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Learning Objectives:

1.1 Stochastic Processes: mapping, sample space, index set, state space, sample,

time, state, sample path, random variable, snap-shot, collection of random

variables, stochastic nature, time-dependency, realization, marginal distribution,

countable set, discrete-time, discrete-state, uncountable set, continuous-time,

continuous-state.

1.2 Examples of Stochastic Processes: real-world phenomena modeling, sample

distribution, population distribution, Markov chain, unconditional, conditional,

summary statistics, random walk, Poisson process, geometric Brownian motion,

Brownian motion.

Further Reading: Ross Section 2.9.
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1.1 Stochastic Processes

1.1.1 A stochastic process (process in short), X : Ω × T → S, is a map from the product

space of the sample space Ω and the index set T to the state space S. The mapping

is more precisely:

(ω, t) ∈ Ω× T 7→ Xt(ω) ∈ S,

where ω is called a sample, t is interpreted as time, and Xt(ω) is called the state of the

process at time t by the sample ω. The process X can be used to describe the evolution

in time of a “particle” in the state space S.

1.1.2 For each sample ω ∈ Ω, the function T 3 t 7→ Xt(ω) ∈ S is called a sample path of the

process by the sample ω.

1.1.3 For each time t ∈ T , Ω 3 ω 7→ Xt(ω) ∈ S is a random variable and it is a snap-shot of

the process at time t.

1.1.4 Occasionally, for notational simplicity, the argument ω ∈ Ω is dropped. Hence, the stochas-

tic process X can be regarded as a collection of random variables {Xt}t∈T . Yet, the

stochastic nature of the process X = {Xt}t∈T is due to the hidden dependence of the

sample ω ∈ Ω.

1.1.5 An intriguing feature of stochastic process X = {Xt}t∈T , generalized from random variable,

is the time-dependency. For a particular random variable Xt, for some t ∈ T , from the

stochastic process X, the random variable Xt will not be realized until time t ∈ T , and

its marginal distribution could depend on the realized values of the stochastic process

by time t ∈ T .

1.1.6 If the index set T is a countable set, such as T = {0, 1, 2, . . . } or T = {0, 1, 2, . . . , T}
for some T ∈ N∪ {0}, then X is called a discrete-time process; if the index set T is an

uncountable set, such as T = [0,∞) or T = [0, T ] for some T ≥ 0, then X is called a

continuous-time process.

1.1.7 If the state space S is a countable set, such as S = N∪{0}, then X is called a discrete-

state process; if the state space S is an uncountable set, such as S = R, then X is

called a continuous-state process.

1.2 Examples of Stochastic Processes

1.2.1 Examples of stochastic processes include, birth-death process, branching process, Brown-

ian motion, Lévy process, Markov process, Ornstein-Uhlenbeck process, Poisson process,

random walk, renewal process, etc. Each of these stochastic processes possesses additional
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interesting features which are particularly useful in modeling real-world phenomena.

1.2.2 Example 1: Let Xt be the weather indicator at Champaign on day t = 0, 1, 2, . . . , 14, where

day 0 indicates today, Xt = −1 if Champaign is rainy/snowing, Xt = 0 if Champaign is

cloudy, and Xt = 1 if Champaign is sunny. In this example, T = {0, 1, . . . , 14} and

S = {−1, 0, 1}, and hence the stochastic process X = {X0, X1, . . . , X14} is a discrete-time

and discrete-state process. As of today, when t = 0, the random variables X1, . . . , X14

have not been realized, while on day t = 1, 2, . . . , 14, Xt will be realized.

Suppose that the random variables Xt are independently and identically distributed with

P (Xt = −1) = P (Xt = 0) = P (Xt = 1) =
1

3
.

In other words, weather at Champaign in the past does not affect the weather at Cham-

paign in the present and future, and all three states are equally likely to happen. Assume

that X0 = 0. The following figure shows one of the sample paths.

For this sample, say ω1 ∈ Ω, the realized values are:

X1(ω1) = 0, X2(ω1) = −1, X3(ω1) = 1, X4(ω1) = −1, X5(ω1) = −1,

X6(ω1) = −1, X7(ω1) = −1, X8(ω1) = 1, X9(ω1) = 1, X10(ω1) = −1,

X11(ω1) = 1, X12(ω1) = −1, X13(ω1) = 0, X14(ω1) = 0.

However, for another sample, say ω2 ∈ Ω, the realized values could be:

X1(ω2) = 1, X2(ω2) = 0, X3(ω2) = 0, X4(ω2) = −1, X5(ω2) = 1,

X6(ω2) = −1, X7(ω2) = 0, X8(ω2) = 1, X9(ω2) = 1, X10(ω2) = 1,

X11(ω2) = 0, X12(ω2) = −1, X13(ω2) = −1, X14(ω2) = −1,
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with the following figure depicting this second sample path.

Notice that, for different samples ω ∈ Ω, the sample path could be substantially different.

In particular, Xt are different for different samples, such as X7(ω1) = −1 while X7(ω2) = 0.

The following figure shows 100 possible sample paths, in which some of them could be

duplicated.

One should expect, for each t = 1, 2, . . . , 14, the sample distribution of the random

variable Xt asymptotically approaches to the population distribution. For example,

X̄4 =

∑100
i=1X4(ωi)

100
= −0.07 ≈ 0 = E [X4] .

However, the assumption that “weather at Champaign in the past does not affect the

weather at Champaign in the present and future, and all three states are equally likely to
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happen” seems to be unrealistic at all. For example, in Champaign, a cloudy day is more

likely followed by a rainy/snowing day, while a sunny day is more likely followed by another

sunny day, etc. In other words, the weather at Champaign on the next day depends on

the weather in the present, but not necessarily the past. Mathematically, assume that

P (Xt = −1|Xt−1 = −1) =
1

6
, P (Xt = 0|Xt−1 = −1) =

1

2
, P (Xt = 1|Xt−1 = −1) =

1

3
;

P (Xt = −1|Xt−1 = 0) =
1

2
, P (Xt = 0|Xt−1 = 0) =

1

6
, P (Xt = 1|Xt−1 = 0) =

1

3
;

P (Xt = −1|Xt−1 = 1) =
1

4
, P (Xt = 0|Xt−1 = 1) =

1

4
, P (Xt = 1|Xt−1 = 1) =

1

2
.

This stochastic process is called discrete-time time-homogeneous discrete-state

Markov chain process. The following figure shows one of the sample paths.

Again, one should expect, for each t = 1, 2, . . . , 14, the sample distribution of the random

variable Xt asymptotically approaches to the unconditional population distribution (not

the conditional one!). For example,

X̄4 =

∑100
i=1X4(ωi)

100
= 0.18.

A non-trivial question would be how to retrieve the unconditional population distri-

bution for the stochastic process using the conditional distributions. The unconditional

population distribution then provides useful summary statistics, such as the expected

number of sunny days in the coming 14 days.

1.2.3 Example 2: Consider a drunk man who just had a wonderful night at the Murphy’s Pub,

which has a coordinate of (0, 0). Assume that the man steps outside Murphy’s Pub and

walks randomly to the north, east, south, or west 1 unit every second. Let Xt be the
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coordinate of the drunk man at time t (in seconds); hence, X0 = (0, 0). In this example,

T = {0, 1, 2, . . . } and S = Z2, and hence the stochastic process X = {X0, X1, . . . } is a

discrete-time and discrete-state process, which is the well-known (two-dimensional) ran-

dom walk. Since the man is drunk, suppose that he walks to north, east, south, or west

1 unit every second equally likely. Mathematically,

P (ξt = (0, 1)) = P (ξt = (1, 0)) = P (ξt = (0,−1)) = P (ξt = (−1, 0)) =
1

4
,

and Xt = Xt−1 + ξt. The following figure shows two of the sample paths.

The blue one is the sample path by the first sample ω1 ∈ Ω, while the red one is the sample

path by the second sample ω2 ∈ Ω. Again, Xt are different for different samples, such as

X60(ω1) = (−7, 0) while X60(ω2) = (−4,−1). Similarly, a non-trivial question would be

how to retrieve the unconditional population distribution for the stochastic process,

and hence its useful summary statistics. For example, if the home of the drunk man is

at (5, 10), what is the probability that the drunk man could (accidentally) arrive his house

from the Murphy’s Pub?

1.2.4 Example 3: Consider a P&C insurance company with a portfolio of auto policies. The

company is interested in monitoring the number of insurance claims received as time goes

by in the coming 5 years and how these claims can be appropriately analyzed by means of

statistical analysis. Let Nt be the number of claims received by time t ∈ [0, 5] (in years),

and hence the stochastic process N = {Nt : t ∈ [0, 5]} is a continuous-time and discrete-

state process, with T = [0, 5] and S = {0, 1, 2, . . . }. One of the most fundamental model

for the process N is called Poisson process, with the following figure depicting two of

the sample paths.
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The blue one is the sample path by the first sample ω1 ∈ Ω, while the red one is the sample

path by the second sample ω2 ∈ Ω. Again, Nt are different for different samples, such as

N3(ω1) = 25 while N3(ω2) = 31.

1.2.5 Example 4: Consider the stock price of Apple Inc. and the following figure shows its

historical price.

Let St be the stock price of Apple Inc. at time t. The above historical price chart illustrates

its realized path till today. An immediate but non-trivial question would be how to model

the stock price process S = {St : t ≥ 0}, which is a continuous-time and continuous-state

process, with T = [0,∞) and S = [0,∞). One of the most fundamental model for the

process S is called geometric Brownian motion, with the following figure depicting two

of the sample paths.
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The blue one is the sample path by the first sample ω1 ∈ Ω, while the red one is the sample

path by the second sample ω2 ∈ Ω. Surprisingly, the first sample almost reproduces the

realized path of Apple’s historical stock price. The key component of geometric Brownian

motion is the well-known Brownian motion, which was originally developed in explaining

the physical law of individual air molecules. The following figure shows two of the sample

paths of Brownian motion.
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