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An Easy Proof of Hurwitz's Theorem 

Manuel Benito and J. Javier Escribano 

We provide an easy proof, based on the Brocot series, of a well-known theorem of 
Hurwitz. 

Theorem. Let A be a constant satisfying 0 < A < /35. If a is irrational, then there 
are infinitely many rational numbers p/q satisfying 

p 1 a-- < (1) 
q Aq2' 

The example (1 + 35 )/2 shows that V5 is the best possible upper bound for A in (1). 
We observe the convention that the denominator q of a rational number p/q is 

positive. Under this convention, if a/b and c/d are rational numbers, their mediant 
(a + c)/(b + d) lies between them. The process of "mediation" of two fractions, which 
was already known and used by Archimedes and Hindu geometers [5], was used in 
1484 by N. Chuquet [3] to obtain approximations of /n for n < 14. 

The first written references known concerning Brocot series are the studies of a 
German mathematician, Moriz Stern [6], and a French watchmaker, Achille Brocot [2]. 
The Brocot series are discussed in detail, under the name "Stem-Brocot trees," in [4]. 
Specifically, we shall identify pairs (p, q) of integers (q > 0) with rationals p/q, and 
the pair (1, 0) with the symbol 1/0. Then Bo, the Brocot series of order 0, denotes the 
two pairs 0/1 and 1/0. Given the Brocot series Bn of order n, one obtains Bn+i by 
inserting their mediant between each two adjacent pairs (rationals) in Bn. Thus B1 is 
the series 0/1, 1/1, 1/0, and so on, as in the following diagram. 

Bo 1 
1 0 

B1o : o 
B . ? 1 

11 0 

B2 0 1 2 1 
^2 1 2 1 1 0 

B3 0 1 1 2 ! 3 2 3 1 
1 3 2 3 1 2 1 1 0 

B4 3 1 1 2 1 3 2 3 1 4 3 5 2 5 3 4 1 
B4 1 4 3 5 2 5 3 4 1 3 2 3 1 2 1 1 0 

Let us note that Brocot series are similar to (but different from) Farey and extended 
Farey series, which are better known. In particular, the extended Farey series F. con- 
sists of all the rational numbers with denominator and numerator less than or equal 
to n. If n < 4, then Fn = Bn; for n > 4, Fn is included in Bn, but Fn B B,. 

Several properties of Brocot series can be found in [1], [4], and [5]. For example, if 
a/b and c/d are two consecutive fractions in Bn, then (c/d) - (a/b) = 1/(bd). 

Lemma. Denote the golden ratio (1 + V)/2 by yp and its conjugate (1 - /5)/2 
by s. Suppose b and d are positive integers such that 

b d 
- <<, - <- < b . (2) d b 
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Then 

b+d b+d 
Po < , P < b (3) d b 

Proof. It suffices to notice that 1 - s = p. 

Remark. Because 'p and - are the zeros of the polynomial X2 - V/ X + 1, the 
inequalities (2) are equivalent to the inequality 

b2 - bdv5 + d2 < 0. 

Proof of theorem. Suppose that a/b and c/d (with a/b < a < c/d) are the two ratio- 
nals adjacent to a in the Brocot series Bn and that b2 - bdVH5 + d2 > 0. We claim that 
either c - (a/b) < l/ (b2/ ) or (c/d)-a < I1/(d2 5 ). 

We recall that, because a/b and c/d are adjacent in B, we have bc - ad = 1. Now, 
suppose that both of the inequalities just stated are false. Then, on adding the reversed 
inequalities, we have 

c a I (/ 1\ 
d b 5 d2+b2j 

or 

V/5bd > b2 + d2 

contradicting our assumption and confirming the claim. 
Moreover, if b2 - bd?f5 + d2 < 0, then by (3) we have both 

(b + d)2 - (b + d)d5 + d2 > 0 

and 

b2 - b(b + d)v5 + (b + d)2 > 0. 

But in B,+i the two rationals adjacent to a are either a/b and (a + c)/(b + d), or 
(a +c)/(b +d) and c/d. 

Hence, we have shown a little more than stated in the theorem; namely, that at least 
one of the three inequalities 

a 1 a+c 1 c 
0 

( </b2 b+dd /5(b d)2 dd2 

must hold. 
Finally, we remark that when a is irrational then, as n increases, the pairs a/b and 

c/d adjacent to a in the Brocot series Bn also vary, producing infinitely many distinct 
rationals p/q so that la - p/q < l/(q2/S), as asserted. 1 

To see that /5 is optimal, recall that the convergents to op = (1 + V5 )/2 are pre- 
cisely the rationals fn+l/fn, where (f,) is the Fibonacci sequence, defined by fo = 0, 
fi = 1, and fn+2 = fn+l + fn for n = 0, 1,.... Set 

- = (1 - v )/2, and recall that 

fn = (n" - 
n n)/v/5. Then it is easy to check that fn(p - f,n+ = n = (-l)n/(n. 
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Thus 

fn+I 1 

fn V /fn(fn + tn) 

and it follows that, for every s > 0, the inequality Ipo - p/ql < l/(q2(3/ + s)) has 
only finitely many rational solutions p/q. 
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A New Short Proof of Kneser's Conjecture 

Joshua E. Greene 

In a 1955 paper [4], M. Kneser considered the problem of partitioning the n-element 
subsets of a (2n + k)-element set in such a way that the subsets contained in any fixed 
class are pairwise intersecting. Kneser observed that such a partition is possible with 
k + 2 classes; indeed, let 1, 2, ..., 2n + k be the elements of the underlying set, and for 
each i in this set, let K, denote the collection of all n-subsets whose least element is i. 
Then K1, K2, . . . Kk+l, and Kk+2 U ... U Kn+k+l are the classes in a desired partition. 
Moreover, Kneser conjectured that k + 2 is the least possible number of classes in such 
a valid partition. This problem remained open for over twenty years until L. Lovasz 
[5] showed, using methods from algebraic topology, that Kneser's conjecture was true. 
Within weeks of learning of Lovasz's proof, I. Bairany [1] produced a very short proof 
of the conjecture by combining the celebrated result of Lusterik, Schnirelman, and 
Borsuk (LSB) [2], [6] on sphere covers with D. Gale's theorem [3] concerning the 
even distribution of points on the sphere. The purpose of this note is to provide a short 

proof of Kneser's conjecture that does not rely on Gale's result. 
Let Sm = {x E Rm+l I xll 1x = 1} denote the unit sphere in IR"m1. For any point a in 

S" and subset F of S", the distance from a to F is infXEF d(a, x), where d denotes 
the Euclidean metric in IRm+. Let H(a) = {x E Sm | a * x > 0}, the open hemisphere 
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