THE ANALOGUE OF HILBERT’S 1888 THEOREM FOR EVEN
SYMMETRIC FORMS

CHARU GOEL, SALMA KUHLMANN, BRUCE REZNICK

AssTtrACT. Hilbert proved in 1888 that a positive semidefinite (psd) real form is a
sum of squares (sos) of real forms if and only if n = 2 ord = 1 or (n,2d) = (3,4),
where 7 is the number of variables and 2d the degree of the form. We study the
analogue for even symmetric forms. We establish that an even symmetric n-ary
2d-ic psd form is sos if and only if n = 2 ord = 1 or (n,2d) = (n,4),»3 or
(n,2d) = (3, 8).

1. INTRODUCTION

A real form (homogeneous polynomial) f is called positive semidefinite (psd)
if it takes only non-negative values and it is called a sum of squares (sos) if there
exist other forms 4; so that f = h% +. hlz. Let $,24 and X, 24 denote the cone of
psd and sos n-ary 2d-ic forms (i.e. forms of degree 2d in n variables) respectively.

In 1888, Hilbert [9] gave a celebrated theorem that characterizes the pairs (n, 2d)
for which every n-ary 2d-ic psd form can be written as a sos of forms. It states that
every n-ary 2d-ic psd form is sos if and only if n = 2 ord = 1 or (n,2d) = (3,4).
Hilbert demonstrated that %, 24 C P24 for (n, 2d) = (4,4), (3, 6), thus reducing the
problem to these two basic cases.

Almost ninety years later, Choi and Lam [1]] returned to this subject. In par-
ticular, they considered the question of when a symmetric psd form is sos. A
form f(xi,...,x,) is called symmetric if f(xyq), ..., Xo@m) = f(x1,...,x,) for all
o € §,. As an analogue of Hilbert’s approach, they reduced the problem to finding
symmetric psd not sos n-ary 2d-ics for the pairs (n,4),>4 and (3, 6). They asserted
the existence of psd not sos symmetric quartics in n > 5 variables; contingent
on these examples, the answer is the same as that found by Hilbert. In [6], we
constructed these quartic forms.

A form is even symmetric if it is symmetric and in each of its terms every vari-
able has even degree. Let S 7’;’2 ,and SX° 14 denote the set of even symmetric psd
and even symmetric sos n-ary 2d-ic forms respectively. Set A, 24 := SP7 , \SE; ;.
In this paper, we investigate the following question:

Q(S°) : For what pairs (n,2d) is Ap2qg =0 ?

The current answers to this question in the literature are A, 25 = 0 if n = 2,d =
1,(n,2d) = (3,4) by Hilbert’s Theorem, (n,2d) = (3,8) due to Harris [[7], and
(n,2d) = (n,4)p>4. The result A, 4 = 0 for n > 4 was attributed to Choi, Lam and
Reznick in [7]; a proof can be found in [S| Proposition 4.1]. Further, A, 24 # 0 for
(n,2d) = (n,6),>3 due to Choi, Lam and Reznick [3]], for (n,2d) = (3,10), (4,8)
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due to Harris [8] and for (n,2d) = (3, 6) due to Robinson [10]. Robinson’s even
symmetric psd not sos ternary sextic is the form

R(x,y,2) = x5 + 0 + 2% — 0y + 92 + 2402 + 2% + 92 + 22t + 30822
Thus the answer to Q(S¢) in the literature can be summarized by the following
chart:

deg \ var
2
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14
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C|O0|OC|O].

O |0 |O |O

where, a tick (v) denotes a positive answer to Q(S ¢), a cross (X) denotes a negative
answer to Q(S ¢), and a circle (0) denotes “undetermined”. Indeed to get a complete
answer to Q(S¢), we need to investigate the question in these remaining cases,
namely (n, 8) forn > 5, (3,2d) for d > 6 and (n,2d) forn > 4,d > 5.

Main Theorem. An even symmetric n-ary 2d-ic psd form is sos if and only if
n=2ord=1or(n2d) ={n4),>3 or (n,2d) = (3,8).

“ 29

In other words, every in the chart can be replaced by “x”

The article is structured as follows. In Section[2] we develop the tools (Theorem
and Theorem[2.4)) we need to prove our Main Theorem. These tools allow us to
reduce to certain basic cases, in the same spirit as Hilbert and Choi-Lam. In Section
and Section ] we resolve those basic cases by producing explicit examples for
(n,2d);n > 4,d = 4,5,6. We conclude Section by interpreting even symmetric
psd forms in terms of preorderings using our Main Theorem. Finally, for ease of
reference we summarize our examples in Section [5]

2. REDUCTION TO BASIC CASES
The following Lemma will be used in Theorem [2.3]
Lemma 2.1. For n > 3, the even symmetric real forms

pn(xl,-- xn)—4zx4—17 Z xx

I<i<j<n
6 2.2.2
gn(X1,..., %) = ij+3 Z —100 Z XXXy
1<i#j<n 1<i<j<k<n
are irreducible over R.

Proof. First observe that if a form g has a factorization

u
g(xl,---,xn) = nfr(xl"°-,x}’l)’
r=1
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then the same holds when x;.; = --- = x, = 0, hence it suffices to show that p3
and g3 are irreducible over R. Second, observe that if (in addition) g is even and
symmetric, then for all o € S, and choices of sign, f.(£1Xg,,...,£nXs,) is also a
factor of g. We call distinct (non-proportional) forms of this kind cousins of f,.. If
(in addition) f, is irreducible, deg f, = d and deg g = n, then f, can have at most
n/d cousins.

If p3 is reducible, then it has a factor of degree < 2. Suppose that p3 has a linear
factor a1 x; + a2x2 + asx3. Upon setting x3 = 0, we see that

@1x1 + aaxy | 4x] — 172355 + 4x5 = (31 + 2x2)(x1 — 2202)(2x1 + x2)(2x1 — X2),

so ap/ay € {£1/2,+2}. Similarly, az/a; € {£1/2,+2}, so a3/a; € {+£1/4, +1, +4},
which contradicts a3/a; € {+1/2, +£2}. It follows that p3 has no linear factors.

Suppose p3 has a quadratic (irreducible) factor f = aqx% + afzxg + a3x§ +....If
it is not true that @; = a» = a3, then by permuting variables, f has at least 3 > 4/2
cousins. Thus @) = ap = a3, and by scaling we may assume the common value
is 2. The binary quartic 4x‘1‘ - 17x%x% + 4x§' has six quadratic factors, found by
taking pairs of linear factors as above. Of these, the ones in which a1 = a, are
Zx% +5x1% + 2x§. It follows that, more generally, the coefficient of x;x; is +5 and
that

f(xl,xz,X3) = 2)6% + 2)6% + 2)6% + 112(5x1x2) + +13(5x1x3) + iz3(5)€2)€3).

Regardless of the initial choice of signs, making the single sign changes x; — —x;
for i = 1,2, 3 shows that f has 4 cousins, which again is too many. Therefore, we
may conclude that ps is irreducible.

We turn to g3 and first observe that

2, .2, 233 2.2 2
q3(x1, X2, x3) = (X7 + x5 + x3)° — 106x7x5x3.

Suppose now that g3 is reducible, so it has at least one factor of degree < 3, and let
f be such a factor of g3. Once again, we set x3 = 0 and observe that

FC1,x2,0) [ g3(x1, %2, 0) = (a7 + 13)°.
2. 2

Since xj + x5 is irreducible over R, we conclude that deg f = 2 and f(x1, x2) =
/l(x% + x%). Writing

2 2 2
f(x1, x2, x3) = a1x] + a2x; + a3x; + Z Bijxix;,
1<i<j<3
we see from the foregoing that @ = @ and 815 = 0. By setting x, = 0and x; =0
in turn, we see that the «;’s are equal and 3;; = 0, so f is a multiple of x% + x% + x%.
. 2 2 2 . . 2 2 2 o . .
But since x7x5x5 is not a multiple of xj + x5 + x3, f cannot divide g3, completing

the proof. m|

Lemma 2.2. Let f be a psd not sos n-ary 2d-ic form and p an irreducible indefinite
form of degree r in R[xy, ..., x,,]. Then the n-ary (2d + 2r)-ic form pzf is also psd
not sos.

Proof. See [6, Lemma 2.1]. O

Theorem 2.3. (Degree Jumping Principle) Suppose f € A, 24 for n > 3, then

1. for any integer r > 2, the form fp2?q2? € A,24:4,, Where r = 2a+3b; a,b € Z,,

and p,, g, are as defined in Lemma 2.1}
2. (X1 ... %) f € Dupason.
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Proof. 1. Forr € Z,,r > 2, there exists non-negative a, b € Z such that r = 2a+3b.
Since fp2?q%’ is a product of even symmetric forms, it is even and symmetric;
since it is a product of psd forms, it is psd. Thus we have fp2‘g?’ € § P o drdr

Since p, and g, are indefinite and irreducible forms by Lemma [2.1] we get

f p% € Apn4+8 and fq,% € Ap24+12 by Lemma Finally, by repeating this

argument we get [ pﬁ“qﬁb € Apod+ar

2. Taking p = x; in turn for each 1 < i < n, the assertion follows by Lemma[2.2]
m

Theorem 2.4. (Reduction to Basic Cases) If A, »; # 0 for (n, 8),,4, (1, 10),,3 and
(n,12),3, then A, 24 # 0 for (n,2d),>3,4>7.

Proof. For n = 3, the basic examples are R(x,y,z) € A3g (by Robinson [10]),
several examples in A3 1o (by Harris [7]) and p%R(x, ¥.2) € Az 14 (by Theorem
(1)). Every even integer > 12 can be written as 6 + 6k, 10 + 6k or 14 + 6k, k > 0,
and so by Theorem[2.3](2), Az 4 is non-empty for 2d > 6, 2d # 8.

Forn > 4, A,¢ # 0 (by Choi, Lam, Reznick [3]). We shall show in Sections 3]
and [Z_f] that Ay, 8, Ay 10, An,12 are non-empty. Every even integer > 14 can be written
as 6+ 8k, 8+ 8k, 10+ 8k or 12+ 8k and so, given our claimed examples, by Theorem
2.3} Ap2q is non-empty for n > 4,2d > 6. O

In order to find psd not sos even symmetric n-ary octics, psd not sos even sym-
metric n-ary decics and psd not sos even symmetric n-ary dodecics for n > 4, we
first recall the following theorems which will be particularly useful in proving the

main results of Sections 3 and
.

Theorem 2.5. Suppose p = Z hf is an even sos form. Then we may write p =

i=1
K

Z q?, where each form q? is even. In particular, g;(x) = Z cj(@)x”, where the
J=1
sum is taken over @’s in one congruence class mod 2 component-wise.

Proof. See [3 Theorem 4.1]. m]

Theorem 2.6. A symmetric n-ary quartic f is psd if and only if f(x) > O for every
x € R" with at most two distinct coordinates (if n > 4).

Proof. This was originally proved in [2]; see [5, Corollary 3.11], [[7, Section2]. O
Theorem 2.7. (i) For odd 2m + 1 > 5, the symmetric 2m + 1-ary quartic
2
Loms1 (1) 1= mm + 1) > (x; = x))* = (Z(xz- - xJ-)Z)
i<j i<j
is psd not sos.
(ii) For 2m > 4, the symmetric 2m-ary quartic

Com(X1, .5 Xom) := Loms1(X1, - . ., Xom, 0)
is psd not sos.
Proof. See [6, Theorems 2.8, 2.9]. ]
Theorem 2.8. For an integer r > 1, let M, = M, (x1,...,x,) := x| + -+ + x;. For

reals a, b, c, the sextic p = aMS +bMyM 4+ cMg is psd if and only if at* +bt+c >0
fortre€{1,2,...n} and sos ifandonlyifat2 +bt+c>0forte{l}U][2,n].
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Proof. See [3, Theorems 3.7, 4.25]. O

Observation 2.9. Let v, denote any n-tuple with t components equal to 1 and n — ¢
components equal to zero. Then M,(v,) = ¢, so p(v;) = t(at® + bt + ¢). It will be
useful in the proofs of Theorems 3.1, 4.1 and 4.4 to let v,(ay,...,a;) denote the
particular v, with 1’s in positions ay, ..., a,.

3. PsD NOT sOS EVEN SYMMETRIC #-ARY OCTICS FOR 7 > 4
It follows from Theorem [2.7] that for m > 2,

) 2
Gams1 (X1, -+ Xoms1) = Lot (6T, -+, X5,01) € SPS4 8
Dop(x1, .. .5 Xom) := Gomr1 (X1, ..., Xom, 0) € szm,g-

We showed in [6] that Gy,,+1(x) = O for those x € R?"+1 which are a permutation
of m+ 1 r'sand m s’s for (r, s) € R2, so that Dy, (x) = 0, projectively, at any v, or

Vin+l1.

Theorem 3.1. For m > 2, Dy, € Aoy g and Gy € A1 8-

Proof. We observe that D-,,(v) > 0; in fact, it is equal to m(m + 1)(2m) — 2m)* =
2m?(m — 1). Thus, the coefficient of x? in D,,, is positive. Suppose Dy, = Y. htz.
Then x? must appear with non-zero coefficient in at least one /,. Since we may
assume that 42 is even (using Theorem , we must have

hy = Z a; x + Z b; Jx
1<i<j<n

Since Dy,,,(viy) = D2pyp(vimse1) = 0, it follows that A,(v,) = h(viue1) = 0, and
this holds for all permutations of v, and v,.;. Our goal is to show that these
equations imply that 4, = 0, which will contradict the assumption that D5, is sos.
By symmetry, it suffices to prove that a; = O for one choice of i.

To this end, let yV = v,,(1,...,m - 1,2m — 1),y® = v,(1,...,m — 1,2m) and
y(3) =vu(l,...,m—=1,2m—1,2m). Then

m—1 m—1
1 )
0=nhG") = Z aj + ayp-1 + Z b+ Z biom-1;
i=1 1<i<j<m—1 i=1
m—1 m—1
2 )
0=hOM) =Y a+am+ D, bij+ ) biow
i=1 1<i<j<m-1 p
m—1 m—1 m—1
3
0=h(?) = Z aj + ayp-1 + agm + Z bij+ Z biam-1 + Z biam + bom—1.2m-
i=1 1<i<jem—1 i=1 i=1

Taking the first equation plus the second minus the third yields

m—1
Z a; + Z bij = boym-1.2m-
i=1

1<i<j<m—1

Since m > 2, m — 1 < 2m — 2; thus, the same argument implies that

Z a; + Z lj = b2m—2,2m-

i=1 1<i<j<m-1
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That is, the coeflicient of x% 1 % in h; equals the coefficient of x% ng , and so
m— m m— m

. . . . . 2 2 .
by symmetry, for all distinct i, j, k, £, the coefficient of x; X equals the coefficient

X

of xfx,%, which equals the coefficient of x,%x?. Thus, for all i # j, b; ; = u for some
u.

Subtracting the first from the second equation gives now day;,;—1 = @z, and so
for all i, a; = v for some v. Finally, our previous equations imply that

1
0:mv+(’;)u:(m+l)v+(m; )uzO

-1
m2 -uz%-u = u=0 = v=0.

In other words, &, = 0, establishing the contradiction.

> -V =

Suppose now that G,,,; were sos. Then

Gops1 = thz = Dy, = Zh,z(xh ooy X2m, 0),

=1 =1
a contradiction. Thus G»,,;1 is not sos. m|

Remark 3.2. It was asserted in [3] that the psd even symmetric n-ary octic
Mo(M3 — 2k + )My My + k(k + 1)M)
is not sos, provided 2 < k < n — 2. We prove this below for k =2 and n > 4.
Theorem 3.3. For n > 4,
Ta(x1, ..., X) = Mp(M3 = SMoMy + 6Ms) € Ays.
Proof. Note that T}, is psd by Theorem 2.8. Suppose

m
Ta(xr, . Xn) = ) BEXL, o %),
r=1

Then, T,,(v2) = T,(v3) = 0 but T,,(vy) > 0. In particular, the terms xj must appear
on the right hand side. As in the proof of Theorem [3.1] these terms must appear in

n
Z akx2 + Z bjkxixia
k=1 1< j<ksn
which must vanish at every v, and every v3. In particular, for i < j < k, we have
ai+aj+b,-j =0,
a,-+ak+b,-k =0,
aj+ak+bjk =0,
a,-+aj+ak+b,-j+bik+bjk =0.
It easily follows that a; + a; + a, = 0. Now assume i, j, k are distinct, but not nec-
essarily increasing. Since n > 4, there is an unused index ¢ and we may conclude
that a; + a; + a, = 0. Hence a; = a,. Since these are arbitrary, we conclude that
an, 18 independent of m, and since a; + a; + a; = 0, it follows that each a,, = 0, a
contradiction. m]
Remark 3.4. For n = 3, My(M; — 5Ma My + 6Mg) = 2M,R is sos, see [[10], or
equation (7.4) in [3].
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4. PSD NOT SOS EVEN SYMMETRIC 7-ARY DECICS AND DODECICS FOR 71 > 4
Theorem 4.1. Forn > 4,
2 3
P,,(xl, Ce ,xn) = (nM4 - 1\/12)(M2 - 5M2M4 + 6M6) S An,lO'

Proof. First recall that

2
nM4_M§:njx;_[ixg] - - 2y

k=1 k=1 i<j

is psd by Cauchy-Schwarz. The zero setis (+1,...,+1).

Second, recall from Theorem [2.8|that the quadratic #(ar> + bt + ¢) gives the value
of the sextic aM;’ + bMyMy + cMg at an n-tuple v, with r 1’s and n — 1 0’s. Since
t(t — 2)(t — 3) > 0, this criterion is satisfied, and the second factor is also psd with
zeros at v, and v3.

It follows that P,, is psd and its coefficient of x}o is(n—1)(1-5+6)>0. We

show that P, is not sos by showing that in any sos expression, x}o cannot occur.

Using Theorem we see that if P, = ), h% and x? occurs in A, then

h, = ax? + x? [Z bkx%] + X1 [Z ckxi) + x1 [ Z djkx?x,%].

k=2 k=2 2<j<k<n

Since P,(v2(1, j)) = P,(v3(1, j,k)) = O for all j,k, 2 < j < k < n, it follows that
0 = h.(v2(1, j)) = h(v3(1, j, k)) = 0, and we have the equations

O=a+bj+cj,
O=a+bj+b+cj+c+dix=(@a+bj+cj)+(a+bg+cp)+dj—a.
From these equations, we may conclude that forall 2 < j < k < n,
by + ¢ = —a, djx = a.
Finally, P,(v,) = 0, so h,(v,) = 0; that is,

0:a+Z(bk+Ck)+ Z djk:a(l—(n_1)+(n;1)):a‘W.
k=2

2< j<k<n

Thus, a = 0 and x? occurs in no h,. This gives the contradiction. m|
Remark 4.2. When n = 3, P, is sos:

P3 = 3My — M3)(M; — 5MMy + 6 M)

— 4(X4 +y4 + Z4 _ x2y2 _ X2Z2 _ yzzz)R(x,y, Z)

— 4(x2(x2 _ y2)2(x2 _ ZZ)Z +y2(y2 _ x2)2(y2 _ Z2)2 + ZZ(ZZ _ x2)2(22 _y2)2)'
Remark 4.3. We have also shown that for m > 2, M2Goy41 € Aome1,10- We shall
discuss M»Gop+1 and M» D,y in a future publication.

Theorem 4.4. Forn > 5,
On(x1, ... X)) = (M3 — SMaMy + 6Me)(M; — TMyMy + 12Mg) € Ay 12.

Proof. Since (t — 2)(t — 3) > 0 and (¢ — 3)(t — 4) > 0, both factors in Q, are psd
by Theorem @ The first has zeros at every v, and v3 and the second has zeros at
every v and v4. But note that neither has a zero at v;. In fact, the coefficient of x?
inQ,is(1-5+6)(1-7+12)>0.
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Suppose Q,, is sos and Q,, = 2, sz. As before, assume the sz’s are even (using
Theorem[2.5)). Then fi(v) = O for every v, with 7 = 2, 3,4. Since Q,(v1) > 0, there
must be an fj containing x@, which will be itself even. To this end, suppose

fk—za'zx + Z ﬁljx Z y1jkx2 2 2

1<i#j<n 1<i<j<k<n

Fori < j,let u;; = B;j + Bji. By evaluating at v, (i, j), we see that

O=ai+a;j+Bij+PBji=ai+a;+u; = pj=—a;—aj,.
By evaluating at v3(i, j, k), we have

0=ai+a;+ak+pij+ ik + Wik + Vijk =
(@i +aj+ap) —2a; +a; +ap) +yijp = Yijp = (@i +aj + ap).
Finally, by evaluating at v4(i, j, k, £), we have
0=ai+a;+ar+ac+pij + pix + fjk + Hic + 1je + fke + Yijk + Yije + Yike + Y jke

=(i+aj+ar+a)(l1-3+3) = a;+aj+ar+a,=0.
In other words, the sum of any four distinct @,’s is 0. Since n > 5, there exists m €
{1,...,n} different from i, j, k, £ and we have a; + a; + ax + @;, = 0. Thus a; = ay,,

and since the choice of £ and m was arbitrary, we conclude that @) = --- = @, = @,
so that 4a = 0 and thus the coeflicient of xl.6 in f; must be zero, a contradiction. O

Remark 4.5. We have been unable to determine whether Q3 and Q4 are sos.

Theorem 4.6. For n > 3,

1
Ru(X1,. e Xy) = — - (Mg — 3MaMy + 2Me)(M; — SMy My + 6 M)

= [ Z xﬁxixi] [Z X, = Z xfx? +3 Z xzxzxk € Ap12-
1<i<j<k<n 1<i#j<n I<i<j<k<n

Proof. Since (t — 1)(t — 2) > 0 and (¢ — 2)(¢ — 3) > 0, both factors in R,, are psd by

Theorem 2.8] Moreover, the first factor implies that

4.1 Ry(t,u,0,...,0) =

for all real ¢, u, and at all n-tuples which are permutations of (¢, u, 0, ..., 0). We also
have, for all ¢,

(4.2) Ry(t,1,1,0,...,0) = - 3-(2+)’ =52 +2)2+1H+6(2+1%) = (- 1);

this also holds by symmetry at any permutation of n — 3 0’s, two 1’s and one ¢.

We first remark that if n = 3, R,(x,,2) = x2y*2*R(x, y, 7); since R is not sos, the
same holds for R multiplied by a product of squared linear factors. For n > 4, more
work is necessary.

Suppose R, = Y, h?, so that degh, = 6. Suppose as usual that each A2 is
even (using Theorem [2.5)). It follows from equation that for any such 4,
h(t,u,0,...,0) = 0, for all (z,u). If, say, the terms in /4, involving only x6‘kx’§
are Zk Oakx6 kxz, then Y apt®%u* = 0 for all 7, u, which implies that a; = 0.
Proceeding similarly for all pairs of variables, we see that no monomial involving
one or two variables can appear in any #A,.
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For equation {#.2), let ¢.(r) = h,(t,1,1,0,...,0). We have
w
D0 =P - )2,
r=1

Evaluation at r = 0, 1, —1 shows that ¢,(f) = #(t> — 1)y(¢), so that

i Ut =12,
r=1

which in turn implies that ¢,.(f) = A, for some real A,. To recapitulate, we have
(4.3) he(1,1,1,0,...,0) = 4,2 - 1),

and similar equations hold for all permutations of the variables.

Since x%x%xg appears in r, with coefficient 1, it also appears in 3 h? with coef-
ficient 1. Since no monomial occurs in any £, with only two variables, it follows
that xlxzxg‘ must appear in at least one /,, and since h% is even, all terms in A,

must be x;x; times an even quartic monomial. Further, we already know that
5 3.3 5

X)X, X X5, XX, do not occur. Thus
n
2.2 2.2 4 2.2
he(X1,...,X,) = X1 X2 Z(ajxlxj + bszxj + cjxj) + Z djkxjxk .
=3 3<j<ksn

Thus,

ho(t,1,1,0,...,0) = Hast* + by + c3),

he(1,1,1,0,...,0) = taz + b3t* + c3).
In view of equation (4.3)), both of these cubics must be identically zero, hence
az = b3 +c3 = b3 = a3 + c3 = 0, and so, in particular, c3 = 0. This means that
X xzxgt does not appear in any #,, establishing the contradiction. O

Proof of the Main Theorem.

Combine Theorems [2.4] [3.1] 4.1} 4.4 and [4.6] |

We now present an application of the Main Theorem to the interpretation of
even symmetric psd forms in terms of preorderings. We briefly recall the necessary
background. Let S = {g1,..., g} € R[x], and let

Tg := Z (rgg?...g?IO'QEZR[)_C]Z,gz(el,...,eS)
el,....es€{0,1}
be the associated finitely generated quadratic preordering, and
Ks :={x e R[x] | g1(x) 2 0,...,84(x) 2 0}
be the associated basic closed semi-algebraic set.
We recall the following result which follows from [[11, Proposition 6.1]:

Proposition 4.7. Let S be a finite subset of R[x], such that dim(Kg) > 3. Then
there existsa g € R[x] s.t. g > 0on Kg but g ¢ Ts.

In the concluding Remark[4.9] we investigate when can the form g of Proposition
be chosen to be symmetric. We set S’ := {x1,...,x,} and Kg» = R’} (the
positive orthant). We need the following relation between the preordering 7’s- and
even sos forms, as verified in [4, Lemma 1]:
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Lemma 4.8. Let g € R[x]. Then g(x%, e, xﬁ) is sos if and only if g € Ty

Remark 4.9. Let f be an even symmetric n-ary form of degree 2d, and g be the n-
ary symmetric form of degree d such that g(x%, oy X2) = f(x1,...,X,). Clearly, f
is psd if and only if g is nonnegative on R’}. Moreover, by Lemma f € ZR[x]?
if and only if g € Ts/. Applying our Main Theorem, we get that for n > 3, d > 3
and (n,2d) # (3, 8), there exists a symmetric n-ary d-ic form g such that g > 0 on
R butg ¢ Ts.

5. A GLOSSARY OF FORMS

For easy reference, we list the examples discussed in this paper.

2
Loms1 (X1, Xos1) = mOm + 1) ) (xi = x)* = (Z(xi - x,->2) . (Theorem ;

i<j i<j
Com(x1, ..., X2m) = Lome1 (X1, Xom, 0),  (Theorem [2.7);
M(x1,.... %) = X} + -+ x], (Theorem;

2 2 ; .
Gome1(X15 -+ s Xom+1) = Lome1 (X7, .-, X5,,,1),  (Section ,
Dlm(xl, ey x2m) = G2m+1(xl, e X2ms O)’ (SCCUOH,

Tu(x1. .. %) = Ma(M3 — SMa My + 6M), (Theorem;
Pu(x1,.... ) = (nMy = M3)(M3 — SMyMy + 6Ms),  (Theorem [4.1);
Qn(x1,. ., %n) = (M3 = SMyMy + 6Me)(M3 — TMyMy + 12Ms),  (Theorem .4);

1
Ry(x1,. . x) = £ - (M3 = 3MyMy + 2Mg)(M3 — SMaMy + 6Ms),  (Theorem 4.6).
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