
Homework 5 for Undergraduates, Due 04/16

Write up your solutions neatly and coherently. Show all work to qualify for full credits

1. (10 points) Alfred and Daniel decide to gamble against each other by rolling a fair dice,
until one of them runs out of money. At the beginning, Alfred has $40 while Daniel has $50.
When the dice lands on 1 or 3 or 4 or 6, Alfred wins $1 while Daniel loses $1; when the dice
lands on 2 or 5, Daniel wins $1 while Alfred loses $1. Find the variance of Daniel’s final
wealth.

2. (10 points) Ben and Allison each decide to wager 1 unit against the other person on flips
of an unfair coin, with probability 0.6 of landing head, until one of them runs out of money.
When the flip lands on head, Ben wins 1 unit from Allison; and when the coin lands on tail,
Allison wins 1 from Ben. At the start of the contest, Ben has 30 units and Allison has 45
units. Find

(a) the average number of flips needed until Ben is eventually broke,

(b) the average number of flips needed until Allison is eventually broke, and

(c) the average number of flips needed until either Ben or Allison is eventually broke.

3. (10 points) A scientist has discovered a way to create a new element. This scientist
studied the new element and observed some of its properties:

• The element has a lifespan of 1 quarter, then it evaporates

• The element can produce offspring right before evaporating

• The creation of offspring is distributed as follows:

Number of Offspring Probability
0 0.55
1 0.35
2 0.10

If there is only one such new element at the beginning, find the expectation and variance of
number of new elements after 1 year. Moreover, find the extinction probability of this new
element.

4. (10 points) You are given:

• A branching process has an initial population consisting of 4 individuals.
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• There are three states:

– State 0 for zero offspring

– State 1 for one offspring

– State 2 for two offspring

– State 3 for three offspring

• P0 = 1
8
, P1 = 5

8
, P2 = 1

4
, P3 = 0

(a) Find the probability that the population will die out.

(b) Assume the probabilities of number of offspring change to P0 = 1
4
, P1 = 5

8
, P2 = 0,

P3 = 1
8
. Find the probability that the population will die out.

5. (10 points) An insurance company classifies its customers into three categories:

1. Good Risk

2. Acceptable Risk

3. Bad Risk

Customers independently transition between categories at the end of each year according to
a Markov process with the following transition matrix:

P =

0.6 0.3 0.1
0.5 0.0 0.5
0.4 0.4 0.2


Find the stationary probability of a customer being classified as a Bad Risk.

6. (10 points) An insurance company classifies its customers into three categories:

1. Good Risk

2. Acceptable Risk

3. Bad Risk

Customers independently transition between categories at the end of each year according to
a Markov process with the following transition matrix:

P =

0.6 0.3 0.1
0.5 0.0 0.5
0.4 0.4 0.2
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Find the long-run proportion of time in Good Risk, and the expected number of steps needed
to return to Good Risk.

7. (10 points) You are given the following information:

• A taxi driver provides service for two cities, A and B only.

• If the taxi driver is in the city A, the probability that he has to drive the customer to
city B is 0.35.

• If the taxi driver is in the city B, the probability that he has to drive the customer to
city A is 0.75.

• The expected profit for the trip within A, within B and between A and B are $6, $5
and $10 respectively.

Find the long-term expected profit per trip.
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