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FUSION PRODUCTS OF slN SYMMETRIC POWER
REPRESENTATIONS AND KOSTKA POLYNOMIALS

RINAT KEDEM

Department of Mathematics, University of Illinois, 1409 W. Green Street,
Urbana, IL 61801, rinat@uiuc.edu

We explain the relation between the Feigin-Loktev fusion product and the graded

multiplicities of Specht modules in the integer cohomology ring of the GLN gener-
alized flag manifold. We use only very basic notions, most notably the Schur-Weyl
duality and the description of the cohomology ring as a quotient of the polynomial

ring in N variables.

1. Introduction

Let g = sln, µ = (µ1, ..., µn) with µ1 ≥ µ2 ≥ · · · ≥ µn ≥ 0, and Vµ the finite-
dimensional irreducible sln-module with highest weight

∑n−1
i=1 (µi−µi+1)ωi,

ωi fundamental weights. Given a collection of m such representations
{Vµ(i)}m

i=1, their tensor product is completely reducible as a g-module, and
can be decomposed as

Vµ := Vµ(1) ⊗ · · · ⊗ Vµ(m) ' ⊕
λ
Vλ ⊗Mλ,µ, (1)

where Mλ,µ is a multiplicity space on which g acts trivially, of dimension
Kλ,µ which can be computed from the Clebsch-Gordan coefficients or the
Littlewood-Richardson rule.

The Schur-Weyl duality concerns the case where µ(i) = (1) for all i. In
that case, there is an action of the symmetric group SN on the tensor prod-
uct by permutation of factors, which centralizes the action of sln. In this
case, Mλ,{1,...,1} ' Wλ is the irreducible Specht module of the symmetric
group. In the case when µ(i) = (µi) are single-part partitions, Mλ,µ is not
an SN -module but its dimension is known to be the Kostka number5 Kλ,µ.
Here, µ = (µ1, ..., µm), where without loss of generality we order µi ≥ µi+1.

The Feigin-Loktev fusion product1, inspired by the definition of the
fusion action of the affine algebra ĝ on conformal blocks of WZW models
in conformal field theory, is a g-equivariant grading on the tensor product

1



January 29, 2004 20:38 WSPC/Trim Size: 9in x 6in for Proceedings proc

2

(1),

Fµ := Vµ(1) ? · · · ? Vµ(m) ' ⊕
λ
Vλ ⊗Mλ,µ, (2)

where Mλ,µ is a graded multiplicity space with graded components
Mλ,µ[n], of total dimension Kλµ. The problem is to compute the graded
dimension of Mλ,µ,

Kλµ(q) :=
∑
n≥0

qn dimMλ,µ[n].

In defining the fusion product1, the authors conjectured that
these q-multiplicities are the generalized Kostka polynomials2. Kostka
polynomials5 are the transition functions between Hall-Littlewood and
Schur polynomials, and are defined in the case where µ(i) are single part
partitions. Generalized Kostka polynomials correspond to the case where
µ(i) = (mj) corresponding to rectangular partitions, although the fusion
product is defined even more generally. Here, we give a simple proof for
the case of single-part partitions.

The exact statement is as follows. Let µ(i) = (µi) where µi ∈ Z≥0.
Using the commutativity of the fusion product (which follows from the
description below), order the factors in the product (2) so that µi ≥ µi+1.
Let µ = (µ1, ..., µm) denote the associated partition of N =

∑
i µi. In this

case, Kλ,µ(q) = K̃λ,µ(q), where

K̃λ,µ(q) = qn(µ)Kλ,µ(1/q),

with Kλ,µ(q) the Kostka polynomial5 and n(µ) =
∑

i(i− 1)µi.
The Kostka polynomial also appears in the context of the integer co-

homology ring3 of the generalized flag manifold Flµ′ of GLN . This is a
graded space and the Weyl group of GLN , which is the symmetric group
SN , acts on the graded components. It is known that the cohomology ring
is isomorphic as a graded space and as an SN -module to the quotient ring
Rµ = C[z1, ..., zN ]/Iµ where Iµ is a graded, SN -invariant ideal3 (see below).
The symmetric group SN acts on C[z1, ..., zN ], and on the quotient, by per-
muting the variables, thus preserving homogenous degree in zi. Therefore
there is a decomposition

Rµ ' ⊕
λ`N

Wλ ⊗Mλ,µ, (3)

where Wλ is the irreducible SN Specht module, and Mλ,µ is a graded
multiplicity space on which SN acts trivially. The q-dimension of Mλ,µ

is K̃λµ(q)3. Our goal is to identify this space with Mλ,µ. Details of this
construction can be found in4.
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2. The fusion product

Let us recall the definition of the fusion product1. Given a simple Lie
algebra g, let g[t] ' g ⊗ C[t] Let z be a complex number or a formal
variable, and define the action of g[t] on the g-module Vµ by evaluation at
the point z:

x⊗ f(t)v = f(z)xv, x ∈ g, f(t) ∈ C[t], v ∈ Vµ.

The evaluation module of g[t] is denoted by Vµ[z]. Let {z1, ..., zm} be
distinct complex numbers or formal variables. The algebra g[t] acts on the
tensor product of evaluation modules Vµ[Z] := Vµ(1) [z1] ⊗ · · · ⊗ Vµ(m) [zm].
by the usual co-product.

Let vi be the highest weight vector with respect to g of the g-module
Vµ(i) [zi], and define the following subspace of Vµ[Z]:

Wµ[Z] = U(g[t])v1 ⊗ · · · ⊗ vm.

The algebra g[t], and hence U(g[t]), is graded by degree in t. Let U (n)(g[t])
denote the graded component, and U (≤n)(g[t]) = ⊕i≤nU (i)(g[t]). Thus
there is a filtration of Wµ[Z] with filtered components Wµ[n] = U≤n(v1 ⊗
· · ·⊗vm). If we take zi to be complex numbers, the associated graded space
of Wµ[Z] is the fusion product:

Fµ := gr Wµ[Z]. (4)

Equivalently, let zi be formal variables, and define the degree of zi to be 1
for all i. Then Wµ[Z] is graded by homogenous degree in zi, with graded
components W

(n)
µ and filtered components Wµ[n] = ⊕i≤nW

(i)
µ . Then

W ′
µ[n] := (C[z1, ..., zN ]⊗C Wµ[n− 1]) ∩W

(n)
µ ⊂ W

(n)
µ , and

Fµ = ⊕nW (n)
µ /W ′

µ[n].

The two definitions are equivalent.
The fusion product is a graded space, and since g acts on homogeneous

components of Wµ[Z], the grading is g equivariant, and Fµ is isomorphic,
as a g-module, to Vµ in (1). Thus we have a decomposition of the form (2),
with Mλ,µ graded multiplicity spaces on which g acts trivially.

3. The case of fundamental representations

Consider the case where µ(i) = (1) and let π = Vω1 denote the basic repre-
sentation of g = sln, with highest weight vector v0. We have

VN [Z] := V(1)N [Z] = π[z1]⊗ · · · ⊗ π[zN ] ' π⊗N ⊗C C[z1, ..., zN ],
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where we take zi to be formal variables. We note that in this case we have
the Schur-Weyl duality:

π⊗N ' ⊕
λ:|λ|=N,`(λ)≤n

Vλ ⊗Wλ. (5)

The symmetric group SN acts on π⊗N by permuting factors, and it acts
on C[z1, ..., zN ] by permuting variables. We consider the diagonal action of
SN on VN [Z]:

∆σ(v ⊗ f) = σ(v)⊗ σ(f), v ∈ π⊗N , f ∈ C[z1, ..., zN ], σ ∈ SN .

The subspace WN [Z] := W(1N )[Z] = U(g[t])v0 ⊗ · · · v0 is characterized
in terms of the diagonal action of SN , as follows. Since the cyclic vector
w0 = v⊗N

0 of WN [Z] is invariant with respect to SN , and the action of g[t]
on w0 by the co-product commutes with the diagonal action of SN , it is
clear that

WN [Z] ⊂ VN [Z]SN ,

where by VN [Z]SN we mean the subspace invariant with respect to the
diagonal action of the symmetric group. Note that this means that the
graded components W

(n)
N are also SN invariant.

The inclusion is definitely proper: for example, vectors of the form

v0 ⊗ · · · ⊗ v0 ⊗ f(z1, ..., zN )

where v0 is the highest weight vector of π and f(z1, ..., zN ) is a symmetric
polynomial of positive degree, are not in WN [Z]. However, the following is
true4:

Theorem 3.1.

VN [Z]SN ' WN [Z]⊗C C[z1, ..., zN ]SN .

Now consider the fusion product. To compute the space W ′
N [n], note

that since W
(n)
N is SN -invariant for each n,

W ′
N [n] = (C[z1, ..., zN ]⊗WN [n− 1]) ∩W (n)

n = (ΛN ⊗WN [n− 1]) ∩W
(n)
N ,

where ΛN is the ring of symmetric polynomials of positive degree. Using
Theorem 3.1, we see that

(ΛN ⊗C WN [n− 1])(n) ⊂ (ΛN ⊗C VN [Z]SN )(n) ⊂ (ΛN ⊗C WN [n− 1])(n),

where by F (n) we mean the homogenous graded component of the space F .
Therefore we have the equality of ideals, and the fusion product is equal
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to VN [Z]SN modulo the ideal generated by symmetric functions of positive
degree, ΛN :

Theorem 3.2.

F(1N ) := ⊕nWN [n]/W ′
N [n] ' VN [Z]SN /〈ΛN 〉 ' (π⊗N ⊗R(1N ))

SN ,

where R(1N ) = C[z1, ..., zN ]/〈ΛN 〉.

The quotient R(1N ) is well-known to be isomorphic to the integer cohomol-
ogy ring of the complete flag variety of GLN , and has the decomposition
(3) into irreducible representations of SN , with µ = (1N ). Using the Schur-
Weyl duality (5), recalling that the trivial representation of SN occurs in
the tensor product Wλ ⊗Wµ once iff λ = µ, we have

F(1N ) '
((

⊕
λ:|λ|=N,`(λ)≤n

Vλ ⊗Wλ

)
⊗

(
⊕

|ν|=N
Wν ⊗Mν,(1N )

))SN

' ⊕
λ:|λ|=N,`(λ)≤n

Vλ ⊗Mλ,(1)N .

We conclude that Mλ,(1N ) = Mλ,(1N ).

4. The case of generic symmetric power representations

Recall that V(m) '
∑

σ∈Sm
σ(π⊗N ). Therefore,

Vµ[A] := V(µ1)[a1]⊗ · · · ⊗ V(µm)[am] ' Yµφµ(A)VN [Z].

where Yµ =
∑

σ∈Sµ
σ is the symmetrization over the Young subgroup Sµ =

Sµ1 × · · · × Sµm
, and φµ(A) is the evaluation map, sending the first µ1

variables in C[z1, ..., zN ] to a1, the next µ2 variables to a2, etc, where ai are
distinct complex numbers. We denote the projection from VN [Z] to Vµ[A]
by Πµ.

Two facts simplify the case of symmetric power representations. First,
the highest weight vector of V(m) is the image, under the projection from
π⊗m, of the product of highest weight vectors of π. In addition, both V(m)

and π are generated by the action of the abelian subalgebra a on the highest
weight vector, where a = 〈fα1j , 1 ≤ j < n〉, with α1j =

∑j
k=1 αk (we use

the notation fα to denote an element of the nilpotent subalgebra n−). It
follows that Wµ[A] = ΠµWN [Z], and Fµ ⊂ ΠµF(1N ) (coset representatives
of Fµ are a subset of the projection of coset representatives of F(1N )).

We need one simple result4:
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Lemma 4.1.

Yµφµ(A)V SN

N = φµ(A)V SN

N .

This is easy to see by considering the action on any properly symmetrized
vector in V SN

N . We then have the series of equalities

Fµ := gr Wµ[A]

' gr Yµφµ(A)WN [Z]

= gr φµ(A)VN [Z]SN

' gr
(
VN [Z]SN / ker φµ(A)

)
= gr

(
VN [Z]SN /(π⊗N ⊗ Jµ)SN

)
= gr

(
π⊗N ⊗Aµ

)SN

= (π⊗N ⊗Rµ)SN .

The ideal Jµ ⊂ C[z1, ..., zN ] consists of functions which have the prop-
erty φµ(A)(σ(f(z1, ..., zN ))) = 0 for all σ ∈ SN . by definition, Aµ =
C[z1, ..., zN ]/Jµ. It is a theorem that3 Rµ = gr Aµ. The isomorphism
between the second and third lines uses Theorem 3.1 and the fact that
the image of symmetric polynomials does not contribute to the associated
graded space.

Again using the decomposition (3) of Rµ and the Schur-Weyl duality
(5), we have

Fµ ' ⊕
λ:|λ|=|µ|,`(λ)≤n

Vλ ⊗Mλ,µ,

and we have the identification of Mλ,µ with the graded multiplicity space
of Wλ in Rµ.
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