
1 Ruler–Compass
Constructions

The figures still haven’t printed out (it’s Saturday). If I can’t fix this,
I’ll give you the pictures in class on Tuesday.

Let Q denote the set of all rational numbers. In this project,
the term field means a set F with Q ⊆ F ⊆ C which is closed
under addition, multiplication, and reciprocals of nonzero elements:
if a, b ∈ F , then a + b ∈ F and ab ∈ F ; if a ∈ F and a 6= 0, then
1/a ∈ F .

Here are some examples of fields.

1. Q itself, R, and C.

2. Q(i) = {a+ bi : a.b ∈ Q}.

3. Q(
√

3) = {a+ b
√

3 : a.b ∈ Q}.

4. Any intersection of fields is itself a field, and so we can speak of
the smallest field containing any collection A of complex num-
bers; namely, the intersection of all the fields that contain A.
We denote this field by Q(A).

The following observation is fundamental to our discussion. Gen-
eralize the definition of vector space so that we only consider scalar
multiplication by numbers in a field F . All the theorems about vec-
tor spaces in Chapters 3 and 4 of the book hold in this more general
situation.

Proposition 1.1

Every field F is a vector space with scalars Q.

Proof. Just check that all the axioms in the definition do hold.
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There are myths in several ancient civilizations in which the gods
demand precise solutions of mathematical problems in return for
granting relief from catastrophes. We quote from a book of van der
Waerden.

In the dialogue Platonikos of Eratosthenes, a story was
told about the problem of doubling the cube. According
to this story, as Theon of Smyrna recounts it in his book
Exposition of mathematical things useful for the reading of
Plato, the Delians asked for an oracle in order to be liber-
ated from a plague. The god (Apollo) answered through
the oracle that they had to construct an altar twice as
large as the existing one without changing its shape. The
Delians sent a delegation to Plato, who referred them to
the mathematicians Eudoxos and Helikon of Kyzikos.

The altar was cubical in shape, and so the problem involves con-
structing 3

√
2. The gods were cruel, for although there is a geometric

construction of
√

2 (it is the length of the diagonal of a square with
sides of length 1), we are going to prove that it is impossible to con-
struct 3

√
2 by the methods of euclidean geometry – that is, by using

only ruler and compass. (Actually, the gods were not so cruel, for
the Greeks did use other methods. Thus, Menaechmus constructed
3
√

2 as the intersection of the parabolas y2 = 2x and x2 = y; this is
elementary for us, but it was an ingenious feat when there was no
analytic geometry and no algebra. There was also a solution found
by Nicomedes.)

There are several other geometric problems handed down from the
Greeks. Can one trisect every angle? Can one construct a regular n-
gon? Can one “square the circle”; that is, can one construct a square
whose area is equal to the area of a given circle?

If we are not careful, then some of these problems appear ridicu-
lously easy. For example, a 60◦ angle can be trisected using a protrac-
tor: just find 20◦ and draw the angle. Thus, it is essential to state the
problems carefully and to agree on certain ground rules. The Greek
problems specify that only two tools are allowed, and each must be
used in only one way.

Let P and Q be points in the plane; we denote the line segment
with endpoints P and Q by PQ, and we denote the length of this
segment by |PQ|.

A ruler is a tool that can draw the line L(P,Q) determined by
P and Q; a compass is a tool that draws the circle with center P
and radius |PQ|; denote this circle by C(P,Q) or by C(P, r), where
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r = |PQ|. Since every construction has only a finite number of steps,
we shall be able to define constructible points inductively.

What we are calling a ruler , others call a straightedge . For them,
a ruler has an additional function: we can mark distances on it (as
well as draw lines with it). This added function turns out to make it a
more powerful instrument. For example, Nicomedes solved the Delian
problem of doubling the cube using a marked ruler and compass;
both Nicomedes and Archimedes were able to trisect arbitrary angles
with these tools (we present Archimedes’s proof later).

We are going to show that it is impossible to double the cube
or to trisect arbitrary angles using only a ruler and compass. Some
angles, e.g., 90◦ and 45◦, can be trisected using a ruler and compass;
however, we are saying that there are some angles, e.g., 60◦, that can
never be so trisected. When we say impossible, we mean what we say;
we do not mean that it is merely very difficult. You should ponder
how we can prove that something is impossible. About 425 bce,
Hippias of Elis was able to square the circle by drawing a certain
curve as well as lines and circles. This construction is also impossible
using only ruler and compass.

Given the plane, we establish a coordinate system by first choosing
two distinct points, A and A; call the line they determine the x-axis.
Use a compass to draw the two circles C(A,A) and C(A,A) of radius
|AA| with centers A and A, respectively (see Figure 1). These two
circles intersect in two points P1 and P2; the line L(P1, P2) they
determine is called the y-axis; it is the perpendicular bisector of
AA, and it intersects the x-axis in a point O, called the origin . We
define the distance |OA| to be 1. We have introduced coordinates
in the plane; of course, O = (0, 0), A = (1, 0), and A = (−1, 0).
Consider the point P1 in Figure 1. Now ∆OAP1 is a right triangle
with legs OA and OP1. The hypotenuse AP1 has length 2 = |AA|
[for this is the radius of C(A,A)]. Since |OA| = 1, the Pythagorean
Theorem gives P1 = (0,

√
3). Similarly, P2 = (0,−

√
3).

Figure 1. The First Constructible Points.

Informally, we construct a new point Q from old points E,F,G,
and H by using the first pair E 6= F to draw a line or circle, the
second pair G 6= H to draw a line or circle, and then obtaining Q
as one of the points of intersection of the two lines, the line and the
circle, or the two circles. More generally, a point is called constructible
if it is obtained from A and A by a finite number of such steps. Given
a pair of constructible points, we do not assert that every point on the
line or the circle they determine is constructible. For example, we can
draw the x-axis L(A,A), but not every point on it is constructible.
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Here is the formal discussion. Recall that if P and Q are distinct
points in the plane, then L(P,Q) is the line they determine and
C(P,Q) is the circle with center P and radius |PQ|. Our goal
is Theorem 1.10 and its corollary which give an algebraic way to
determine constructibility.

Definition

Let E 6= F and G 6= H be points in the plane. A point Q is
constructible from E,F,G, and H if either

1. Q ∈ L(E,F ) ∩ L(G,H), where L(E,F ) 6= L(G,H);

2. Q ∈ L(E,F ) ∩ C(G,H);

3. Q ∈ C(E,F ) ∩ C(G,H), where C(E,F ) 6= C(G,H).

A point Q is constructible if Q = A, Q = A, or there are points
P1, . . . , Pn with Q = Pn so that, for all j ≥ 1, the point Pj+1 is
constructible from points E,F,G,H in {A,A, P1, . . . , Pj}.

Example

Let us show that i = (0, 1) is constructible. Both P1 = (0,
√

3) and P2 = (0,−
√

3)
are constructible, for C(A,A) ∩C(A,A) = {P1, P2}, and so the y-axis L(P1, P2)
can be drawn. Finally, (0, 1) ∈ L(P1, P2) ∩ C(O,A), and so it is constructible.

Here is the constructible version of the Parallel Postulate.

Lemma 1.2

If U, V, P are distinct constructible points with P /∈ L(U, V ), then
there is a constructible point Q with L(P,Q) parallel to L(U, V ).

Figure 1. Parallel Postulate.

Proof. Choose U so that L(P,U) is not perpendicular to L =
L(U, V ). Thus, L is not tangent to the circle C1 = C(P,U), and
so C1 meets L in another point, say, B. Let C2 = C(B.U), let
C3 = C(U,B), and let X ∈ C1 ∩C3. Clearly, X is constructible, and
we claim that L(P,X) is parallel to L. Indeed, we claim that the
quadrilateral PBUX is a rhombus and, hence, it is a parallelogram.
Now PX is a radius of both C3 and C1; PU is a radius of C1 and
C2, and BU is a radius of C2 and C3. Hence, |PX| = |PU | = |PB|,
as we want.
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There is also a constructible way for us to state that every angle
can be bisected with ruler and compass.

Lemma 1.3

If P = (cos θ, sin θ) is constructible, then Q = (cos(θ/2), sin(θ/2)) is
constructible.

Figure 1. Bisecting an Angle.

Proof. To the reader. Take the usual proof done in High School
geometry, and rewrite in the language of this section.

Definition

A complex number z = x+ iy is constructible if the point (x, y) is
a constructible point.

We have seen that the numbers 1,−1, 0, i
√

3,−i
√

3, and i are
constructible.

Lemma 1.4

A complex number z = x + iy is constructible if and only if its real
and imaginary parts are constructible.

Figure 1. Real and Imaginary Parts.

Proof. If z is constructible, then Lemma 1.2 draws the vertical line
L through (x, y) which is parallel to the y-axis. It follows that x is
a constructible number, for the point (x, 0) is constructible, being
the intersection of L and the x-axis. Similarly, the point (0, y) is
the intersection of the y-axis and a line through (x, y) which is
parallel to the x-axis. It follows that P = (y, 0) is constructible,
for it is an intersection point of the x-axis and C(O,P ). Hence, y is
a constructible number.

Conversely, assume that x and y are constructible numbers; that
is, Q = (x, 0) and P = (y, 0) are constructible points. The point (0, y)
is constructible, being the intersection of the y-axis and C(O,P ). By
Lemma 1.2, the vertical line through (x, 0) as well as the horizontal
line through (0, y) can be drawn, and (x, y) is the intersection of these
lines. Therefore, (x, y) is a constructible point, and so z = x+ iy is
a constructible number.

Definition
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We denote by K the subset of C consisting of all the constructible
numbers.

The next lemma allows us to focus on real constructible numbers.

Lemma 1.5

1. If K ∩ R is a subfield of R, then K is a subfield of C.

2. If K ∩R is a subfield of R and if
√
a ∈ K whenever a ∈ K ∩R

is positive, then K is closed under square roots.

Proof.

1. If z = a + ib and w = c + id are constructible, then a, b, c, d ∈
K ∩ R, by Lemma 1.4. Hence, a + c, b + d ∈ K ∩ R, because
K∩R is a subfield, and so (a+c)+i(b+d) ∈ K, by Lemma 1.4.
Similarly, zw = (ac − bd) + i(ad + bc) ∈ K. If z 6= 0, then
z−1 = (a/zz) − i(b/zz). Now a, b ∈ K ∩ R, by Lemma 1.4, so
that zz = a2 + b2 ∈ K ∩ R, because K ∩ R is a subfield of C.
Therefore, z−1 ∈ K.

2. If z = a + ib ∈ K, then a, b ∈ K ∩ R, by Lemma 1.4, and so
r2 = a2 + b2 ∈ K ∩ R, as in part (i). Since r2 is nonnegative,
the hypothesis gives r ∈ K ∩R and

√
r ∈ K ∩R. Now z = reiθ,

so that eiθ = r−1z ∈ K, because K is a subfield of C. By
Lemma 1.3, every angle can be bisected, so that eiθ/2 ∈ K and√
z =
√
reiθ/2 ∈ K, as desired.

Theorem 1.6

The set of all constructible numbers K is a subfield of C that is closed
under square roots and complex conjugation.

Proof. For the first two statements, it suffices to prove that the
properties of K ∩ R in Lemma 1.5 do hold. Let a and b be con-
structible real numbers.

1. −a is constructible. If P = (a, 0) is a constructible point, then
(−a, 0) is the other intersection of the x-axis and C(O,P ).

2. a+ b is constructible.
Figure 2. a+ b.

Assume that a and b are positive. Let I = (0, 1), P = (a, 0), and
Q = (b, 1). Now Q is constructible: it is the intersection of the
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horizontal line through I and the vertical line through (b, 0),
both of which can be drawn, by Lemma 1.2 [the latter point
is constructible, by hypothesis]. The line through Q parallel to
IP intersects the x-axis in S = (a+ b, 0), as desired.
To construct b−a, let P = (−a, 0) in Figure 2. Thus, both a+b
and −a+ b are constructible; by part (i), both −a− b and a− b
are also constructible.

3. ab is constructible.
Figure 3. ab.

By part (i), we may assume that both a and b are positive. In
Figure 3, A = (1, 0), B = (1+a, 0), and C = (0, b). Define D to
be the intersection of the y-axis and the line through B parallel
to AC. Since the triangles ∆OAC and ∆OBD are similar,

|OB|/|OA| = |OD|/|OC|;

hence (a + 1)/1 = (b + |CD|)/b, and |CD| = ab. Therefore,
b+ab is constructible. Since −b is constructible, by part (i), we
have ab = (b+ ab)− b constructible, by part (ii).

4. If a 6= 0, then a−1 is constructible.
Figure 4. a−1.

Let A = (1, 0), S = (0, a), and T = (0, 1 + a). Define B as
the intersection of the x-axis and the line through T parallel to
AS; thus, B = (1 + u, 0) for some u. Similarity of the triangles
∆OSA and ∆OTB gives

|OT |/|OS| = |OB|/|OA|.

Hence, (1+a)/a = (1+u)/1, and so u = a−1. Therefore, 1+a−1

is constructible, and so (1 + a−1)− 1 = a−1 is constructible.

5. If a ≥ 0, then
√
a is constructible.

Figure 5.
√
a.

Let A = (1, 0) and P = (1 +a, 0); construct Q, the midpoint of
OP (if U, V are constructible points, then the midpoint of the
segment UV is its intersection with the perpendicular-bisector,
constructed as in Figure 1). Define R as the intersection of the
circle C(Q,O) with the vertical line through A. The (right)
triangles ∆AOR and ∆ARP are similar, so that

|OA|/|AR| = |AR|/|AP |,

and, hence, |AR| =
√
a.
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6. If z = a+ ib ∈ K, then z = a− ib is constructible.
By Lemma 1.5, K is a subfield of C. Now a, b ∈ K, by
Lemma 1.4, and i ∈ K, by Example 1. Therefore, −bi ∈ K,
and so a− ib ∈ K.

Corollary 1.7

If a, b, c are constructible, then the roots of the quadratic ax2+bx+c
are also constructible.

Proof. This follows from Theorem 1.6 and the quadratic formula.

We now consider subfields of C to enable us to prove an inductive
step in the upcoming theorem.

Lemma 1.8

Let F be a subfield of C which contains i and is closed under complex
conjugation. Let z = a + ib, w = c + id ∈ F , and let P = (a, b) and
Q = (c, d).

1. If a+ ib ∈ F , then a ∈ F and b ∈ F .

2. If the equation of L(P,Q) is y = mx+ q, where m, q ∈ R, then
m, q ∈ F .

3. If the equation of C(P,Q) is (x − a)2 + (y − b)2 = r2, where
a, b, r ∈ R, then r2 ∈ F .

Proof.

1. If z = a+ ib ∈ F , then a = 1
2(z+z) ∈ F and ib = 1

2(z−z) ∈ F ;
since we are assuming that i ∈ F , we have b = −i(ib) ∈ F .

2. If L(P,Q) is not vertical, then its equation is y− b = m(x−a).
Now m = (d − b)/(a − c) ∈ F , since a, b, c, d ∈ F , and so
q = −ma+ b ∈ F .

3. The circle C(P,Q) has equation (x − a)2 + (y − b)2 = r2, and
r2 = (c− a)2 + (d− b)2 ∈ F .

Lemma 1.9

Let F be a subfield of C which contains i and is closed under complex
conjugation. Let P,Q,R, S be points whose coordinates lie in F , and
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let α = u+ iv ∈ C. If either

α ∈ L(P,Q) ∩ L(R,S), where L(P,Q) 6= L(R,S),
α ∈ L(P,Q) ∩ C(R,S),

or

α ∈ C(P,Q) ∩ C(R,S), where C(P,Q) 6= C(R,S),

then [F (α) : F ] ≤ 2.

Proof. If L(P,Q) is not vertical, then Lemma 1.8(ii) says that
L(P,Q) has equation y = mx + b, where m, b ∈ F . If L(P,Q) is
vertical, then its equation is x = b because P = (a, b) ∈ L(P,Q),
and so b ∈ F , by Lemma 1.8(i). Similarly, L(R,S) has equation
y = nx + c or x = c, where m, b, n, c ∈ F . Since these lines are
not parallel, one can solve the pair of linear equations for (u, v), the
coordinates of α ∈ L(P,Q) ∩ L(R,S), and they also lie in F . In this
case, therefore, [F (α) : F ] = 1.

Let L(P,Q) have equation y = mx + b or x = b, and let C(R,S)
have equation (x − c)2 + (y − d)2 = r2; by Lemma 1.8, we have
m, q, r2 ∈ F . Since α = u+ iv ∈ L(P,Q) ∩ C(R,S),

r2 = (u− c)2 + (v − d)2

= (u− c)2 + (mu+ q − d)2,

so that u is a root of a quadratic polynomial with coefficients in
F ∩ R. Hence, [F (u) : F ] ≤ 2. Since v = mu+ q, we have v ∈ F (u),
and, since i ∈ F , we have α ∈ F (u). Therefore, α = u + iv ∈ F (u),
and so [F (α) : F ] ≤ 2.

Let C(P,Q) have equation (x−a)2+(y−b)2 = r2, and let C(R,S)
have equation (x − c)2 + (y − d)2 = s2. By Lemma 1.8, we have
r2, s2 ∈ F ∩ R. Since α ∈ C(P,Q) ∩ C(R,S), there are equations

(u− a)2 + (v − b)2 = r2 and (u− c)2 + (v − d)2 = s2.

After expanding, both equations have the form u2+v2+something =
0. Setting the something ’s equal gives an equation of the form
tu+t′v+t′′ = 0, where t, t′, t′′ ∈ F . Coupling this with the equation of
one of the circles returns us to the situation of the second paragraph.

Here is the result we have been seeking: an algebraic characteri-
zation of a geometric idea; it is an exact translation from geometry
into algebra.

Theorem 1.10
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A complex number z is constructible if and only if there is a tower
of fields

Q = K0 ⊂ K1 ⊂ · · · ⊂ Kn ⊆ C,

where z ∈ Kn and [Kj+1 : Kj ] ≤ 2 for all j.

Proof. Let z = a+ ib, and let P = (a, b) be the corresponding point
in the plane. If z is a constructible number, then P is a constructible
point, and so there is a sequence of points A,A, P1, . . . , Pn = P with
each Pj obtainable from {A,A, P1, . . . , Pj−1}; since i is constructible,
we may assume that P1 = (0, 1). Define

K1 = Q(z1) and Kj+1 = Kj(zj+1),

where zj corresponds to the point Pj and there are points E,F,G,H ∈
{A,A, P1, . . . , Pj−1} with one of the following:

Pj ∈ L(E,F ) ∩ L(G,H);
Pj ∈ L(E,F ) ∩ C(G,H);
Pj ∈ C(E,F ) ∩ C(G,H).

We may assume, by induction on j ≥ 1, that Kj is closed under
complex conjugation, so that Lemma 1.9 applies to show that [Kj+1 :
Kj ] ≤ 2. Finally, note that Kj+1 is also closed under complex
conjugation, for if zj+1 is a root of a quadratic f(x) ∈ Kj [x], then
zj+1 is the other root of f .

Conversely, given a tower of fields as in the statement, then
Theorem 1.6 and Lemma 1.8 show that z is constructible.

We need the following result on dimensions to state the criterion
we need.

Theorem 1.11

Let k ⊆ E ⊆ K be fields, with E a finite extension of k and K a
finite extension of E. Then K is a finite extension of k, and

[K : k] = [K : E][E : k].

Proof. If A = a1, . . . , an is a basis of E over k and B = b1, . . . , bm
is a basis of K over E, then it suffices to prove that a list X of all
aibj is a basis of K over k.

To see that X spans K, take u ∈ K. Since B is a basis of K over
E, there are scalars λj ∈ E with u =

∑
j λjbj . Since A is a basis of

E over k, there are scalars µji ∈ k with λj =
∑

i µjiai. Therefore,
u =

∑
ij µjiaibj , and X spans K over k.
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To prove that X is linearly independent over k, assume that there
are scalars µji ∈ k with

∑
ij µjiaibj = 0. If we define λj =

∑
i µjiai,

then λj ∈ E and
∑

j λjbj = 0. Since B is linearly independent over
E, it follows that

0 = λj =
∑
i

µjiai

for all j. Since A is linearly independent over k, it follows that µji = 0
for all j and i, as desired.

Corollary 1.12

If a complex number z is constructible, then [Q(z) : Q] is a power
of 2.

Proof. This follows from Theorems 1.10 and 1.11.

The converse of Corollary 1.12 is false; it can be shown that there
are nonconstructible numbers z with [Q(z) : Q] = 4 (see [?], p. 136).

It was proved by Mohr in 1672 and, independently, by Mascheroni,
in 1797, that every geometric construction carried out by ruler and
compass can be done without the ruler. For example, our proof of
Lemma 1.2, the Parallel Postulate, doesn’t really use rulers. There is
a short proof of this theorem given by Hungerbühler in The American
Mathematical Monthly , 101 (1994), pp. 784–787.

We can now deal with the Greek problems, two of which were
solved by Wantzel in 1837. The notion of dimension of a vector space
was not known at that time; in place of Theorem 1.10, Wantzel
proved that if a number is constructible, then it is a root of an
irreducible polynomial in Q[x] of degree 2n for some n.

Theorem 1.13 (Wantzel)
It is impossible to duplicate the cube using only ruler and compass.

Proof. The question is whether z = 3
√

2 is constructible. Since x3−2
is irreducible, [Q(z) : Q] = 3, by Theorem ??; but 3 is not a power
of 2.

Consider how ingenious this proof is. At the beginning of this
section, we asked you to ponder how we can prove impossibility.
The idea here is to translate the constructibility of a point into
a statement of algebra, and then to show that the existence of a
geometric construction produces an algebraic contradiction.

A student in one of our classes, imbued with the idea of continual
progress through technology, asked, “Will it ever be possible to
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duplicate the cube with ruler and compass?” Impossible here is used
in its literal sense.

Theorem 1.14 (Wantzel)
It is impossible to trisect a 60◦ angle using only ruler and compass.

Proof. We may assume that one side of the angle is on the x-
axis, and so the question is whether z = cos(20◦) + i sin(20◦) is
constructible. If z were constructible, then Lemma 1.4 would show
that cos(20◦) is constructible. The triple angle formula (on page ??)
gives

cos(3α) = 4 cos3 α− 3 cosα.

Setting α = 20◦, we have cos 3α = 1
2 , so that z = cos(20◦) is a root of

4x3−3x− 1
2 ; equivalently, cos(20◦) is a root of f(x) = 8x3−6x−1 ∈

Z[x]. Now a cubic is irreducible in Q[x] if and only if it has no
rational roots. By Theorem ??, the only candidates for rational
roots are ±1, ±1

2 , ±1
4 , and ±1

8 ; since none of these is a root, as one
easily checks, it follows that f is irreducible [alternatively, one can
prove irreducibility using Theorem ??, for f is irreducible mod 7].
Therefore, 3 = [Q(z) : Q], by Theorem ??(ii), and so z = cos(20◦) is
not constructible because 3 is not a power of 2.

Theorem 1.15 (Archimedes)
Every angle can be trisected using a marked ruler and compass.

Proof. Since it is easy to construct 30◦, 60◦, and 90◦, it suffices to
trisect an acute angle α, for if 3β = α, then 3(β + 30◦) = α + 90◦,
3(β + 60◦) = α+ 180◦, and 3(β + 90◦) = α+ 270◦.

Figure 1. Sliding Ruler.

Draw the given angle α = ∠AOE, where the origin O is the
center of the unit circle. Take a ruler on which the distance 1 has
been marked; that is, there are points U and V on the ruler with
|UV | = 1. There is a chord through A parallel to EF ; place the ruler
so that this chord is AU . Since α is acute, U lies in the first quadrant.
Keeping A on the sliding ruler, move the point U down the circle;
the ruler intersects the extended diameter EF in some point X with
|UX| > 1. Continue moving U down the circle, keeping A on the
sliding ruler, until the ruler intersects EF in the point V .

Figure 1. Trisecting α.
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We claim that β = ∠UV O = 1
3α. Now

α = δ + β,

because α is an exterior angle of ∆AOV , and hence it is the sum of
the two opposite internal angles. Since ∆OAU is isosceles (OA and
OU are radii), δ = ε, and so

α = ε+ β.

But ε = γ+β = 2β, for it is an exterior angle of the isosceles triangle
∆UV O; therefore,

α = 2β + β = 3β.

Theorem 1.16 (Lindemann)
It is impossible to square the circle with ruler and compass.

Proof. The problem is whether one can construct a square whose
area is the same as the area of the unit circle. If a side of the square
has length z, then one is asking whether z =

√
π is constructible.

Now Q(π) is a subspace of Q(
√
π). We have already mentioned

that Lindemann proved that π is transcendental (over Q), so that
[Q(π) : Q] is infinite. It follows from Corollary ?? that [Q(

√
π) : Q]

is also infinite. Thus, [Q(
√
π) : Q] is surely not a power of 2, and so√

π is not constructible.

Sufficiency of the following result was discovered, around 1796, by
Gauss, when he was still in his teens (he wrote that this result led
to his decision to become a mathematician). He claimed necessity as
well, but none of his published papers contains a complete proof of
it. The first published proof of necessity is due to Wantzel, in 1837.

Theorem 1.17 (Gauss-Wantzel)
Let p be an odd prime. A regular p-gon is constructible if and only
if p = 22t

+ 1 for some t ≥ 0.

Proof. We only prove necessity. The problem is whether z = e2πi/p

is constructible. Now z is a root of the cyclotomic polynomial Φp(x),
which is an irreducible polynomial in Q[x] of degree p − 1, by
Corollary ??.

Since z is constructible, p− 1 = 2s for some s, so that

p = 2s + 1.
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We claim that s itself is a power of 2. Otherwise, there is an odd
number k > 1 with s = km. Now k odd implies that −1 is a root of
xk + 1; in fact, there is a factorization in Z[x]:

xk + 1 = (x+ 1)(xk−1 − xk−2 + xk−3 − · · ·+ 1).

Thus, setting x = 2m gives a forbidden factorization of p in Z:

p = 2s + 1 = (2m)k + 1

= [2m + 1][(2m)k−1 − (2m)k−2 + (2m)k−3 − · · ·+ 1].

Gauss constructed a regular 17-gon explicitly, a feat the Greeks
would have envied. On the other hand, it follows, for example, that
it is impossible to construct regular 7-gons, 11-gons, or 13-gons.

Numbers Ft of the form Ft = 22t
+ 1 are called Fermat primes

if they are prime. For 0 ≤ t ≤ 4, one can check that Ft is, indeed,
prime; they are

3, 5, 17, 257, and 65,537.

It is known that the next few values of t give composite numbers,
and it is unknown whether any other Fermat primes exist.

The following result is known.

Theorem 1.18

A regular n-gon is constructible if and only if n is a product of a
power of 2 and distinct Fermat primes.
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