
Homework 6 for Graduates, Due 05/04

Write up your solutions neatly and coherently. Show all work to qualify for full credits

1. (10 points) There are N individuals in a population, some of whom have a certain
infection that spreads as follows. Contacts between two members of this population occur
in accordance with a Poisson process with rate λ, when a contact occurs, it is equally likely

to involve any of the

(
N
2

)
pairs of individuals in the population. If a contact involves an

infected and a non-infected individual, then with probability p the non-infected individual
becomes infected. Once infected, an individual remains infected throughout. Let Xt denote
the number of infected members of the population at time t. Is {Xt : t ≥ 0} a continuous-
time Markov chain? What special kind of continuous-time Markov chain is it? Starting with
one infected individual at time t = 0, find the expected time until all members are infected.

2. (10 points) Consider a birth and death process with birth rates λi = (i+ 1)λ, i ≥ 0, and
µi = iµ, i ≥ 0.

(a) Determine the expected time to go from state 0 to state 4.

(b) Determine the expected time to go from state 2 to state 5.

(c) Determine the variances in parts (a) and (b).

3. (10 points) A birth and death process with parameters λn = 0 for all n ≥ 0 and µn = µ
for all n ≥ 1 is called a pure death process. Find Pij(t) for this process.

4. (10 points) A small barber shop, operated by a single barber, has room for at most 2
customers. Potential customers arrive according at a Poisson rate of 3 per hour, and the
successive service times are independent exponential random variables with mean 1

4
hour.

(a) What is the average number of customers in the shop?

(b) What is the proportion of potential customers that enter the shop?

(c) If the barber could work twice as fast, how much more business would he do?

5. (10 points) A service center consists of 2 servers, each working at an exponential rate of
2 services per hour. If customers arrive at a Poisson rate of 3 per hour, then, assuming the
system capacity is at most 3 customers,

(a) What fraction of potential customers enter the system?
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(b) What would be value of part (a) if there was only 1 single server, and his rate is twice
as fast (that is, µ = 4)?

6. (10 points) Each time a machine is repaired it remains up for an exponential amount of
time with rate λ. It then fails, and its failure is either of two types. If it is a type 1 failure,
then the time to repair the machine is exponential with rate µ1; if it is a type 2 failure, then
the time to repair the machine is exponential with rate µ2. Each failure is, independently, a
type 1 failure with probability p and a type 2 failure with probability 1−p. What proportion
of time is the machine down due to a type 1 failure? What proportion of time is the machine
down due to a type 2 failure? What proportion of time is it up?
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