2 (General polynomial growth condition). There exist a constant α > 1 and a positive

continuous function h(t), such that for all x ∈ R
n and t ∈ R+,

xTf(x, t) 6 h(t)
(

|x|α+1 + o(|x|α+1)
)

. (4)

From the simulation of the system in (2) (see Figure 1), it can be seen that the system in (3) with

Assumptions 1 and 2 may explode at a finite time. To suppress the explosion of the solution of the system
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in (3), we introduce polynomial noise of the form h(t)
1
2 |x(t)|βAx(t)dB(t), A ∈ L. Then, the perturbed

system becomes the following stochastic differential system

dx(t) = f(x(t), t)dt+ h(t)
1
2 |x(t)|βAx(t)dB(t). (5)

Obviously, the system in (5) admits the trivial solution x(t) ≡ 0.

The main aim of this paper is to provide sufficient conditions on β and A for the system in (5) to have

a unique global solution, and to study the asymptotic behavior of the global solution. Before presenting

our main results, we introduce the following two definitions and a lemma.

Definition 1 ([18]). Let λ(t) ∈ C1(R+,R+) be strictly increasing and assume λ(t) → ∞ as t → ∞.

The system in (5) is said to be almost surely stable with decay λ(t) of order γ > 0, if for any initial data

ζ ∈ R
n, lim supt→∞

log(|x(t)|)
log(λ(t)) 6 −γ.

Similarly to Definition 1, the following definition can be given for general growth.

Definition 2. Let λ(t) ∈ C1(R+,R+) be strictly increasing and assume λ(t) → ∞ as t → ∞. The

system in (5) is said to grow almost surely with the general rate λ(t) of order κ > 0, if for any initial

data ζ ∈ R
n, lim supt→∞

log(|x(t)|)
log(λ(t)) = κ.

Remark 1. Obviously, λ(t) = et
2

, λ(t) = eT, λ(t) = 1 + t, and λ(t) = log(1 + t) satisfy the above

conditions on λ(t) and represent the usual almost sure super-exponential, exponential, polynomial, and

logarithmic growth, respectively.

Lemma 1 ([19]). Assume α, β > 0. If h̄ ∈ C(Rn;R) satisfies lim sup|t|→∞(h̄(t)/|t|α) = 0, there exists a

constant H satisfying supt∈Rn{−β|t|α + h̄(t)} < H.

Let C2,1(Rn×R+;R) denote the family of all continuous functions V (x, t) on R
n×R+, which are twice

continuously differentiable in x and once continuously differentiable in t. For each V ∈ C2,1(Rn×R+;R),

we define an operator L from R
n × R+ to R by

L V (x(t), t) = Vt(x(t), t) + Vx(x(t), t)f(x(t), t) +
1

2
trace[gT(x(t), t)Vxx(x(t), t)g(x(t), t)],

where Vt(x, t) =
∂V (x,t)

∂t
, Vx(x, t) = (∂V (x,t)

∂x1
, . . . , ∂V (x,t)

∂xn
), Vxx(x, t) = (∂

2V (x,t)
∂xixj

)n×n.

3 Suppression of explosion by noise

To ensure the existence and uniqueness of the global solution for a stochastic differential system, it is

generally assumed that the system satisfies the linear growth condition and the local Lipschitz condition

[4]. It is also shown that when the system satisfies the linear growth condition and certain non-Lipschitz

condition, a unique global solution also exists [20]. However, when the system in (5) is only assumed to

satisfy Assumptions 1 and 2, its solution may explode at a finite time. Thus, it is necessary to examine

the existence and uniqueness of the global solution for the system in (5).

Theorem 1. If Assumptions 1 and 2 hold and β > α−1
2 , for any initial data x(0) = ζ ∈ R

n, the system

in (5) has a unique global solution x(t, ζ).

By slightly modifying the proof of Theorem 2.1 in [16], the proof of our Theorem 1 can be easily given;

however, it is not discussed here.

Remark 2. Theorem 1 in this paper is a generalization of Theorem 2.1 in [16], and more generally

applicable as well. When h(t) = 1, our Theorem 1 reduces to Theorem 2.1 in [16].

Next, we show that noise can also guarantee the asymptotic boundedness of the global solution in the

sense of the pth moment.

Theorem 2. If the assumptions of Theorem 1 hold, for any initial data x(0) = ζ ∈ R
n and any

p ∈ (0, 1− γ(A)
2 ), the global solution x(t, ζ) of the system in (5) is bounded in the sense of 2pth moment,

i.e., there exists a constant Mp > 0, such that

sup
06t<+∞

E|x(t, ζ)|2p 6 Mp.
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By modifying the function eεt(1+ |x|2)θ, ε > 0, θ ∈ (0, 1− γ(
∑

)
2 ) in the proof of Theorem 2.2 in [16] to

eε
∫

T

0
h(s)ds(1 + |x|2)p, ε > 0, p ∈ (0, 1− γ(A)

2 ), the proof of our Theorem 2 can be obtained, which is not

given here.

Remark 3. Theorem 2 in this paper is a generalization of Theorem 2.2 in [16]. Our Theorem 2 with

h(t) = 1 reduces to Theorem 2.2 in [16].

Combining Theorem 2 with the Chebyshev inequality, we obtain the following proposition on the

asymptotic boundedness of the global solution, in the sense of a trajectory with large probability.

Proposition 1. If Assumptions of Theorem 2 hold, for any initial data x(0) = ζ ∈ R
n, the global

solution x(t, ζ) of the system (5) is stochastically ultimately bounded, that is, for any ε ∈ (0, 1), there

exists a constant H = H(ε) > 0, such that

lim sup
t→∞

P{|x(t, ζ)| 6 H} > 1− ε.

Proof. For any ε ∈ (0, 1), provided that H , (
Mp

ε
)

1
2p , by applying Theorem 2 and the Chebyshev

inequality, we get

P{|x(t, ζ)| > H} 6
E|x(t, ζ)|2p

H2p
6 ε.

From the above, the desired assertion follows immediately.

4 General growth/decay of perturbed systems

In the previous section, we have shown that noise can guarantee the asymptotic boundedness of the

solution of the perturbed system in (5). In this section, we discuss further effects of the noise on the

asymptotic behavior of the solution of the perturbed system in (5). The first result of this section is

about the general growth/decay of the solution of the perturbed system in (5).

Lemma 2. If Assumptions 1 and 2 hold and β > α−1
2 , for any initial data x(0) = ζ ∈ R

n with ζ 6= 0,

P{x(t, ζ) 6= 0, t > 0} = 1,

where x(t, ζ) is the global solution of the system in (5).

The proof is similar to the proof of Lemma 3.2 in [4], thus it is omitted here.

Theorem 3. Let λ(t) ∈ C(R+,R+) be strictly increasing and assume that λ(t) → ∞ as t → ∞.

Suppose further that there exist constants h0 > 0, δ > 0, such that limt→∞

∫
T

0
h(s)ds

log(λ(t)) = h0 and λ(t)−δ ∈
L1(R+;R+). If Assumptions 1 and 2 hold and β > α−1

2 , for any initial data x(0) = ζ ∈ R
n with ζ 6= 0,

the global solution x(t, ζ) of the system in (5) has the property

lim sup
t→∞

log(|x(t, ζ)|)
log(λ(t))

6
1

2
Qh0 +

2δ0
2− γ(A)

, (6)

where Q is a constant, δ0 = inf{δ > 0 : λ(t)−δ ∈ L1(R+;R+)}.
Proof. The existence and uniqueness of the global solution follow from Theorem 1. For simplicity, we

write x(t) = x(t, ζ). For any initial data ζ ∈ R
n with ζ 6= 0, from Lemma 2 we obtain that x(t) 6= 0

almost surely, t > 0. Setting V (x, t) = log(|x|2), we get

L V (x(t), t)

=
2xT(t)f(x(t), t)

|x(t)|2 +
1

2
trace

[

h(t)
1
2xT(t)AT|x(t)|β 2|x(t)|

2 − 4x(t)xT(t)

|x(t)|4 h(t)
1
2 |x(t)|βAx(t)

]

6
2h(t)(|x(t)|α+1 + o(|x(t)|α+1))

|x(t)|2 + h(t)
|x(t)|2β+2|Ax(t)|2 − 2|x(t)|2β(xT(t)Ax(t))2

|x(t)|4

6 h(t)|x(t)|−4

[

2|x(t)|2(|x(t)|α+1 + o(|x(t)|α+1)) + |x(t)|2β+2|Ax(t)|2
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−2|x(t)|2β(xT(t)Ax(t))2
]

.

Thus, applying Itô’s formula, we get

log(|x(t)|2) = log(|x(0)|2) +
∫ T

0

L V (x, s)ds+M(t), (7)

where M(t) =
∫ T

0 2h(s)
1
2 |x(s)|β−2xT(s)Ax(s)dB(s), which is a continuous local martingale with the

quadratic variation

〈M(t),M(t)〉 =
∫ T

0

4h(s)|x(s)|2β−4(xT(s)Ax(s))2ds.

Thus, for any integer k > 0, any ρ ∈ (0, 1 − γ(A)
2 ) and δ > 0 satisfying λ(t)−δ ∈ L1(R+;R+), by the

exponential martingale inequality (see Theorem 7.4 in [4]), we have that

P

{

sup
06t6k

[

M(t)− ρ

2

∫ T

0

4h(s)|x(s)|2β−4(xT(s)Ax(s))2ds

]

>
δ log(λ(k))

ρ

}

6
1

λδ(k)
.

As λ(t) is strictly increasing and converges to ∞ as t → ∞, λ(t)−δ is strictly decreasing and converges to

0 as t → ∞. As
∑∞

k=1
1

λδ(k)
6

∑∞
k=1

∫ k

k−1
1

λδ(t)
dt =

∫∞

0
1

λδ(t)
dt < ∞, by the Borel-Cantelli lemma, there

exists an Ω0 ⊆ Ω with P (Ω0) = 1, such that for any ω ∈ Ω0, there exists an integer N(ω), such that for

any k > N(ω) and k − 1 6 t 6 k,

M(t) 6
ρ

2

∫ T

0

4h(s)|x(s)|2β−4(xT(s)Ax(s))2ds+
δ log(λ(k))

ρ

6
ρ

2

∫ T

0

4h(s)|x(s)|2β−4(xT(s)Ax(s))2ds+
δ log(λ(t+ 1))

ρ
.

Thus, for any ω ∈ Ω0, k > N(ω) and k − 1 6 t 6 k, using (7) we have

log(|x(t)|2) = log(|x(0)|2) +
∫ T

0

h(s)|x(s)|−4

[

2|x(s)|2(|x(s)|α+1 + o(|x(s)|α+1)) + |x(s)|2β+2|Ax(s)|2

−2|x(s)|2β(xT(s)Ax(s))2 + 2ρ|x(s)|2β(xT(s)Ax(s))2
]

ds+
δ log(λ(t+ 1))

ρ

6 log(|x(0)|2) +
∫ T

0

h(s)|x(s)|−4

[(

γ(A) + 2(ρ− 1)

)

|x(s)|2β(xT(s)Ax(s))2 + 2|x(s)|α+3

+2|x(s)|2 · o(|x(s)|α+1)

]

ds+
δ log(λ(t + 1))

ρ
.

Let

Q(|x(s)|) , |x(s)|−4

[

(γ(A) + 2(ρ− 1))|x(s)|2β(xT(s)Ax(s))2 + 2|x(s)|α+3 + 2|x(s)|2 · o(|x(s)|α+1)

]

6 (γ(A) + 2(ρ− 1))|x(s)|2β−4(xT(s)Ax(s))2 + 2|x(s)|α−1 + 2|x(s)|−2 · o(|x(s)|α+1).

It should be noted that 2|x(s)|α−1+2|x(s)|−2 ·o(|x(s)|α+1) = o(|x(s)|2β). By letting ρ → 1
2 (1−

γ(A)
2 ),

which implies γ(A) + 2(ρ − 1) → −(1 − γ(A)
2 ) < 0, by Lemma 1, it can be obtained that the function

Q(|x(s)|) is bounded from above, i.e., there exists a constant Q such that

Q(|x(s)|) 6 Q. (8)

This implies that, as ρ → 1
2 (1 −

γ(A)
2 ),

log(|x(t)|2) 6 log(|x(0)|2) +
∫ T

0

Qh(s)ds+
δ log(λ(t+ 1))

ρ
.
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Therefore, we have

log(|x(t)|2)
log(λ(t))

6
log(|x(0)|2)
log(λ(t))

+
Q
∫ T

0
h(s)ds

log(λ(t))
+

2δ log(λ(t+ 1))

(1 − γ(A)
2 ) log(λ(t))

.

Letting t → ∞, we get

lim sup
t→∞

log(|x(t)|2)
log(λ(t))

6 Qh0 +
2δ

1− γ(A)
2

.

Letting δ → δ0, we obtain the required assertion in (6).

Remark 4. In the result above, we assume that there exists δ > 0, such that λ(t)−δ ∈ L1(R+;R+).

This condition is trivially satisfied when λ(t) = et
η

for some η > 0.

Remark 5. It follows from the result above that the asymptotic behavior of the solution of the system

in (5) depends on the value of Q: if 1
2Qh0 +

2δ0
2−γ(A) > 0, the solution of the system in (5) grows at most

almost surely with the general rate λ(t) of order 1
2Qh0+

2δ0
2−γ(A) ; if

1
2Qh0+

2δ0
2−γ(A) < 0, the system in (5)

is almost surely stable with decay λ(t) of order −(12Qh0 +
2δ0

2−γ(A)).

Remark 6. Compared with the effect of the polynomial noise |x(t)|β ∑x(t)dB(t) for the system in

(3) with the condition in (1) (Theorem 3.1 in [16]), when λ(t) = t, Q = 0, and δ0 = 1
2 , Theorem 3 in this

paper shows that polynomial noise h(t)
1
2 |x(t)|βAx(t)dB(t) has the same effect on the system in (3) with

Assumption 2, that is, it can make almost every path of the system in (3) grow at most polynomially

with the same rate. Obviously, from this point of view, our Theorem 3 is more general than Theorem 3.1

in [16].

Remark 7. It should be noted that Theorem 3 in this paper is significantly different from Theorem 3.1

in [16] in certain aspects. The difference seems to be “small”, but it is significant in the following three

aspects:

(1) The required condition limt→∞

∫
T

0
h(s)ds

log(λ(t)) = h0 of our Theorem 3 is different from that of Theorem 3.1

in [16], as λ(t) = t and h(t) = 1 for Theorem 3.1 in [16] do not satisfy the required condition of our

Theorem 3.

(2) Unlike eεt log(1 + |x|2)θ, ε > 0, θ ∈ (0, 1 − γ(
∑

)
2 ) for Theorem 3.1 in [16], we choose a Lyapunov

function log(|x|2) for our Theorem 3, such that we can explore the properties of the almost sure asymptotic

decay for the system in (5).

(3) The result of our Theorem 3, i.e., the almost sure asymptotic decay property provided 1
2Qh0 +

2δ0
2−γ(A) < 0, is different from that of Theorem 3.1 in [16].

In particular, when the condition limt→∞

∫
T

0
h(s)ds

log(λ(t)) = h0 in Theorem 3 is replaced by the stronger

condition λ′(t) = ch(t)λ(t) > 0 for some c > 0, the following corollary can be obtained under the

conditions of Theorem 2.

Corollary 1. Let λ(t) ∈ C1(R+,R+) be strictly increasing, assuming that λ(t) → ∞ as t → ∞ and

λ′(t) = ch(t)λ(t) > 0 for some c > 0. Suppose that the assumptions in Theorem 2 hold and there exists

δ > 0, such that λ(t)−δ ∈ L1(R+;R+), then for any initial data x(0) = ζ ∈ R
n with ζ 6= 0, the global

solution x(t, ζ) of the system in (5) has the property

lim sup
t→∞

log(|x(t, ζ)|)
log(λ(t))

6
Q

2c
+

2δ0
2− γ(A)

, (9)

where Q and δ0 are the same as defined in Theorem 3.

In both Theorem 3 and Corollary 1 we assumed that there exists δ > 0, such that λ(t)−δ ∈ L1(R+;R+).

However, this condition is difficult to check, thus we give the following result under the condition

lim supt→∞
log(t)

log(λ(t)) 6 h1, h1 > 0, which can be checked easily.

Theorem 4. Let λ(t) ∈ C(R+,R+) be strictly increasing and assume that λ(t) → ∞ as t → ∞.

Suppose further that there exist constants h0 > 0, h1 > 0, such that limt→∞

∫
T

0
h(s)ds

log(λ(t)) = h0 and
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lim supt→∞
log t

log(λ(t)) 6 h1. If Assumptions 1 and 2 hold and β > α−1
2 , for any initial data x(0) = ζ ∈ R

n

with ζ 6= 0, the global solution x(t, ζ) of the system in (5) has the property

lim sup
t→∞

log(|x(t, ζ)|)
log(λ(t))

6
1

2
Qh0 +

2h1

2− γ(A)
, (10)

where Q is the same as defined in Theorem 3.

Proof. We provide an outline of the steps, which are different from those in the proof of Theorem 3,

and the details of the calculations are similar to those of Theorem 3.

Similarly to Theorem 3, by applying Itô’s formula to V (x, t) = log(|x|2), we get

log(|x(t)|2) = log(|x(0)|2) +
∫ T

0

L V (x, s)ds+M(t), (11)

where M(t) is the same as defined in Theorem 3. Then, for any integer k > 0, any ν > 1 and any

ρ ∈ (0, 1− γ(A)
2 ), by using the exponential martingale inequality (see Theorem 7.4 in [4]), we obtain that

P

{

sup
06t6k

[

M(t)− ρ

2

∫ T

0

4h(s)|x(s)|2β−4(xT(s)Ax(s))2ds

]

>
ν log(k)

ρ

}

6
1

kν
.

As
∑∞

k=1
1
kν < ∞, by the Borel-Cantelli lemma, there exists an Ω2 ⊆ Ω with P (Ω2) = 1, such that for

any ω ∈ Ω2, there exists an integer N2(ω), such that for any k > N2(ω) and k − 1 6 t 6 k,

M(t) 6
ρ

2

∫ T

0

4h(s)|x(s)|2β−4(xT(s)Ax(s))2ds+
ν log(k)

ρ

6
ρ

2

∫ T

0

4h(s)|x(s)|2β−4(xT(s)Ax(s))2ds+
ν log(t+ 1)

ρ
.

Thus, for any ω ∈ Ω2, k > N2(ω) and k − 1 6 t 6 k, using (11) we obtain that, as ρ → 1
2 (1−

γ(A)
2 ),

log(|x(t)|2) 6 log(|x(0)|2) +Q

∫ T

0

h(s)ds+
2ν log(t+ 1)

1− γ(A)
2

,

where Q is the same as defined in Theorem 3. Therefore we have

log(|x(t)|2)
log(λ(t))

6
log(|x(0)|2)
log(λ(t))

+
Q
∫ T

0
h(s)ds

log(λ(t))
+

2ν log(t+ 1)

(1 − γ(A)
2 ) log(λ(t))

.

By letting t → ∞, ν → 1,we obtain the desired assertion (10).

Remark 8. Obviously, the integral condition λ(t)−δ ∈ L1(R+;R+) for some δ > 0 is different from

the limiting condition lim supt→∞
log t

log(λ(t)) 6 h1; however occasionally they have the same effect on the

asymptotic behavior of the system in (3). For example, when λ(t) = eT (or et
2

), δ0 = h1 = 0 and when

λ(t) = t
1
2 , δ0 = h1 = 2.

Remark 9. The asymptotic behavior of the system in (5) depends on the value of Q: if 1
2Qh0+

2h1

2−γ(A) >

0, the solution of the system in (5) grows at most almost surely with the general rate λ(t) of order
1
2Qh0 +

2h1

2−γ(A) ; if
1
2Qh0 +

2h1

2−γ(A) < 0, the system in (5) is almost surely stable with the decay λ(t) of

order −(12Qh0 +
2h1

2−γ(A)).

Remark 10. Similarly to Remark 6, our Theorem 4 is more general than Theorem 3.1 in [16], and

similarly to Remark 7, our Theorem 4 in the case of 1
2Qh0 +

2h1

2−γ(A) < 0 is significantly different from

Theorem 3.1 in [16].

Similarly to Corollary 1, the following corollary can be derived.

Corollary 2. Let λ(t) ∈ C1(R+,R+) be strictly increasing. Assume that λ(t) → ∞ as t → ∞ and

λ′(t) = ch(t)λ(t) > 0 for some c > 0. Suppose that the assumptions in Theorem 2 hold and that there
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exists a constant h1 > 0, such that lim supt→∞
log t

log(λ(t)) 6 h1, then for any initial data x(0) = ζ ∈ R
n

with ζ 6= 0, the global solution x(t, ζ) of the system in (5) has the property

lim sup
t→∞

log(|x(t, ζ)|)
log(λ(t))

6
Q

2c
+

2h1

2− γ(A)
,

where Q is the same as defined in Theorem 3.

Remark 11. On one hand, our Theorems 3 and 4 and Corollaries 1 and 2 are more general than

Theorem 3.1 in [16] considering aforementioned Remarks 6 and 10 mentioned above, as the designed

polynomial noise h(t)
1
2 |x(t)|βAx(t)dB(t) can have the same effect on the system in (3) with Assumption 2

as the polynomial noise |x(t)|β ∑x(t)dB(t) for the system in (3) with the condition in (1) (Theorem 3.1

in [16]). On the other hand, our Theorems 3 and 4 and Corollaries 1 and 2 are significantly different

from Theorem 3.1 in [16] considering Remarks 7 and 10 mentioned above, as they can give more accurate

results (i.e., asymptotic decay behavior).

5 Examples

In this section, we present some examples to illustrate our results.

Example 1. Let us recall the non-autonomous differential system in (2). Obviously, the coefficients of

the system in (2) satisfy neither the one-sided polynomial growth condition introduced in [11] nor the

general polynomial growth condition in (1) in [16]. The simulation of the system in (2) (see Figure 1)

shows that the system explodes to infinity at a finite time.

We can choose h(t) = 1
2 t

1
4 and λ(t) = et

5
4 , such that λ′(t) = 5

2h(t)λ(t). Theorem 1 shows that

polynomial noise t
1
8 (x2

1(t) + x2
2(t))diag(x1(t),x2(t))dB(t) can be introduced with A =

√
2I, β = 2, such

that the perturbed differential system

dx1(t) =
1

2
t
1
4

[

x2(t) + x1(t)(x
2
1(t) + x2

2(t))
]

dt+ t
1
8 (x2

1(t) + x2
2(t))x1(t)dB(t),

dx2(t) =
1

2
t
1
4

[(

x2(t)−
1

x2(t)

)

(x2
1(t) + x2

2(t)) − x1(t)

]

dt+ t
1
8 (x2

1(t) + x2
2(t))x2(t)dB(t) (12)

has a unique global solution for any initial data, where I is the identity matrix. The global solution

is asymptotically bounded in the sense of the 2pth moment and in the sense of the trajectory with a

large probability by Theorem 2 and Proposition 1, for any p ∈ (0, 12 ). Figure 2 shows the simulation

based on the Euler scheme with time step ∆ = 2 × 10−5 for the system in (12) with initial value (1, 1).

Furthermore, by noting δ0 = inf{δ > 0 : λ(t)−δ ∈ L1(R+;R+)} = 0 and h1 = lim supt→∞
log t

log(λ(t)) = 0,

the conditions of Theorems 3 and 4 are satisfied. Furthermore, it can be seen that the global solution

has lim supt→∞
log(|x(t)|)
log(λ(t)) < 0.

Example 2. Let us consider another non-autonomous differential system

dx(t) = (1 + t)−1x(t)[1 + x(t)]dt. (13)

We can choose h(t) = (1+ t)−1 and λ(t) = 1+ t such that xTf(x, t) 6 h(t)(|x|2 + |x|3), λ′(t) = h(t)λ(t).

Specifically, Assumptions 1 and 2 hold with α = 2. The simulation of the system in (13) (see Figure 3)

shows that the system explodes to infinity at a finite time.

Theorem 1 shows that polynomial noise (1 + t)−
1
2 |x(t)|2dB(t) with A = 1, β = 1 can be introduced,

such that the perturbed differential system

dx(t) = (1 + t)−1x(t)[1 + x(t)]dt+ (1 + t)−
1
2 |x(t)|2dB(t) (14)

has a unique global solution for any initial data. The global solution is asymptotically bounded in the sense

of the 2pth moment and in the sense of a trajectory with large probability by Theorem 2 and Proposition 1,

for any p ∈ (0, 1
2 ). Figure 4 shows the simulation based on the Euler scheme with time step ∆ = 10−6

for the system in (14) with an initial value of 1. Furthermore, by noting h1 = lim supt→∞
log t

log(λ(t)) = 1,

the conditions of Corollary 2 are satisfied. Thus, we can obtain that lim supt→∞
log(|x(t)|)
log(λ(t)) 6 4.
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Figure 2 (Color online) Stochastic trajectories. (a) shows the stochastic trajectories of x1(t),x2(t) of the system in (12)

on [0, 40] and (b) shows the stochastic trajectory of
log(|x(t)|2)

t
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on [0, 40].
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Figure 3 (Color online) Trajectory of the system in (13) on [0, 1] with an initial value of 1.
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Figure 4 (Color online) Stochastic trajectories. (a) shows the stochastic trajectory of x(t) of the system in (14) on [0,

60] and (b) shows the stochastic trajectory of
log(|x(t)|2)
log(1+t)

on [0, 60].
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6 Conclusion

In this paper, we introduced polynomial noise to suppress the explosive solution of a deterministic non-

autonomous differential system. Furthermore, by using the exponential martingale inequality, we showed

that the polynomial noise can also make almost every path of the system grow at most with a general rate

and even decay with a general rate, including super-exponential, exponential, and polynomial growth,

under certain weak conditions.
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