
ASRM 409 Final for Undergraduates

1. Write up your own solutions. You are not allowed to get help from other
people. Otherwise, you will receive an F for the course.

2. Write the statement “I did not get help from others on this final ” on the
first page of your solution and sign the statement.

3. Write up your solutions neatly and coherently.

4. Show all work to qualify for full credits.

5. Give exact answers. No need to write your answers in decimal form.

6. Convert your solutions into pdf format and merge them into one pdf file.
Make sure the quality of the pdf file is good enough.

7. Name your file 409-final-firstname-lastname.pdf and submit it to me via
email.

8. You need to submit your solutions before 11 am (central day light saving
time) on Saturday May 9.

9. Check your solutions carefully before submission. Do not submit multiple
versions.

1. (9 points) Suppose that the joint density of X and Y is given by

f(x, y) =

{
1
y
e−x/ye−y x > 0, y > 0

0 otherwise.

Find (a) the conditional density fX|Y (x|y) for y > 0; (b) P(X > 1|Y = 1); (c) E(X|Y = 2)
and (d) E(X2|Y = 2).

2. (9 points) The number of people who enter an elevator on the ground floor is a Poisson
random variable with parameter 10. Suppose that there are N floors above the ground floor,
no people get on the elevator on floors above the ground floor; the people (who entered on
the ground floor) will get off at one of these N floors and the elevator will only stop at one
of these N floors if at least one of the N people (who entered on the ground) get off at that
floor. Assume each person is equally likely to get off at any one of these N floors. Find
the expected number of stops (above the ground floor) that the elevator will make before
discharging all of its passengers. (Hint. Write the number of stops as the sum of indicator
random variables and use the law of total expectation.)

3. (9 points) Suppose that N is a Poison random variable with parameter λ = 2, that
X1, X2, . . . are independent and identically distributed random variables with P(X1 = 5) =

1



P(X1 = 15) = 1
4

and P(X1 = 10) = 1
2
. Assume further that N is independent of all the

random variables X1, X2, . . . . Define

SN =

{∑N
i=1Xi N > 0

0 N = 0.

Find (a) E(SN); (b) Var(Sn); and P(SN = 25).

4. (9 points) 100 items are simultaneously put on a life test. Suppose the lifetimes of the
individual items are independent exponential random variables with mean 200 hours. The
test will end when there have been a total of 5 failures. Let T be the time at which the test
ends. Find E(T ) and Var(T ).

5. (10 points) I am waiting for two friends to arrive at my house. The time until A arrives
is exponentially distributed with parameter λa, and the time until B arrives is exponentially
distributed with parameter λb. Once they arrive, both will spend exponentially distributed
times, with respective parameters µa and µb, at my house before departing. The four ex-
ponential random variables are independent. (a) Find the probability that A arrives before
and departs after B. (b) Find the expected time of the first departure.

6. (9 points) Suppose that {Nt : t ≥ 0} is a homogeneous Poisson process with rate
λ = 2. Let Sn denote the time of the n-th event. Find (a) E[S4]; (b) E[S4|N1 = 2] and
(c) E[N4 −N2|N1 = 3].

7 (9 points) Suppose that {Nt : t ≥ 0} is a homogeneous Poisson process with rate λ = 4,
and that X1, X2, . . . are independent identically distributed random variables with P(X1 =
1) = P(X1 = 2) = P(X1 = 3) = P(X1 = 4) = 1

4
. Assume that {Nt : t ≥ 0} and X1, X2, . . .

are independent. For t ≥ 0, define

St =

{∑Nt

i=1Xi Nt > 0

0 Nt = 0.

(a) Find E[S30] and Var(S30). (b) Use the normal approximation to find P(S30 ≥ 299).

8 (9 points) Consider three urns, one colored red, one white, one blue. The red urn contains
1 red and 4 blue balls; the white urn contains 2 red balls, 3 white balls and 2 blue balls;
the blue urn contains 3 red balls, 4 white balls and 2 blue balls. At the initial stage, a ball
is random selected from the red urn and then returned to that urn. At every subsequent
stage, a ball is randomly selected from the urn whose color is the same as that of the ball
previously selected and is then returned to that urn. In the long run, what proportions of
selected balls are red? What proportions are white? What proportions are blue? (Write
your answer as fractions.)

9 (9 points) You are given a homogeneous Markov chain with state space {1, 2, 3, 4, 5} and
transition probability matrix:

P =


1 0 0 0 0
1
2

0 1
2

0 0
0 1

3
0 2

3
0

0 0 1
4

0 3
4

0 0 0 0 1


2



Find the mean time spent by the Markov chain in any transient state of the system which
starts at any transient state. (Write your answer as fractions.)

10 (9 points) Potential customers arrive at a full-service, one-pump gas station at a Poisson
rate of 20 cars per hour. However, customers will only enter the station for gas if there are
no more than 2 cars (including the one currently being attended to) in the station. Suppose
the amount time required to service a car is exponentially distributed with a mean of 5
minutes. (a) Find the long-run proportion of the attendant’s time servicing cars. (b) Find
the long-run proportion of potential customers lost. (Write your answer as fractions.)

11 (9 points) Consider a pure birth process {Xt : t ≥ 0} with birth rates λn = 2 for all
n ≥ 0. Find the transition probabilities Pij(t) for i, j ≥ 0 and t ≥ 0.
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