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By this expansion, L(O) = 1. From 

2 1 - 8t2 
1- 16t2 L-(t)- 1 

32t4 4t2 

we obtain 

S(x, t) = (1 - 4x2t2L(t)2)-1/2 - (1_ x2(L(t) - 1))-1/2 

Expanding by the Extended Binomial Theorem shows that S(x, t) is a power series in 
t with coefficients in IR[x]; also S(x, 0) = S(O, t) = 1. 

The expression for L(t)2 yields t2(1 + (L(t) - 1)2) = (1 - 8t2)(L(t) - 1)/4. With 
this, we compute 

t2S(x, t)-2S(x-1, t)-2 = t2[1 - x2(L(t) - 1)] [1 - x-2(L(t) - 1)] 

= t2(1 + (L(t) - 1)2) - t2(x2 + -2)(L(t) - 1) 

= (L(t) - 1)[1 - 8t2 - 4t2(x2 + x-2)]/4 

= t2L(t)2[1 - 4t2(x + x-1)2]. 

Hence we have the needed result, 

1 S(x-', t)L(t)S(x, t) = = B(x, t). 
o1 - 4t2(x x-1)2 

Also solved by the proposer. 

Recounting the Rationals, Continued 

10906 [2001, 872]. Proposed by Donald E. Knuth, Stanford University, Stanford, CA. 
For n > 1, let p(n) = k if n is divisible by 2k but not by 2k+1. Let xo = 0, and define 
x, for n > 1 recursively by 1/x, = 1 + 2p(n) - xnl. Prove that every nonnegative 
rational number occurs exactly once in the sequence xo, X1, x2, .... 

Solution I by C. P Rupert, Pennsylvania State University, Altoona, PA. Let F be the set 
of ordered pairs of relatively prime positive integers. Let T be the infinite binary tree in 
which the root is (1, 1), and (a, b) has left child (a, a + b) and right child (a + b, b). 
The Euclidean algorithm implies that every element of F is a node exactly once in T. 

Define c: F -- N by setting c(1, 1) = 1 and setting c(a, a + b) = 2c(a, b) and 
c(a + b, b) = 2c(a, b) + 1 when a, b E N. Starting with a 1 and then recording 0 for 
edges to left children and 1 for edges to right children, the path in T from (1, 1) to 
(a, b) is the binary expansion of c(a, b). Hence c is a bijection. (In fact, the value of c 
for the nodes at depth k are 2k, ..., 2k+1 - 1 in order from left to right.) 

Let (rn, sn) 
= c-1 (n). If n is a power of 2, then n = 2P(), (rn-1, s-1) = (p(n), 1), 

and (rn, sS) = (1, 1 + p(n)). Otherwise, the lowest common ancestor of (rn-1, sn-1) 
and (rn, Sn) is the node first reached along an edge labeled 1 in following the path 
from (rn, sO) to the root. This equals (rm, sm), where m is the integer whose binary 
expansion is obtained from that of n by removing the final 1 and every subsequent 0; 
the number of these Os is precisely p (n). (For example, if n = (11010001100)2, then 
m = (11010001)2.) 

The expansion of n - 1 ends with p (n) Is following a 0. Thus 

(rn-1, sn-1) 
= (rm + p(n)(rm + 

sm), 
rm + sm). 
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Also, 

(rn , sS) = (rm + 
Sm, Sm 

+ p(n)(rm + sm)) = (sn-1, Sn-i (1 + 2p(n)) - rn-1)- 

The final expression for (rn, sn) also holds when n is a power of 2. 
Since c is a bijection, letting x, = rl/s defines a sequence enumerating the positive 

rational numbers. Furthermore, it satisfies x1 = 1 and xn = 1/ (1 + 2p(n) - x~n-), so 
it is the desired sequence. 

Composite solution II by Alex Smith, University of Wisconsin, Eau Claire, WI, and 
Richard Stong, Rice University, Houston, IX. We describe a sequence (x) that lists 
each positive rational number once and then show that (x) satisfies the given recur- 
rence. If n is written in binary notation as 

11...100...011?1...-.11. . . 
, 

a2k a2k-1 a2k-2 ao 

then define xn = ao + 1/(al + 1/(a2 + 1/(... + /a2k))), where ao is taken to be 0 
if n is even, and ai > 1 when i > 1. We write [ao; a,, a2, ..., a2k] for this contin- 
ued fraction. Because every rational number can be written uniquely as a continued 
fraction with an odd number of coefficients, this map is a bijection. For example, if 
n = 110010002, then xn = [0; 3, 1, 2, 2] = 7/19. 

We have xl = 1. We now show that x,_l + 1/x, = 1 + 2p(n) for n > 1. If n is 
odd, then p (n) = 0. In this case, the binary expansions of n and n - 1 differ only in 
the last bit. With x, = [ao; al, a2, ..., a2k], we have xn-1 = [0; al + 1, a2, ..., a2k] if 
ao = 1 and x,_l = [0; 1, ao - 1, al, a2, ... , a2z if a0 > 1. In both cases, it is easy to 
check that 

x,l_ 
+ 1/x, = 1. 

Finally, consider even n. With xn = [ao; a , a2, ..., a2k, we have ao = 0 and a, = 
p (n). Now xnl 

= [p(n); a3 + 1, a4, ... , 2k if a2 = 1, and xl 
= [p (n); 1, a2 - 

1, a3, ... , a2k] if a2 > 1. Again, in both cases, it is straightforward to verify that xn-1 + 

1/xn = 1 + 2p (n). 

Editorial comment. The function p is called the ruler function, since lengths of lines 
on rulers marking fractions of inches with denominator n in lowest terms behave like 

1/p (n). 
The proposer and several solvers mentioned that the sequence (x) previously ap- 

peared in N. Calkin & H. S. Wilf's paper "Recounting the Rationals" (this MONTHLY 
107 (2000) 360-363). The tree of Solution I appeared there along with a combinatorial 
interpretation of the sequence of numerators (which is the same as the sequence of de- 
nominators, shifted by 1). The numerator sequence has been studied by many authors, 
as early as M. A. Stern in 1858. See a recent survey "Some Properties of a Function 
Studied by De Rham, Carlitz and Dijkstra and Its Relation to the (Eisenstein-)Stern's 
Diatomic Sequence" by I. Urhiba (Math. Comm. 6 (2001) 181-198). 

Moshe Newman showed that this sequence also satisfies the recurrence x, = 1/(1 + 
2 

L[xn_1 
- xnl1), which includes the surprising result that p(n) = [xn-J]. This can 

also be phrased as saying that the iterates of the function f such that f(x) = 1/(1 + 
2 [xJ - x) generate the nonnegative rational numbers starting from x = 0. Herb Wilf 
asks whether there are other "nice" functions (using simple operations) whose iterates 
generate this set. 

Also solved by P. R. K. Ahmed, S. Amghibech (France), D. Callan, R. Chapman (U. K.), K. Dale (Norway), 
N. Komanda, G. Lavau (France), O. P. Lossers (Netherlands), M. Newman (Israel), A. Nijenhuis, N. Passell, 
M. Reid, R. Richberg (Germany), D. B. Shapiro, N. Singer, T. Smith, D. Svrtan & I. Urbiha (Croatia), L. Zhou, 
BSI Problems Group (Germany), GCHQ Problems Group (U. K.), NSA Problems Group, and the proposer. 
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