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Motivation

Genes play a crucial in the mechanisms that allow for pattern
formation. However, they can’t help us predict when patterns are
formed.

Challenges:

How is genetic information translated physically into patterns
and forms?

What are the underlying machanisms that generate patters?

GOAL: Explore reaction diffusion models as possible mechanisms
for generating biological patterns.

2 / 22



References

Reaction-Diffusion (RD) PDE

Turing (1952) - Chemicals can react and diffuse in a way as to
produce spatial patterns of chemical or morphogen concentration.

This can be described by a reaction-diffusion system, such as,

∂c

∂t
= f (c) + D∇2c ,where

c - morphogen concentration

f - reaction kinetics

D - diffusion coefficients
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Systems of Reaction Diffusion Equations

We will focus on systems of two such equations, say

∂u

∂t
= f (u, v) + Du∇2u

∂v

∂t
= g(u, v) + Dv∇2v

(1)

where f and g are the kinetics, which will always be nonlinear.

Turing’s idea: If in the absence of diffusion (i.e. Du = Dv = 0), u
and v tend to a linearly stable uniform steady state then, under
certain conditions, spatially patterns can evolve by diffusion
driven instability when Du 6= Dv 6= 0.
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So, how does this relate to a leopard?

RD models are applicable if the scale of the pattern is large
compared with the diameter of an individual cell.

For example, the number of cells in a leopard spot at the time
the pattern is laid down is ≈ order of 100 cells.

GOAL: Find conditions for pattern formation on a leopard’s tail.
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The Model

For a, b, α, ρ and K positive parameters,

∂u

∂t
= γf (u, v) +∇2u, f (u, v) = a− u − h(u, v),

∂v

∂t
= γg(u, v) + d∇2v , g(u, v) = α(b − v)− h(u, v),

where,

h(u, v) =
puv

1 + u + Ku2

Generating Turing-type patterns will depend on,

The ratio of diffusion coefficients, d , must be such that d > 1.

The scale factor γ, which is a measure of the domain size.

The reaction kinetics f and g .

6 / 22



References

Linearization about steady state

Suppose the steady state of our system is given by (ũ, ṽ). Let Wk

denote the eigenfunction corresponding to the wavenumber k .
Then,

λWk = γAWk+D∇2Wk , where A =

(
fu fv
gu gv

)
and D =

(
1 0
0 d

)

The eigenvalue solutions of |γA− λI + Dk2| = 0 will be given by,

λ2 + λ[k2(1 + d)− γ(fu + gv )] + h(k2)

where, h(k2) = dk4 − γ(dfu + gv )k2 + γ2|A| = 0

The (ũ, ṽ) is linearly stable if Re(λ) < 0, unstable if Re(λ) > 0
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Turing Space

The inequalities below define a domain in parameter space, called
the pattern formation space (or Turing space),

fu + fv < 0

dfu + gv > 0

fugv − fvgu > 0

(dfu + gv )2 − 4d(fugv − fvgu) > 0

(2)

within which the mechanism is unstable to certain spatial
disturbances of given wavenumbers k .
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Range of instability

Since the only way Re(λ) > 0 is if h(k2) < 0 for some k and we
can obtain a range of untable wavenumbers from the zeros k1, k2
of h(k2) = 0.

Mainly,

k21 =
γ

2d
[(dfu + gu)− {(dfu + gv )2 − 4d |A|}1/2] < k2

and,

k2 <
γ

2d
[(dfu + gu) + {(dfu + gv )2 − 4d |A|}1/2] = k22
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Qualitative behaviors of diffusion driven instability

Figure: (a) Self-activating u also activates v,which inhibits both
reactants. The resulting initially growing pattern is shown in (c). (b)
Here the self-activating u inhibits v but is itself activated by v with the
resulting pattern illustrated in (d).
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Back to reality: Square patch of skin

Consider the two dimensional domain defined by 0 < x < p,
0 < y < q, with boundary denoted by ∂B.

GOAL: To find solution of

∂2W

∂x2
+
∂2W

∂y2
+ k2W = 0 (3)

with (n · ∇) = 0 for (x , y) on ∂B. Has solution given by,

W =
∑
n,m

Cn,mexp(λ(k2)) cos

(
nπx

p

)
cos

(
mπy

q

)
with,

γL(p) < k2 =
n2

p2
+

m2

q2
< γM(p)

as its Turing space, and L,M depend on the parameters of our
model.
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Illustrations

Figure: Typical two-dimensional spatial patterns indicated by the linearly
unstable solution when various wavenumbers are in the unstable range.
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What make a tail special?

So far, we have seen conditions and ranges for which we obtain
instability on a rectangular surface.
However, what happens if we have a domain that has diffent sizes?
If you think about an animals tail, it goes from a thicker to a
thinner width.

Figure: From left to right: Male Genet, Cheetah, Jaguar.

GOAL: Find equivalent conditions to observe different patterns
(stripes vs. spots) for a leopard’s tail!
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The Tapering Cylinder

Domain size will play an important role in pattern formation. We
focus on the patterns formed on the tail which we approximate
with a tapering cylinder.

Consider the surface of a tapering cylinder of length l with
0 ≤ z ≤ l . 1

1Obtained from (Murray 1981).
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Eigenvalue problem for our model

Linear eigenvalue problem: Find solution W (θ, z ; r) of:

1

r2
∂2W

∂θ2
+
∂2W

∂z2
+ k2W = 0 (4)

with zero flux conditions at z = 0 and z = l and periodicity in θ.
Has solution given by,

W =
∑
n,m

Cn,mexp(λ(k2)) cos(nθ) cos
(mπz

l

)
, where k2 =

n2

r2
+
m2π2

l2
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Turing space

The Turing space for this system will be given by,

γ(X − Y ) < k2 =
n2

r2
+

m2π2

l2
< γ(X + Y ) (5)

where the bounds are obtained from the inequalities (2) and (ũ, ṽ)
denotes the steady state of the system.

X = − 2

d
[d + M(ũ, ṽ) + α + N(ũ, ṽ)],

Y =
2

d
[(d + M(ũ, ṽ)− α− N(ũ, ṽ))2 + 4M(ũ, ṽ)N(ũ, ṽ)]

1
2 , where

(6)

M(ũ, ṽ) =
dρṽ(1− Kũ)

(1 + ũ + Kũ2)2
,N(ũ, ṽ) =

ρũ

1 + ũ + Kũ2
(7)
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Implications

W =
∑
n,m

Cn,mexp(λ(k2)) cos(nθ) cos
(mπz

l

)
, where k2 =

n2

r2
+
m2π2

l2

If r is small over the length of the cylinder,

n2

r2
with n ≥ 1, lies outside the unstable range, then the only

unstable eigensolutions have n = 0 and m in (5). Thus, it is
similar to the one dimensional case and we observe stripes.

If r is large, on one end:

n 6= 0 is in the unstable range, θ-variations appear. Thus, we
observe spots.
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Simulation vs. Real-life

Mechanism parameters were kept fixed and only the scale and
geometry varied.

Figure: Patterns of leopard (left), the jaguar and the cheetah (middle)
and the genet (right) are shown, along with the patterns from the model
for tapering cylinders of varying width (right side of each panel).2

2Obtained from: (Murray 2001)
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Patterns in other domains

Reaction diffusion mechanisms have also been used on different
domains and account for pattern formation in other animals.

Figure: Zebra

Figure: Giraffe
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Effect of domain size

In general very small animals can be expected to be uniform in
colour.

Figure: Effect of body surface scale on the spatial patterns.

As the size increases, γ different spatial patterns are generated.
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Concluding Remarks

The reaction-diffusion models we seen can lead to a great
variety of patterns with small parameter changes.

However, this does not mean that we have captured the
biological mechanism at work.

We must understand the biology for our model to be
meaningful!
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