
A Family of Integers and a Theorem on Circles
Author(s): G. T. Williams and D. H. Browne
Reviewed work(s):
Source: The American Mathematical Monthly, Vol. 54, No. 9 (Nov., 1947), pp. 534-536
Published by: Mathematical Association of America
Stable URL: http://www.jstor.org/stable/2304669 .
Accessed: 27/01/2012 10:30

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at .
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Mathematical Association of America is collaborating with JSTOR to digitize, preserve and extend access to
The American Mathematical Monthly.

http://www.jstor.org

http://www.jstor.org/action/showPublisher?publisherCode=maa
http://www.jstor.org/stable/2304669?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp


A FAMILY OF INTEGERS AND A THEOREM ON CIRCLES 
G. T. WILLIAMS, Brookhaven National Laboratory, N. Y. 

D. H. BROWNE, Buffalo, N. Y. 

1. Introduction. Between two tangent unit circles lying on a line L, a third 
circle is inscribed tangent to both circles and to L (see figure). Then two more 
circles are inscribed in the newly-created spaces, each tangent to two circles and 
to L. Now four circles are inscribed similarly along L, and so on ad inf. 

We propose to determine the area-sum of circles in this configuration.* 

2. The theorems. 

THEOREM 1. If two circles of radii l/r2 and l/s2 are tangent to each other and to 
L, the radius of the smaller circle tangent to both circles and to L is 1/(r+s)2, that 
of the larger circle being 1/(r-s)2. 

This is readily established by comparing the projections of the three lines 
of centers on L. Thus, in the figure, the first inscribed circle has a radius of 4, the 
next two have radii of 1/9, and so on. 

DEFINITION. Calling the primary position (the two unit circles) the 0th 
stage, at the nth stage we have 2n+1 circles whose radii, reading across, we des- 
ignate as 

I I Anjn 2 , ,n 

* There is a treatment at some length of these circles in a paper on Fractions by L. R. Ford in 
this MONTHLY, vol. 45, pp. 586-601 (November, 1938). Some of the results of the present paper will 
be found there. The problem of the sum of the areas, however, was not considered.-EDITOR. 
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where the A are successively the positive integers 

1 1 

121 

13231 

143525341 

15473857275837451 

. ***** . . * . . . . . . . . . . . . l 

These obviously satisfy the relations, 

nl n 
A2 = APY 

nl n n 
A2P+1= A+A"+i. 

These numbers have a host of properties, some, involving AI/A'+l, being 
akin to properties involved in the theory of Farey Series (cf. Hardy & Wright, 
Introduction to Theory of Numbers, p. 23), but we mention only a few which do 
not bear directly on the principal theorem. 

THEOREM 2. If Sn denotes Ep=o Ay , then Sn = 3? + 1. 

For it is evident that Sn=S-n_+2(Sn_--1) =3S3 -2. 
Since A'=1 for all n, we have immediately, A'=n+1. Now, since the re- 

maining A are linear combinations of previous ones, we have an inductive proof 
that 

THEOREM 3. A' is a linear function of 1n for constant v. 

Indeed, from the recurrence, we find A =n, A =2n-1, A =n-1, Ai=3n 
-4, and so on. These linear coefficients also behave interestingly, but a discus- 
sion of them would carry us too far afield. 

THEOREM 4. For fixed n, the maximum A' is fn, the nth Fibonacci number 
({fn}o-=1 2 3,5, * . . ), and is given by =(2n-(-l)n)/3, and symmetrically. 

THEOREM 5. 

A vI An.1 + An1 (all n, V). 

The proof is inductive. By assuming the proposition for n -1 and all v, we 
deduce its validity for n and all P. When the subscript is odd, the theorem holds 
trivially. When it is even, we observe that 

A2-1 + A = A,,1 + 2An21 + A ,+ 
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and by the inductive hypothesis, 
n-1iA. n-i 

Ay | A 1 + AP+,. 
But 

n-1 n A2 = A2. 

Hence it is established generally. 
We now prove what is the fundamental property of this table of numbers. 

THEOREM 6. Every coupled pair of relatively prime integers occurs in the table 
of A's. 

Again the proof is inductive and depends on the two conditions, 
(i) If an integer m occurs next to each of the 4(m) integers 1, a2, a3, . . . 

m -1 prime to and less than m, 
(ii) then ultimately it must occur next to each of the integers 

q = jm + 1 (i = 1, a2, * * ,M -1;j=1, 2, ...) 
as can be seen by simple inductive reasoning. Plainly these numbers comprise 
all q such that q>m, (q, m) = 1. Hence all relatively prime pairs involving m 
occur if (i) holds for m. But if (i) is true for all integers less than m it is true for 
m, since the q(m) integers prime to m are included among 1, 2, * *, m -1 for 
which (i) and (ii) both hold. The induction is completed by noting the truth of 
(i) when m=2. 

THEOREM 7. Ultimately, every integer m > 1, appears precisely ck(m) times in a 
row of the table. 

This is true since m is formed by adding an integer to each of the 0b(m) in- 
tegers 1, a2, - * *, m-1. (Cf. this MONTHLY, 1947, 112, Problem 4236.) 

Our concluding remarks return to the configuration of circles which initiated 
this discussion. 

THEOREM 8. The area-sum of the configuration is 

7r + =(3) - 6.6307288, 
P(4) 

where c(s) =,1/nt is the Riemann Zeta function. 

The area becomes by Theorem 7 

lim __ " (m) lim = gr + 7E 4 
t-4 oo (An)4 m=1 in4 

and from p. 249, loc. cit., the result follows. 
As might be expected, the same argument shows that the sum of radii di- 

verges. 
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