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Abstract

The stochastic modeling and determination of reserves and risk capitals for variable
annuity guarantee products are relatively new developments in the insurance industry.
The current market practice is largely based on Monte Carlo simulations, which have
great engineering flexibility but the demand for heavy computational power can be
prohibitive in many cases. In this paper, we distinguish and compare two types of
risk models to determine the commonly used risk measures for reserving and capital
calculations. Using an example of the guaranteed minimum maturity benefit, we in-
vestigate alternative numerical methods that require less computational resources and
yet achieves high accuracy and efficiency.
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1 Introduction

With the increasing complexity of variable annuity guarantee products, insurance compa-
nies are facing unprecedented exposure to financial risks in addition to traditional mortal-
ity/longevity risks. The risk quantification, modeling and assessment for these innovative
designs are often too complex to be addressed by conventional techniques. After years of
advocacy by the actuarial community, the National Association of Insurance Commission-
ers (NAIC) adopted in 2005 the recommendation by the American Academy of Actuaries
(AAA) (c.f. [13]) for the C-3 phase II risk-based capitals (RBC) regulatory standard using
stochastic methods. The analogue of the C-3 phase II RBC for reserving standard, com-
monly known as the AG VACARVM (the Actuarial Guideline covering the Commissioners’
Annuity Reserving Valuation Method for Variable Annuities), was adopted by the NAIC in
2008 and was officially issued as the Actuarial Guideline 43 (AG-43). For interested read-
ers, [14] gives a detailed account of stochastic techniques applied to the risk management of
equity-linking insurance products and more general frameworks of simulations for all types
of variable annuity guaranteed benefits are well-studied in [1], [2], [18], etc.
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With this fundamental change in modeling methodology, there have been increasing dis-
cussions among practitioners of issues regarding model efficiencies. It is widely known from
various industrial surveys that the costs of stochastic simulations are often prohibitive for
small and medium sized companies, and even put large companies under tremendous resource
constraints. Recent efforts have been made in the industry to use variance reduction tech-
niques to alleviate the computational burden of simulations. However, there are some words
of caution that need to be shared. The variance reduction techniques developed in compu-
tational finance literature for the pricing of financial derivatives are intended for statistical
inferences of expectations, since no-arbitrage prices are often represented as expectations of
payoffs under risk-neutral measures. These techniques are far less efficient for estimating tail
probabilities of insurance liabilities, which are usually based on extreme events. A recent
work by [20] employed the method of control variate for the estimation of value-at-risk. How-
ever, there is only marginal improvement on the computational efficiency. Even less is known
in the current literature on how these techniques specifically apply to the computation of
reserves and capital requirements, and whether they are sufficiently accurate for industrial
applications. The current approaches used by the industry seem to be rather limited as there
are no analytical (deterministic) techniques available. While simulation techniques boast the
advantage of universal applications, the over-reliance on a single type of methods and the
lack of alternatives can expose the variable annuity industry to significant model risks and
operational risks. Taking advantages of model-specific analytical properties can sometimes
greatly improve efficiency and accuracy.

The objective of this work is to propose an alternative technique for assessing the overall
risks of equity-linking products, thereby providing a new approach to testing and estimating
the sampling errors of simulations. As the research is in its early stage, we shall not attempt
to address all at once the vast variety of product designs and practical considerations, such
as dynamic policyholder behavior, hedging, etc. Instead, we shall focus in this paper on
the model system of plain-vanilla guaranteed minimum maturity benefits (GMMB) as an
example to develop new computational algorithms. Nevertheless, it should be pointed out
that the partial differential equation (PDE) methods can be extended for more general
product designs.

In contrast with many existing models in the literature which focus on the liability
side for pricing, the two models to be investigated in this paper capture the interation
of mortality/longivity risk and financial risk on both sides of asset and liabilty for risk
management. Even though we only use a PDE method for evaluating risk measures in this
paper, the two models are not restricted to particular types of computational techniques.

2 Risk modeling and measurement

In this work, we consider the actuarial approach to risk management, under which assets are
invested in fixed-rate instruments. The proceeds at maturity are used to cover guarantee
liabilities. Thus the reserves and capitals are determined based on statistical inferences of
insurance liabilities to ensure that there are sufficient funds to cover the benefits with high
probability. Details on this practice can be found in [14, Chapter 6] and [9, Chapter 12].
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2.1 Individual model

We first investigate the insurance liability of the GMMB on a standalone contract basis. To
compare with the average model to be introduced, we use the superscript (i) to indicate the
ownership of the i-th policyholder.

Let (Ω,F , {Ft}) be a filtered probability space on which the dynamics of asset prices is
modeled by a geometric Brownian motion (GBM). Let St be the market value of underlying
equity fund at t given by an {Ft}-adapted process

St = S0e
µt+σBt , t > 0,

where B is a standard Brownian motion. This model in fact encompasses many general
setups, such as a portfolio of a GBM-driven risky asset and risk-free assets with constant
yields, or a portfolio of several GBM-driven risky assets with correlations where the make-up
remains fixed as in mutual funds. This feature typically either comes with the contract or
is offered as an automatic rebalancing option. The model is commonly referred to as the
Black-Scholes model in the finance literature or the independent lognormal model in the
insurance industry. There are several reasons why we prefer to work on this model. First,
both liability risk and revenue risk can be quantified and assessed using a wide range of
analytical methods, which provide test cases on the accuracy and efficiency of Monte Carlo
simulations as well as alternative deterministic methods. Second, the independent lognormal
model is among several recommended models by the AAA for economic scenario generators.
The model parameters that meet the calibration point criteria can be found in the [13,
Appendix 2]. Third, it is the base model on which hedging strategies for guarantee benefits
are developed in practice (cf. [14, Chapter 8]). Using the same model for both hedging and
risk management guarantees consistency and hence reduces model risks.

Let m be the annualized rate at which fees and charges are deducted from the investment
account. Following the marking-to-market practice, most guarantee products charge asset-
value-based fees on a daily basis. That means, at the end of each trading day, the investment
account is adjusted according to the performance of funds in which it invests and deducted
by fees and charges. With such high frequency of payments, it is more convenient to consider
continuous streams of fees and charges. Hence, without the effect of investment guarantees,
the account value at time t, denoted by F

(i)
t , is given by

F
(i)
t = F

(i)
0

St
S0

e−mt, t ≥ 0.

On the liability side, the GMMB guarantees to match the account balance up to a minimum
account value, denoted by G(i), should the policyholder survive to the maturity, denoted by
T , with the then-current account balance below the guarantee amount. It is usually assumed
that the mortality is independent of fund performance. Let τ

(i)
x be the future lifetime of the

i-th policyholder at age x at the time of valuation. Thus, the gross liability of the GMMB
rider is determined by

(G(i) − F (i)
T )+I(τ (i)

x > T ), where (x)+ = max(x, 0). (2.1)

On the asset side, the rider charges are typically taken as a fixed percentage, me, of the
account value on a daily basis up until the earlier of the maturity and the death of the
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policyholder. Thus the accumulated present value at time 0 of all rider charges is given by∫ T∧τ (i)x

0

e−rtmeF
(i)
t dt.

Therefore the present value of the insurer’s net liability to the i-th policyholder (gross liability
less asset) is formulated as

L(i) := e−rT (G(i) − F (i)
T )+I(τ (i)

x > T )−me

∫ T∧τ (i)x

0

e−rtF
(i)
t dt, (2.2)

where I(A) is the indicator which takes the value 1 if A is true and the value 0 otherwise.
Sometimes we write IA for brevity. Two types of risk measure are used in practice to assess
the overall risks of insurance liabilities. (1) The α-quantile risk measure, also known as the
value-at-risk, is determined by

Vα := inf{V : P[L(i) > V ] < 1− α}, 0 ≤ α ≤ 1.

The quantile risk measure Vα is interpreted as the minimum capital required to ensure that
there is sufficient fund to cover the future liability with the probability of at least α. (2) The
conditional tail expectation (CTE) with the confidence level α is calculated as

CTEα := E
[
L(i)
∣∣L(i) > Vα

]
.

It is the capital required to cover the average liability given that it exceeds the α-percentile.
The individual model was studied for the GMMB rider in [10, 11], where various analytical

methods have been proposed and tested. One should note that, although the risk measures
are determined for an individual contract, it was shown in their papers that both quantities
are in fact proportional to the size of contract. Hence, if the porfolio of variable annuity
(VA) products is mostly concentrated on one contract of large amount, good approximations
of the aggregate risk measures can be simply determined by multiplying the risk measures
of a standard contract per unit by the size of the large contract.

2.2 Average model

The current market practice of assessing the embedded financial and mortality risks in vari-
able annuity is based on a different approach of formulating the insurance liability, which we
shall refer to as an average model for reasons to be seen.

We take a simplified example of the AG-43 reserve, although the methods can be extended
similarly for RBC calculations. Instead of using the explicit formulation to be shown in
(2.6), practicing actuaries usually perform spreadsheets-based Monte Carlo simulations. The
projection of net profit/loss is done on a spreadsheet for each valuation period by

Changes in Surplus = Fees income + Interest on surplus−Guaranteed benefits.

Then the evolution of insurance net liability, known as the accumulated deficiency in the
AG-43, is determined as the trajectory of the changing surplus over the whole period of
projection. Based on this principle, we formulate the reserve in mathematical terms.
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In contrast with the individual model, only an average contract of a typical size is con-
sidered in a spreadsheet calculation. Here we denote the projected account value at any
valuation date t of an average contract by Ft and the guaranteed amount by G. The in-
surer’s GMMB liability for an average contract is determined at the maturity T by

Tpx(G− FT )+, (2.3)

where Tpx denotes the probability that the policyholder at age x at the time of valuation
survives T periods, i.e. Tpx = P(τx > T ). Comparing with (2.1), we observe that in this
model the exits are treated in a deterministic manner so that the only source of randomness
is the equity price process (c.f. [14, Chapter 10]). The reasons behind this may be argued as
follows. Consider a pool of N identical contracts with policyholders of age x at time 0 where
N is sufficiently large. Without being precise, we may argue that according to the strong
law of large numbers, there are approximately TpxN contracts still in force at time T . We
can average out the remaining liabilities at time T over all original contracts and treat as if
every contract shrinks to the portion Tpx at time T of its original size. Therefore, on average,
the insurer’s gross liability to each contract of the typical size is given by (2.3). One should
keep in mind that even though Tpx has its probabilistic interpretation, the policyholder
population is assumed to decline deterministically over time. Let ∆t be the length of each
project period. Similarly, one could argue that, for the valuation period from t to t + ∆t,
each contract contributes on average the portion tpx of fees charged on an individual basis,
i.e. tpxme ∆t Ft. If the income is based on the mid-period projection of fund value, then the
rider charges are determined by tpxme ∆t (Ft+∆t + Ft)/2.

Denote the surplus for the project period t by Ut and the yield rate on the assets backing
the guarantee liability by r. Then the change in surplus in the period (t, t + ∆t] (one row
on a spreadsheet) is given by

Ut+∆t − Ut = tpxme ∆t
Ft+∆t + Ft

2
+ r∆t Ut, t = 0,∆t, · · · , T − 2∆t. (2.4)

Since the GMMB benefit is only payable at maturity, we have

UT − UT−∆t = tpxme ∆t
FT + FT−∆t

2
− T−∆tpx (G− FT )+ + r∆t UT−∆t. (2.5)

Under each scenario, the greatest present value of accumulated deficiencies (GPVAD) is
defined as the discounted value at the valuation date of the lowest value of the surplus
trajectory. In the case of the GMMB, the lowest value will always happen at the maturity,
i.e. GPVAD = e−rTUT . This projection is then repeated with a pre-packaged set of asset
value scenarios, with 1, 000 scenarios being common, and the reserve is determined by the
70% conditional tail expectation of the GPVADs, which is estimated by the average of the
30% worst cases. A summary of the AG-43 reserve calculation can be found in [15].

Bear in mind that asset-based rider chargers are typically made on a daily basis. To
improve the efficiency of simulations, the common practice is to compromise the accuracy
by running projections on quarterly basis (∆t = 1/4). We can improve the accuracy by
taking a smaller valuation period. In fact, letting ∆t shrink to zero, we see that the differ-
ence equations (2.4) and (2.5) in spreadsheet calculations lead to the system of differential

5



equations

U ′t = me tpxFt + rUt, 0 < t < T,

UT = UT− − Tpx(G− FT )+,

whose solution yields the mathematical formulation of the AG-43 insurance liability

UT = Tpx(G− FT )+ −me

∫ T

0

e−r(T−t) tpxFt dt.

Therefore, the present value of accumulated deficiency (liability less asset) for time T for the
GMMB rider is given by

L∗ := e−rTUT = e−rT Tpx(G− FT )+ −me

∫ T

0

e−rt tpxFt dt, (2.6)

We obtain the risk measures of the net liability under the average model. Consider the
α-quantile risk measure

Vα := inf{V : P[L∗ > V ] < 1− α}.

In spreadsheets-based simulations, it is estimated by the α×N -th order statistics ((1−α)×N -
th worst case) where N is the sample size of simulations. The reserve is based on the
conditional tail expectation (CTE) amount with the confidence level α

CTEα := E [L∗|L∗ > Vα] .

This is often calculated as the sample average of the N × (1 − α) worst cases of simulated
results on accumulated deficiencies L∗.

It is shown in [10] that the accumulated deficiency formulated in the average model (2.6)
is in fact a conditional expectation of the insurer’s net liability in the individual model (2.2).
One can show that assuming (1) the future lifetimes of all policyholders are independent and

identically distributed and (2) all contracts are of equal size, i.e. G(i) = G and F
(i)
0 = F0 for

all i = 1, 2, · · · , N, then as N →∞,

1

N

N∑
i=1

L(i) −→ E[L|FT ] = L∗, almost surely, (2.7)

where E[L|FT ] is the conditional expectation with respect to the σ-algebra FT , the informa-
tion of the GBM {St, t ≥ 0} up to time T . Note that this is not a direct consequence of the
classical strong law of large numbers, as L(i)’s are not mutually independent and all linked
to the same equity index {St, t ≥ 0}. Nevertheless, under the above-mentioned assumptions,
the average policy liability would almost surely converge to the expectation of individual
policy liability. We shall provide a rigorous proof of this statement in a subsequent paper.

The fundamental difference between (2.2) and (2.6) is that the mortality risk is consid-
ered on a standalone basis in the former but is fully diversified through (2.7) with a large
pool of contracts in the latter. One should note that the two models (2.2) and (2.6) make
no difference for the pricing of the GMMB rider based on expectations under risk-neutral
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measures, since E[L(i)] = E[L∗]. However, they differ in terms of tail probabilities. In gen-
eral, the tail probability P(L(i) > V ) of the individual model can be expected to be higher
than that of P(L∗ > V ) of the average model when V is big enough, due to the fact that
the diversification of mortality risks in a pool of policyholders reduces the likelihood and
severity of extreme losses in the average model.

It is easy to see from (2.6) that the two risk measures are proportional to contract size. If
the assumptions of (2.7) truly hold, then the aggregate risk measures should be those of the
average model for a contract of a unit size multiplied by the number of units in the whole
portfolio of contracts. However, one should be reminded that the actuarial practice on the
average model implicitly assumes that all contracts are of equal size, which contradicts the
reality. Unlike exchange-traded financial derivatives, there is no standardized VA contract
size. VA account values may vary from a thousand dollars to several million dollars. Dividing
contracts into units of an average size makes the assumptions of (2.7) invalid. Hence the
true risks in VA contracts would likely to be somewhere between the individual model with
no mortality diversification and the average model with mortality diversification. Thus it is
important for us to study risk measures of both models for a prudent risk assessment.

3 Computations of risk measures

Numerical PDE methods are widely used for pricing and hedging in finance and actuarial
science literature. See, for example, [22] for barrier options, [17] for guaranteed minimum
withdrawal benefit, [7] for a guaranteed benefit with interest-contingent policyholder behav-
iors, etc. While there are several ways of utilizing PDEs which may be equally applicable
to the computation of risk measures, it is well-known in the computational mathematics
literature that high dimensional PDEs are much harder to deal with than low dimensional
PDEs both in terms of their analytical properties and computational techniques. Hence,
we are particularly interested in a dimension reduction technique, which was introduced by
[21] for the pricing of Asian options and also extended by [5] for the pricing and hedging
of flexible premium variable annuity. Although only previously used for pricing purposes,
this technique can be modified for the computation of risk measures in both the individual
model and the average model. A great advantage of this method is that the resulting PDEs
from both models are in a form that can be easily handled in most commercially available
software packages. We leave the technical derivations to Section 6.

3.1 Individual model

For notational brevity, we suppress the superscripts (i) in the individual model. In order to
compute the quantile risk measure Vα, we determine the tail distribution of the net liability
L, denoted by P (y),

P (y) := P (L > y) .

It is clear that being a survival probability, P is a decreasing function in y.Once the method
of computing P is developed, we use a root search algorithm to find Vα such that for a given
level α,

1− α = P (Vα).
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For the purpose of risk management, we are only interested in the risk measures for the
percentile level α such that Vα > 0.

Proposition 3.1. Suppose Vα > 0. P is determined by

P (Vα) = Tpx u(0, z0), where z0 :=
(

1 +
me

r̂

)
er̂T − me

r̂
.

The function u satisfies the backward parabolic PDE

∂u

∂t
+
σ2

2

(
z − q(t)

)2∂2u

∂z2
= 0, 0 ≤ t ≤ T, z ∈ R, (3.1)

with the terminal condition

u(T, z) = I{z<K}, (3.2)

where, for 0 ≤ t ≤ T ,

q(t) :=
me

r̂

(
er̂(T−t) − 1

)
, r̂ := µ− r −m+

σ2

2
, K =

e−rTG− Vα
F0

. (3.3)

Similarly, we can compute the conditional tail expectation risk measure

CTEα = E[L|L > Vα] =
1

1− α
E[LI{L>Vα}].

Proposition 3.2. Suppose Vα > 0. CTEα is determined by

CTEα = Vα +
Tpx

1− α
F0u(0, z0), (3.4)

where u satisfies the PDE (3.1) with the parameters as in (3.3) and the terminal condition

u(T, z) = (K − z)+. (3.5)

3.2 Average model

The computation of risk measures is usually more difficult in the average model than it is
in the individual model. Nevertheless, the PDE method is equally applicable in this case.
Consider the tail distribution of the net liability

P
∗
(y) := P(L∗ > y).

Again, as in the individual model, P
∗
(y) is a decreasing function of y. Hence we can use a

simple root search algorithm to determine the desired quantile risk measure Vα such that

1− α = P
∗
(V ∗α ).
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Proposition 3.3. Suppose V ∗α > 0. P
∗

is determined by

P
∗
(V ∗α ) = u(0, z∗0).

The function u satisfies the backward parabolic PDE

∂u

∂t
+
σ2

2

(
z − q∗(t)

)2∂2u

∂z2
= 0, 0 ≤ t ≤ T, z ∈ R, (3.6)

with the terminal condition

u(T, z) = I{z<K∗}, (3.7)

where for 0 ≤ t ≤ T

q∗(t) :=
me

Tpx

∫ T−t

0

er̂u upx du, r̂ := µ− r −m+
σ2

2
, K∗ :=

Tpxe
−rTG− V ∗α
TpxF0

. (3.8)

The constant z∗0 is given by z∗0 := q∗(0) + er̂T .

Similarly, we develop a numerical procedure to compute the CTE risk measure

CTE∗α = E[L∗|L∗ > V ∗α ] =
1

1− α
E[L∗I{L∗>Vα}].

Proposition 3.4. Suppose V ∗α > 0. CTE∗α is determined by

CTE∗α = V ∗α +
Tpx

1− α
F0u(0, z∗0),

where u satisfies the PDE (3.6) with parameters in (3.8) and the terminal condition

u(T, z) = (K∗ − z)+. (3.9)

Although the expression q∗ works for any survivorship model, we use the commonly
used life table model to reduce the amount of computation. The survival probabilities on
integer years, i.e. {kpx, k ∈ Z+}, are extracted from a life table, where Z+ denotes all positive
integers including 0, up to the maximum age on the life table. We can simplify the expression
of q∗ using fractional age assumptions (c.f. [9, Section 3.3]). For 0 ≤ t ≤ T ,

q∗(t) =
me

Tpx


bT−tc−1∑
k=0

p(k, k + 1) + p(bT − tc, T − t)

 ,

where b·c is the floor function and for 0 ≤ s ≤ 1,

p(k, k + s) :=

∫ k+s

k

er̂u upx du = kpx e
r̂k

∫ s

0

er̂t tpx+k dt.

The function p can be determined as follows under two fractional age assumptions.
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Uniform Distribution of Deaths

It is assumed that the death can occur at any time within a year with equal likelihood.
Following the actuarial convention, we write tqx = 1 − tpx and qx = 1qx for short. For
0 ≤ s ≤ 1, the UDD assumption is equivalent to sqx = s qx. Then,∫ s

0

er̂t tpx+k dt =

∫ s

0

er̂t[1− tqx+k] dt =
er̂s − 1

r̂
− qx+k

ser̂s

r̂
+ qx+k

er̂s − 1

r̂2
.

Thus,

p(k, k + s) = kpx e
r̂k

[
er̂s − 1

r̂
− qx+k

ser̂s

r̂
+ qx+k

er̂s − 1

r̂2

]
, k ∈ Z+, 0 ≤ s ≤ 1.

Constant Mortality

Another common fractional age assumption is that the force of mortality is constant
between integer years. That implies, for 0 ≤ s ≤ 1, spx = (px)

s. Then∫ s

0

er̂t tpx+k dt =

∫ s

0

er̂t(px+k)
t dt =

(er̂px+k)
s − 1

r̂ + ln px+k

.

Thus under the constant mortality assumption,

p(k, k + s) = kpx e
r̂k (er̂px+k)

s − 1

r̂ + ln px+k

, k ∈ Z+, 0 ≤ s ≤ 1.

4 Numerical examples

Since there are analytical methods available to calculate the risk measures in the individual
model, we would first test the accuracy and efficiency of the numerical PDE method. In
the average model, no analytical methods are currently known and hence we perform Monte
Carlo simulations and compare the results with those produced by the PDE approach. All
computations in this section are done on a MacBook with a 2.3 GHz Intel Core i7 processor
and 8 GB 1600 MHz DDR3 memory.

For a clear comparison with other analytical methods, we use the same valuation basis
as that in [10]. We set the mean and the standard deviation of log-returns per annum to
be µ = 0.09 and σ = 0.3 respectively. The risk-free discount rate per annum is given by
r = 0.04. The total of M&E fees and rider charges per annum is m = 0.01. The rider charge
allocated to fund the GMMB is 35 basis points per annum, i.e. me = 0.0035. Throughout
this section, we use the survivorship model extracted from the period life table for male
and calendar year 2010 published by the U.S. Social Security Administration [3, page 68],
which we reiterate in Table 1. In the average model, we shall use the constant mortality
assumption to infer the survival probabilities in fractional years.

The guaranteed amount G is typically set at certain percentages of the initial purchase
payment F0, say G = 100%F0. It is clear from (3.3) and (3.8) that for each fixed α, the
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k kp65 k kp65 k kp65 k kp65 k kp65

1 0.98246 2 0.96348 3 0.94304 4 0.92113 5 0.89775
6 0.87275 7 0.84606 8 0.81778 9 0.78807 10 0.75700

Table 1: Predicted mortality rates of a male at the age of 65

equation P (Vα) = 1 − α determines Vα through the parameter K. Therefore, the quantile
risk measure Vα must be a linear function of F0, which justifies the common practice of
representing risk measures as percentages of purchase payments. It is not difficult to show
analytically that CTEα is also a linear function of F0. Hence, without the loss of generality,
we set F0 = G = 1 and interpret the results on risk measures as percentages of purchase
payments in the following numerical examples.

4.1 Individual model

We test the accuracy and efficiency of the numerical PDE method outlined in Propositions
3.1 and 3.2 in two cases where T = 5 and T = 10. For simplicity, our computing algorithm
uses 10 t-mesh points for each time unit and n equally spaced z-mesh points in the space
[a, b]. The Matlab PDE solver pdepe is used to evaluate the solutions to the PDE (3.1) at
these points. Using the output of pdepe, the procedure pdeval returns the approximation
of the solution at z0. Details on the implementation of numerical algorithms in Matlab can
be seen in the Appendix. We report all results on survival probabilities with the first five
decimal places without rounding as well as the running times in minutes. The last columns
show the exact value computed by the method of Green’s function from [11].

HHH
HHH[a, b]
n

100 500 2000 6000 Green

[-5,10] 0.13024 0.13226 0.13215 0.13214
0.13213Time 0.165 1.096 6.329 21.523

[-10,10] 0.13024 0.13226 0.13214 0.13213
Time 0.220 1.456 7.733 33.169 0.0001

Table 2: Individual model: survival probability P (0.2), T = 5

H
HHH

HH[a, b]
n

100 500 1000 5000 Green

[-5,10] 0.07786 0.07662 0.07647 0.07641
0.07641Time 0.166 1.260 3.036 21.918

[-10,10] 0.07786 0.07662 0.07647 0.07641
Time 0.222 1.680 4.104 30.871 0.0001

Table 3: Individual model: survival probability P (0.2), T = 10

In the case where T = 5, the initial value z0 = 1.55139. In the case where T = 10,
the initial value z0 = 2.39480. The survival probabilities of the net liability L are given
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for T = 5 in Table 2 and for T = 10 in 3 with various choices of [a, b] and n. Although
our choices of boundary points a, b are arbitrary, the algorithm appears to have achieved
convergence even at the interval [−5, 10], which is relatively narrow in comparison with z0.
There is no significant loss of accuracy by truncating the z-space. By comparing Tables 2
and 3, we observe that the accuracy of the PDE method does not appear to be significantly
affected by the time horizon but rather the number of mesh points. It is not surprising that
the numerical PDE method is less efficient than an analytical method such as the Green’s
function approach. Nevertheless, the consistency of results confirms that the PDE method
is an accurate alternative.

Having tested the survival probabilities of the net liability, we are now ready to compute
the quantile risk measure Vα, which is the inverse of survival function P . We report the
results on V90% and CTE90% in Table 4. The computation of the quantile reaches three
decimal places of accuracy with n = 1000 and five decimal places with n = 5000. Observe
that it requires much less z-mess points to achieve the accuracy up to five decimal places for
the CTE. Small errors in the fifth decimal place appear with n = 1000 and n = 5000, which
are likely caused by the accumulation of discretization errors as the number of mesh-points
increases.

Methods n = 300 n = 1000 n = 5000 Laplace
V90% - 0.12531 0.12550 0.12550
Time - 19.558 216.029 3.572

CTE90% 0.30296 0.30297 0.30298 0.30296
Time 0.467 2.075 23.148 0.643

Table 4: Individual Model: computations of risk measures, T = 10.

4.2 Average model

The real advantage of the numerical PDE method appears in its flexibility to deal with the
average model, to which the analytical methods proposed in [10, 11] do not apply.

In this case, we consider the net liability under the 10-year GMMB rider. We used the
method outlined in Proposition 3.3 to perform a convergence test on the tail probability
P
∗
(0.2). In all cases, the initial value z∗0 = 2.40332. The choice of the range of z-mesh points

[−5, 10] is arbitrary but further extending the boundary adds no value as shown in Table
5. Thus we increase the number of z-mesh points to improve the accuracy of computations.
The exact value up to five decimal places is achieved when the number of z-mesh points is
increased to 6000. We compare the results by the PDE method with those by Monte Carlo
simulations. In each experiment, we project the net liability according to the formulation
(2.6) and repeat the projections N times to find the empirical percentile for net liabilities
greater than 0.2. Then we use the sample average of 20 experiments as the estimate of the
survival probability. In the last two columns of Table 5, we provide the simulation results
when N = 1, 000 and N = 1, 000, 000. As we show in this example, the PDE method
requires at most one fifth of the computational time for simulations with the accuracy up to
four decimal places. It should be pointed out that the efficiency can be expected to further
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improve if a custom-made numerical procedure rather than the Matlab is used. We observed
that the pdepe procedure uses each value of q∗ repeatedly for thousands of times. If we know
exactly the points of evaluation, we could create a table from which the required values can
be retrieved instead of being computed each time the value is called. Therefore, the actual
running times can be reduced enormously.

HHH
HHH[a,b]

n
100 500 5000 6000 7000 MC (10k) MC (1m)

[-5,10] 0.07322 0.07398 0.07364 0.07363 0.07363
0.07285 0.07364Time 0.302 2.223 39.350 46.616 63.864

[-7,12] 0.07322 0.07398 0.07364 0.07363 0.07363
Time 0.388 2.791 49.069 61.049 80.126 2.241 231.30

Table 5: Average model: survival probability P
∗
(0.2), T = 10

We calculate the risk measures 90% quantile and 90% conditional tail expectation in
Table 6. A bisection method is used to determine the quantile with adaptive starting points.
The starting points will always be based on the improved accuracy from the previous com-
putation. For example, we use the range [0.1, 0.2] when n = 100, [0.14, 0.17] when n = 500,
[0.140, 0.150] when n = 5000, [0.149, 0.150] when n = 6000. There does not appear to be
much time reduction from the PDE method over the simulations, mostly due to the itera-
tions required by the bisection method. As alluded to earlier, one should be able to reduce
the running times significantly by developing a custom-made numerical procedure. The ad-
vantage in efficiency of the PDE method is more evident for the CTE risk measure even
with the use of this “black-box” PDE solver, since it only takes less than a quarter of a
minute to reach an accuracy of three decimal places, which otherwise requires four hours of
computations using the Monte Carlo simulation.

Methods n = 100 n = 500 n = 5000 n = 6000 MC (10k) MC (1m)
V90% 0.15156 0.14843 0.14906 0.14936 0.15109 0.14941
Time 9.735 69.436 203.314 303.497 2.215 229.185

CTE90% 0.25984 0.25982 0.25983 0.25983 0.26139 0.25991
Time 0.237 1.720 30.585 37.542 – –

Table 6: Average model: computations of risk measures, T = 10.

4.3 Comparison

We plot the tail probabilities of the net liability L in the individual model and the net
liability L∗ in the average model in Figure 1. The solid line represents the survival function
of the net liability in the individual model and the dashed line represents that in the average
model. As one would expect, the average model tends to produce a lighter tail than the
individual model due to the diversification of mortality risks. In practice, the VA contracts
are not homogeneous in size and hence the average model tends to underestimate the severity
of extreme events. Note, however, the tail probability of L is not necessarily always greater
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than that of L∗.1 See, for example, the 70% and 90%-quantile risk measures for the average
model, used in the AG-43 and the RBC calculations in practice, are in fact higher than those
for the individual model.
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Figure 1: Survival functions of net liabilities in the individual and average models

The comparison of the conditional tail expectations of L and L∗ is more straightforward.
Note that since both quantities are continuous random variables, the notion of conditional
tail expectation is equivalent to that of Tail-Value-at-Risk (TVaR). We can use the known
properties of TVaR (cf. [8], Section 2.4.3) to show that

CTEα(L∗) ≤ Vα(L) +
1

1− α
E[(L∗ − Vα(L))+]

= Vα(L) +
1

1− α
E[(E[L− Vα(L)|FT ])+]

≤ Vα(L) +
1

1− α
E[E[(L− Vα(L))+|FT ]] (Jensen’s inequality)

= CTEα(L).

Hence the CTE of the net liability in the individual model provides a upper bound on the
CTE of the net liability in the average model for each given confidence level α.

Recall that the risk measures under the individual model reflects the overall risks with no
diversification of mortality risk whereas the risk measures under the average model assesses
the overall risks with diversification of mortality risk. Comparing Table 3 with Table 5 and

1In terms of stochastic ordering, L∗ = E[L|Ft] is smaller than L in the stop-loss order, i.e. Eg(L∗) ≤ Eg(L)
for any convex function g. This is also known as the Jensen’s inequality. But one does not dominate the
other in the stochastic order. Discussions of stochastic ordering can be seen in Rolski et al. [19].
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Table 4 with Table 6 in the previous subsections, we note that the values under the two
models are not so far apart that they could provide useful approximate metrics of the true
level of risks. This is particularly needed when the VA contracts vary greatly by size and
the convergence in (2.7) does not hold.

In general, the risk measures under the individual model are much easier to compute
than those under the average model, as closed-form solutions are available or otherwise less
computation is necessary in the former. There are several reasons why the individual model
can be very useful. (1) The individual model provides test cases in which the accuracy of
Monte Carlo and other numerical methods can be checked. This is useful as it is often
very difficult to perform thorough convergence tests for large scale simulations. (2) The risk
measures under the individual model may be used as cost-saving rough estimates of the true
risk measures. To fully simulate the aggregate liabilities under contracts of varying sizes
by small incremental projection periods would be extremely difficult. The individual model
provides low cost and easy-to-compute estimates in comparison with the average model. (3)
The individual model can be utilized to assist in the computations in the average model.
The risk measures in the individual model may be used as control variates in Monte Carlo
simulations with variance reduction techniques.

5 Remarks on stochastic mortality

There has been growing popularity of stochastic mortality models in the actuarial litera-
ture. In contrast with the classical mortality models where morality rates are deterministic,
stochastic mortality models are designed to describe certain random nature of observed mor-
tality improvement over time from empirical data. Detailed accounts of the mortality models
can be found in Dahl and Moller [6], Cairn et a. [4], etc. For illustration, we give an example
of a time-homogeneous process for modeling the mortality intensity. But in principle, any
stochastic mortality model can be incorporated in the framework of the individual model.
We denote the mortality density process by µx(t) for a policyholder of age x at issue.

dµx(t) = [a+ bµx(t)] dt+ σµ
√
µx(t) dW (t),

where µx(0) > 0 and W is a Brownian motion independent of the Brownian motion B in
the stock price process. This model was used in [12] in the pricing of guaranteed lifetime
withdrawal benefits in variable annuities. This model is essentially a variation of the one-
factor CIR interest rate model in finance literature. Note that with this stochastic mortality
model, the present value of the insurer’s net liability to this policyholder is formulated in
the same way as in (2.2) with the specific assumption on τ

(i)
x that

P(τ (i)
x > T ) = Tpx = C1(T )e−C2(T )µx(0), (5.1)

where γ =
√
b2 + 2σ2

µ and

C1(T ) =

(
2γe(γ−b)T/2

(γ − b)(eγT − 1) + 2γ

)2a/σ2
µ

, C2(T ) =
2(eγT − 1)

(γ − b)(eγT − 1) + 2γ
.

For Vα > 0, the tail distribution of the net liability L(i) is given by P (Vα) = Tpxu(0, z0) in
Proposition 3.1 with the particular choice of Tpx given by (5.1). One can also determine the
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CTE measure in Proposition 3.2 with the same choice of Tpx. Even in non-affine-structure
stochastic mortality models where closed-form solutions may not be available, the survival
probability can always be determined by certain PDEs. Since the formulation of the net
liability (2.2) is independent of particular mortality assumption, all stochastic mortality
models can be incorporated into the PDE computation of risk measures in an individual
liability model.

However, the stochastic mortality models can not be used in an average liability model.
As alluded to earlier in (2.7), the common actuarial practice of running the spreadsheet
calculation, which is equivalent to the formulation (2.6), can only be justified under the as-
sumption that the future lifetimes of all policyholders are mutually independent. The main
logic, often termed “diversification of mortality risk”, is to completely eliminate the uncer-
tainty of the timing of payments due to the mortality risk by spreading the costs over a large
pool of policyholders. In contrast, the purpose of a stochastic mortality model is to charac-
terize and quantify an non-diversifiable “systematic” risk, which describes the uncertainty
of mortality improvement due to other factors such as medical advances and social-economic
development, etc. In stochastic mortality models, the death rates for different individuals
are all dependent on the systematic risk of mortality improvement. For example, it is often
assumed that individual lifetimes are independent and identically distributed conditional on
the information up to the maturity of a policy, (c.f. Dahl and Moller [6, p.199-200]). In the
model described above, that means for i 6= j ∈ Z, 0 ≤ s, t ≤ T

P[τ (i)
x > t, τ (j)

x > s|GT ] = P[τ (i)
x > t|GT ]P[τ (j)

x > s|GT ] = exp

{
−
∫ t

0

µx(u) du−
∫ s

0

µx(u) du

}
,

where {Gt, t ≥ 0} is the natural filtration generated by {Wt, t ≥ 0}. In other words,

P(τ (i)
x > t, τ (j)

x > s) = E
[
exp

{
−
∫ t

0

µx(u) du−
∫ s

0

µx(u) du

}]
.

It is easy to see that P(τ
(i)
x > t, τ

(j)
x > s) 6= P(τ

(i)
x > t)P(τ

(j)
x > s). Therefore, the assumptions

under which the convergence (2.7) holds true are no longer valid and hence it makes little
sense to use the average model for the computation of risk measures under the stochastic
mortality setting.

This comparison in terms of stochastic mortality also shows that the individual model
is an appealing alternative of risk modeling for guaranteed product, as it is more adaptable
for complex mortality structures. We shall pursue this topic on an aggregate liability model
with stochastic mortality rates in future research.

6 Derivations

This section collects the proofs of Propositions 3.1–3.4.

General methodology:
Define the process {Yt, 0 ≤ t ≤ T} by

Yt := e−rt
Ft
F0

= exp

{(
r̂ − σ2

2

)
t+ σBt

}
,
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where r is defined in (3.3). Using the Itô’s formula, we can show that

dY −1
t = (σ2 − r̂)Y −1 dt− σY −1

t dBt.

Let {Xt, 0 ≤ t ≤ T} be a stochastic process determined by the SDE

dXt = q(t) dY −1
t − r̂

[
Xt − q(t)Y −1

t

]
dt,

where q is a differentiable function to be determined later. Applying the product rule to
er̂tXt yields the solution

Xt = e−r̂t(X0 − q(0)) + q(t)Y −1
t − e−r̂t

∫ t

0

er̂sq′(s)Y −1
t ds.

Let p be the density of a finite measure on [0, T ]. In the two risk models, the density p will
take different forms. Set

q(t) := me

∫ T

t

er̂(T−s)p(s) ds, X0 := q(0) + er̂T . (6.1)

Then we obtain

XT = 1 +me

∫ T

0

Y −1
s p(s) ds.

Define Zt := XtYt for all 0 ≤ t ≤ T . By product rule, we know that

dZt = Xt dYt + Yt dXt + d〈X, Y 〉t
= (r̂XtYt dt+ σXtYt dBt) + (q(t)σ2 dt− q(t)σ dBt − r̂XtYt dt)− q(t)σ2 dt

= σ
(
Zt − q(t)

)
dBt.

For any bounded function f , it follows from the Kolmogorov backward equation that u(t, z) :=
E(f(ZT )|Zt = z) satisfies the PDE (3.1) with the terminal condition

u(T, z) = f(z). (6.2)

Observe that

ZT = YT

(
1 +me

∫ T

0

Y −1
s p(s) ds

)
.

Using the time-reversal arguments (as used in the proof of the duality lemma [16, Lemma
3.4]), we can show that for each fixed T ,(

YT , YT

∫ T

0

Y −1
s p(s) ds

)
∼
(
YT ,

∫ T

0

Ys p(T − s) ds

)
,

where ∼ means an identity in distribution. Therefore, for each fixed T > 0,

ZT ∼ YT +me

∫ T

0

Ys p(T − s) ds. (6.3)
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Proof of Proposition 3.1: For Vα > 0, we can rewrite

P (Vα) = P (L > Vα| τx > T )P(τx > T )

= Tpx P
(
e−rT (G− FT )−me

∫ T

0

e−rtFt dt > Vα

)
= Tpx P

(
e−rTG− Vα

F0

>
e−rTFT
F0

+me

∫ T

0

e−rtFt
F0

dt

)
= TpxP

(
K > YT +me

∫ T

0

Yt dt

)
.

In this case, we let p(s) = 1 for s ∈ [0, T ]. The function q defined in (6.1) is reduced to the
one in (3.3). Therefore, using the identity in distribution (6.3),

P (Vα) = TpxP(ZT < K) = TpxE(I{ZT<K}),

where the expectation is clearly a special case of u(0, z0) where f(u) = I{u<K}. Thus, we can
determine u(t, z) by the PDE (3.1) with the terminal condition (6.2) reduced to (3.2).

Proof of Proposition 3.2: For Vα > 0, we write

CTEα =
Tpx

1− α
E
[{

e−rT (G− FT )−me

∫ T

0

e−rtFt dt

}
I{e−rT (G−FT )−me

∫ T
0 e−rtFt dt>Vα}

]
.

As in the previous proof, taking p(s) = 1 for s ∈ [0, T ] and using (6.3), we obtain

CTEα =
TpxF0

1− α
E
[{

e−rTG

F0

− ZT
}
I{ZT<K}

]
=

Tpx
1− α

[VαP(ZT < K) + F0E(K − ZT )+] .

Note that E(K − ZT )+ is also a special case of u(0, z0) where f(u) = (K − u)+. Thus we
can determine u(t, z) by the PDE (3.1) with the terminal condition (6.2) reduced to (3.5).
Using the fact that TpxP(ZT < K) = 1− α, we obtain the expression (3.4).

Proof of Proposition 3.3: For Vα > 0,

P
∗
(Vα) = P

(
Tpxe

−rT (G− FT )−me

∫ T

0
tpxe

−rtFt dt > Vα

)
= P

(
Tpxe

−rTG− Vα
TpxF0

>
e−rTFT
F0

+me

∫ T

0

e−rtFt
F0

tpx

Tpx
dt

)
= P

(
K∗ > YT +me

∫ T

0

Yt
tpx

Tpx
dt

)
.

In this case, we let p(s) = T−spx/ Tpx, where s ∈ [0, T ]. Thus, q∗ in (3.8) corresponds to q
defined in (6.1) and denote the corresponding process Z by Z∗. In view of (6.3), we obtain

P (Vα) = P(Z∗T < K∗) = E(I{Z∗
T<K}).
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As before, we determine P (Vα) = u(0, z∗0) by the PDE (3.1) with the terminal condition (3.7).

Proof of Proposition 3.4: For Vα > 0,

CTE∗α =
1

1− α
E
[{

Tpxe
−rT (G− FT )−me

∫ T

0
tpxe

−rtFt dt

}
I{T pxe−rT (G−FT )−me

∫ T
0 tpxe−rtFt dt>Vα}

]
=

TpxF0

1− α
E
[{

e−rTG

F0

−
(
e−rTFT
F0

+me

∫ T

0

e−rtFt
F0

tpx

Tpx
dt

)}
I{K∗>Z∗

T }

]
=

TpxF0

1− α

[
Vα/Tpx
F0

P(K∗ > Z∗T ) + E(K∗ − Z∗T )+

]
.

Note that E(K∗ − Z∗T )+ is also a special case of u(0, z0) where f(u) = (K∗ − u)+. Thus we
can determine u(t, z) by the PDE (3.6) with the terminal condition (6.2) reduced to (3.9).

A Appendix: Implementation in Matlab

As suggested earlier, professionals could develop their own algorithms using numerical meth-
ods such as finite differences. With this work, we use the readily available PDE solver in
Matlab. The PDE solver in Matlab is capable of solving the initial-boundary value problems
for the following type of PDEs.

c

(
z, t, u,

∂u

∂z

)
∂u

∂t
= z−m

∂

∂z

(
zmf

(
z, t, u,

∂u

∂z

))
+ s

(
z, t, u,

∂u

∂z

)
, (A.1)

for t0 ≤ t ≤ tf and a ≤ z ≤ b and a, b must be finite. For t = t0 and all z, the solution
satisfies an initial condition of the form

u(t0, x) = u0(x).

For all t and z = a or b, the solution satisfies a boundary condition of the form

p̃(t, z, u) + q̃(z, t)f

(
z, t, u,

∂u

∂t

)
= 0, (A.2)

where q̃ is either identically zero or never zero.
Note, however, all statements in Propositions 3.1–3.4 are presented as terminal condition

problems. It is required that we convert these problems into initial condition problems by
reversing the time scale. Here we take Proposition 3.1 as an example. The implementation
with other propositions can be carried out similarly. Let t̃ = T − t and ũ(t̃, x) = u(t, x). For
notational brevity, we remove the tilde marks and obtain for z ∈ R,

∂u

∂t
=
σ2

2

(
z − v(t)

)2∂2u

∂z2
, 0 ≤ t ≤ T, (A.3)

with the initial condition u(0, z) = I{z<K}, and

v(t) := q(T − t) =
me

r̂

(
er̂t − 1

)
.
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To convert the original problem as an initial-boundary value problem on a finite domain, we
impose the reflecting boundary conditions at z = a, b,

∂u

∂z
(t, z) = 0. (A.4)

The probabilistic interpretation of the conditions (A.4) is that the process Z is bounced
back once it hits the levels a, b and hence restricted to the range [a, b]. Therefore, the PDE
(A.3) together with the initial-boundary conditions (A.4) are approximations of the original
initial condition problem (A.3). When a, b are chosen to be large in comparison with z0, the
probability of the process Z reaching beyond the range [a, b] should be relatively small and
hence the solutions are expected to be close approximations to the true values.

Now we set m = 0, c (z, t, u, ∂u/∂z) = 1 and

f

(
z, t, u,

∂u

∂z

)
=
σ2

2
(z − v(t))2∂u

∂z
(t, z), s

(
z, t, u,

∂u

∂z

)
= σ2(v(t)− z)

∂u

∂z
(t, z).

Then (A.1) reduces to the desired PDE (A.3). Let

p̃(t, z, u) = 0, q̃(z, t) =
2

σ2

1

(z − v(t))2
.

Then the boundary conditions (A.4) is recovered from (A.2).
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