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We extend the Stern sequence, sometimes also called Stern’s diatomic sequence, to poly-
nomials with coefficients 0 and 1 and derive various properties, including a generating
function. A simple iteration for quotients of consecutive terms of the Stern sequence,
recently obtained by Moshe Newman, is extended to this polynomial sequence. Finally
we establish connections with Stirling numbers and Chebyshev polynomials, extending
some results of Carlitz. In the process we also obtain some new results and new proofs
for the classical Stern sequence.
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1. Introduction

The Stern sequence {a(n)}n≥0 is defined by a(0) = 0, a(1) = 1, and for n ≥ 1,

a(2n) = a(n), a(2n + 1) = a(n) + a(n + 1). (1.1)

The first few terms (here up to n = 20) can easily be computed as 0, 1, 1, 2, 1,
3, 2, 3, 1, 4, 3, 5, 2, 5, 3, 4, 1, 5, 4, 7, 3, . . . . Although this paper will be mainly
concerned with a polynomial analogue of this sequence, some recent developments
concerning the sequence {a(n)} and related sequences make it appropriate to begin
with a general overview of these topics.

The sequence {a(n)} has a long and interesting history, beginning with M. A.
Stern [31] who, inspired by an earlier work of Eisenstein, introduced an array of
integers that was later called Stern’s diatomic sequence. In fact, it was Lehmer
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[23] who first called the array, somewhat misleadingly, Stern’s diatomic series . This
appears to be the first use of the term diatomic in this connection, presumably due
to the two integers “1” that appear in the 0th row and as terminal elements in all
other rows of the array. Without going into further details, we mention that in the
array each row is formed from the preceeding one by inserting between consecutive
elements their sum; see, e.g., [23] for an explicit table and further properties. Earlier,
Stern’s array had found its way into Bachmann’s influential book [6, pp. 142–153].

Now, by listing in a linear fashion all the entries of the array (but deleting the
second “atom” 1 in each row), one obtains the sequence defined by (1.1). This was
apparently first done by de Rham [27]; but note that there is a misprint on p. 95 in
the analogue to what is our second identity in (1.1). The sequence (1.1) was later
independently discovered by Dijkstra [14, pp. 215, 230–232], without its connections
to Stern’s diatomic array.

Independently of Stern, the French clockmaker A. Brocot, in his study of gear
ratios, discovered an array of fractions closely related to Stern’s array. This was later
called the Stern–Brocot tree and is treated in great detail in [18]. An interesting his-
torical and biographical account of Stern’s and Brocot’s work can be found in a non-
technical article by Hayes [20]. Hayes also noted that Brocot’s rather obscure paper
[8] was incorrectly quoted in many previous references to his work. An older survey
of Stern’s paper (neglecting, however, Brocot’s contribution) can be found in [17].

More recently, a different but closely related tree of fractions was introduced by
Calkin and Wilf [9]; once again the Stern sequence (1.1) appears in this paper, in
a different notation and shifted by 1. The paper by Calkin and Wilf highlights the
two most remarkable properties of the sequence (1.1), namely:

1. The terms a(n), a(n+1) are relatively prime, and each positive reduced rational
number occurs once and only once in the sequence {a(j)/a(j + 1)}j≥1.

2. The number a(n + 1) gives the number of “hyperbinary expansions” of n, i.e.
the number of ways of writing n as a sum of powers of 2, each power being used
at most twice.

To illustrate the second point, we note that we can write 5 = 4+1 = 2+2+1, and
indeed we have a(5 +1) = 2. This topic of “binary partition functions” was treated
in great generality by Reznick [26].

The subject of “counting the rationals” and the trees of Stern–Brocot and
Calkin–Wilf gained further prominence more recently through a problem in the
American Mathematical Monthly [22]. The editorial comment in [22] mentions the
following recurrence due to Moshe Newman: Let x1 := 1 and for n ≥ 2,

xn :=
1

1 + 2�xn−1� − xn−1
. (1.2)

Then {xn} is a sequence attaining each rational number exactly once, and further-
more xn = a(n)/a(n+1) for all n ≥ 1. It is one of the purposes of the present paper
to generalize this remarkable recurrence to a sequence of polynomials.
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While Reznick [26] put the sequence {a(n)} in the context of binary partitions, it
has also been considered in the framework of “k-regular sequences” and “automatic
sequences”. In fact, it is shown in [4, p. 187] that {a(n)} is 2-regular; for definitions
and properties see [4] or [5]. A recent survey of results on the sequence {a(n)} is
given in [35], and a useful bibliography can be found in [30, A002487].

Quite recently the objects discussed here have found some interesting appli-
cations: The Stern–Brocot tree was used in a deep study of “random Fibonacci
sequences” [36]; the Stern sequence {a(n)} was studied in connection with the
“tower of Hanoi graphs” [21]; and Stern’s diatomic array was used in the enu-
meration of “Fibonacci representations” [7]. For an algorithmic and programming
point of view, see [16]. Also quite recently, and as a consequence of the publication
of [9,22], the Stern sequence (1.1) and the Moshe Newman recurrence (1.2) have
been mentioned in the books [2, 5].

To conclude this general introduction, we mention that there is no fixed notation
for the series (1.1). In fact, there are almost as many different systems of notation as
there are publications on the sequence. We have adopted the notation {a(n)} which
sets the sequence apart from the shifted sequence {b(n)} in [9]. It allows for the
obvious extension used in the next section, without clashing with other notations
already in use for different objects.

Even the terminology for the sequence {a(n)} presented some problems. While
Urbiha in his long paper [35] avoided giving it a name, other recent authors have
referred to it as Stern’s diatomic sequence [21] or series [30, A002487]. We believe
that this term should be reserved for the array studied, for instance, in [23] or [17]
and extended in [24]; we therefore decided to refer to the sequence simply as Stern
sequence, a term also used by Reznick [26] and subsequently adopted in the recent
book [15]. (However, there is a different “Stern sequence” listed in [30, A005230].)

2. Stern Polynomials

We define the sequence of polynomials {a(n; x)}n≥0 in C[x] recursively by a(0; x) = 0,
a(1; x) = 1, and for n ≥ 1,

a(2n; x) = a(n; x2), (2.1)

a(2n + 1; x) = xa(n; x2) + a(n + 1; x2), (2.2)

and call the polynomial a(n; x) the nth Stern polynomial . Comparison with (1.1)
immediately shows that we have

a(n; 1) = a(n), (n ≥ 0), (2.3)

and the identities (2.1), (2.2) immediately give

a(2n + 1; x) = xa(2n; x) + a(2n + 2; x). (2.4)
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Thus the terms occuring in any Stern polynomial of even index are a subset of those
terms that occur in the previous polynomial (see Proposition 2.1). Also,

a(n; 0) = 1 (n ≥ 1). (2.5)

Finally, by iterating (2.1) we obtain, for all m ≥ 0,

a(2m; x) = 1. (2.6)

The first Stern polynomials up to n = 32 are listed in Table 1. At the end of Sec. 5
we present a different way of computing these polynomials.

The polynomials a(n; x) (or rather, the corresponding reciprocal polynomials)
have occurred before in the literature, namely in Carlitz [10] in connection with
his study of Stirling numbers of the second kind, reduced modulo 2. However, our
definition (2.1), (2.2) appears to be new. In Sec. 5 we shall establish a connection
with Carlitz’s work.

We first derive some basic properties.

Proposition 2.1. (a) The coefficients of a(n; x) are only 0 or 1.
(b) Let e(n) := ord2(n), the highest power of 2 dividing n. Then for n ≥ 1,

deg a(n; x) =
n − 2e(n)

2
, (2.7)

and in particular

deg a(2n + 1; x) = n. (2.8)

Proof. (a) follows immediately by induction from (2.1) and (2.2). Indeed, for even-
index polynomials the induction step is given by (2.1); for odd-index polynomials
note that the two summands on the right-hand side of (2.2) involve only odd,
respectively only even powers of x, so there is no “overlap”.

Table 1. a(n; x), 1 ≤ n ≤ 32.

n a(n; x) n a(n; x)

1 1 17 1 + x + x2 + x4 + x8

2 1 18 1 + x2 + x4 + x8

3 1 + x 19 1 + x + x3 + x4 + x5 + x8 + x9

4 1 20 1 + x4 + x8

5 1 + x + x2 21 1 + x + x2 + x5 + x6 + x8 + x9 + x10

6 1 + x2 22 1 + x2 + x6 + x8 + x10

7 1 + x + x3 23 1 + x + x3 + x7 + x8 + x9 + x11

8 1 24 1 + x8

9 1 + x + x2 + x4 25 1 + x + x2 + x4 + x9 + x10 + x12

10 1 + x2 + x4 26 1 + x2 + x4 + x10 + x12

11 1 + x + x3 + x4 + x5 27 1 + x + x3 + x4 + x5 + x11 + x12 + x13

12 1 + x4 28 1 + x4 + x12

13 1 + x + x2 + x5 + x6 29 1 + x + x2 + x5 + x6 + x13 + x14

14 1 + x2 + x6 30 1 + x2 + x6 + x14

15 1 + x + x3 + x7 31 1 + x + x3 + x7 + x15

16 1 32 1
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(b) We use again induction and note that (2.7) certainly holds for n = 1, 2. First
we use (2.1) to obtain

deg a(2n; x) = deg a(n; x2) = 2
n − 2e(n)

2

=
2n − 2e(n)+1

2
=

2n − 2e(2n)

2
.

Next, using (2.2) and the argument in (a), we find

deg a(2n + 1; x) = max{deg a(n; x2) + 1, deg a(n + 1; x2)}
= max{n + 1 − 2e(n), n + 1 − 2e(n+1)}.

If n is odd then n + 1 − 2e(n) = n and 2e(n+1) ≥ 1, so the maximum is n. If n

is even then n + 1 − 2e(n+1) = n and 2e(n) ≥ 1, so the maximum is again n. But
n = 1

2 ((2n + 1) − 2e(2n+1)), and the result follows.

A question related to the degree of a(n; x) is that of the number of nonzero
terms in the polynomial. By Propositions 2.1(a) and (2.3) this number is obviously
given by a(n). In this connection it is worth quoting the following result from
[26, p. 472].

Proposition 2.2. There is a constant c > 0 such that for all n ≥ 1 we have

1 ≤ a(n) ≤ c nµ,

where µ = log2 ϕ and ϕ = 1
2 (1 +

√
5) is the golden ratio.

Note that in decimal representation we have µ � 0.694242. Also, it follows from
the proof in [26] that c = ϕ/

√
5 + ε, where ε > 0 depends on n.

A well-known property of the Stern sequence, first obtained by Carlitz [10] (see
also [24] or [26, p. 470]) is the generating function

t

∞∏
k=0

(1 + t2
k

+ t2
k+1

) =
∞∑

n=1

a(n)tn. (2.9)

We are going to prove the following analogue for the Stern polynomials:

Proposition 2.3. The Stern polynomials have the generating function

t
∞∏

k=0

(1 + t2
k

+ t2
k+1

x2k

) =
∞∑

n=1

a(n; x)tn. (2.10)

It follows from Proposition 2.1 that the right-hand side of (2.10) has radius of
convergence 1 for any fixed |x| ≤ 1. The left-hand side of (2.10) also converges, by
the theory of infinite products.

One approach to proving (2.10) is to show that the expressions on both sides,
seen as functions of t and x, satisfy the functional equation

(1 + t + t2x)f(t2, x2) = tf(t, x). (2.11)



March 23, 2007 0:44 WSPC/INSTRUCTION FILE 00081

90 K. Dilcher & K. B. Stolarsky

This is immediately clear for the left-hand side of (2.10), while for the right-hand
side some easy manipulations and the use of (2.1) and (2.2) are required.

However, the uniqueness of the solution of (2.11) is not obvious, and therefore
we are going to use a different approach. In the process we obtain some related
identities which are of interest in their own rights. We begin with a crucial lemma.

Lemma 2.1. For any m ≥ 0 and 0 ≤ j ≤ 2m we have

a(j; x) + xja(2m − j; x) = a(2m + j; x). (2.12)

Proof. The case j = 0 is trivial. We prove (2.12) for j ≥ 1 by induction on m. The
base case m = 0 and j = 1 is clearly true. We now assume that (2.12) holds up to
some m − 1 and for all j, 1 ≤ j ≤ 2m−1. We shall deduce that then it holds for m

and j, 1 ≤ j ≤ 2m.
First suppose that j is even and write j = 2l, l ≥ 1. Then the desired identity

a(2l; x) + x2la(2m − 2l; x) = a(2m + 2l; x) (2.13)

is equivalent, by (2.1), to

a(l; x2) + (x2)la(2m−1 − l; x2) = a(2m−1 + l; x2),

which holds by the induction hypothesis, with x replaced by x2.
Now suppose that j is odd and set j = 2l + 1, l ≥ 0. Then the desired identity

a(2l + 1; x) + x2l+1a(2m − 2l − 1; x) = a(2m + 2l + 1; x)

is equivalent, by (2.2), to

xa(l; x2) + a(2l + 2; x) + x2l+1
(
xa(2m − 2l − 2; x) + a(2m − 2l; x)

)
= xa(2m + 2l; x) + a(2m + 2l + 2; x),

and this holds when both the following identities are true:

a(2l + 2; x) + x2l+2a(2m − 2l − 2; x) = a(2m + 2l + 2; x),

a(l; x2) + x2la(2m − 2l; x) = a(2m + 2l; x).

Both are instances of (2.13) and follow from the induction hypothesis. This com-
pletes the proof.

Now we consider the partial product

fN (t, x) := t
N∏

k=0

(1 + t2
k

+ t2
k+1

x2k

) (2.14)

and prove the following expansion.

Proposition 2.4. For any N ≥ 0 we have

fN (t, x) =
2N+1∑
n=1

(a(n; x) + xna(2N+1 − n; x)t2
N+1

)tn. (2.15)
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Proof. We proceed by induction. For N = 0 we have by definition,

f0(t, x) = t(1 + t + t2x) = (1 + x · 1 · t2)t + (1 + x2 · 0 · t2)t2.
Now suppose that (2.15) holds for N − 1, i.e. we have

fN−1(t, x) =
2N∑

n=1

(a(n; x) + xna(2N − n; x)t2
N

)tn (2.16)

for some N ≥ 1. We multiply both sides of (2.16) by 1 + t2
N

+ t2
N+1

x2N

. Then by
the definition (2.14) the left-hand side of (2.16) becomes fN (t, x), while on the right
we get

2N∑
n=1

(a(n; x) + xna(2N − n; x)t2
N

)tn

+
2N∑
n=1

(a(n; x) + xna(2N − n; x)t2
N

)(1 + t2
N

x2N

)tn+2N

=
2N∑

n=1

(a(n; x) + xna(2N − n; x)t2
N

+ a(n; x)t2
N

+ xna(2N − n; x)t2
N+1

+ x2N

a(n; x)t2
N

t2
N

+ x2N +na(2N − n; x)t2
N+1

t2
N

)tn.

Now we use (2.12) to get

xna(2N − n; x)t2
N

+ a(n; x)t2
N

= a(2N + n; x)t2
N

and

xna(2N − n; x)t2
N+1

+ x2N

a(n; x)t2
N+1

= xn(a(2N − n; x) + x2N−na(n; x))t2
N+1

= xna(2N+1 − n; x)t2
N+1

;

in this last identity we have used (2.12) with j = 2N − n and m = N . Hence the
right-hand side of (2.16), after multiplication by 1 + t2

N

+ t2
N+1

x2N

, becomes

2N∑
n=1

(a(n; x) + a(2N + n; x)t2
N

+ xna(2N+1 − n; x)t2
N+1

+ x2N+na(2N+1 − (2N + n); x)t2
N+1

t2
N

)tn

=
2N+1∑
n=1

(a(n; x) + xna(2N+1 − n; x)t2
N+1

)tn,

and this completes the proof by induction.

A first application of Proposition 2.4 will be the generating function for the
Stern polynomials.
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Proof of Proposition 2.3. We already established the convergence of both the
infinite product and the series in (2.10). Using (2.14) and (2.15) and letting N → ∞
will therefore give us the identity (2.10), provided we can show that the sum

rN (t, x) :=
2N+1∑
n=1

xna(2N+1 − n; x)t2
N+1

tn

converges to 0 as N → ∞, for |x| ≤ 1 and |t| < 1. But using the obvious estimate
|a(2N+1 − n; x)| < 2N+1, we get

|rN (t, x)| < |t|2N+1
2N+1

2N+1∑
n=1

|t|n < |t|2N+1
2N+1 |t|

1 − |t| ,

which clearly approaches 0 as N → ∞.

As another easy consequence of Proposition 2.4 we obtain

Proposition 2.5. For any N ≥ 1 we have

N−1∏
k=0

(2 + x2k

) =
2N+1∑

n=2N+1

a(n; x). (2.17)

Proof. We set t = 1 in (2.15) and then use (2.12):

N∏
k=0

(2 + x2k

) =
2N+1∑
n=1

(a(n; x) + xna(2N+1 − n; x))

=
2N+1∑
n=1

a(2N+1 + n; x).

Changing the index of summation and replacing N by N − 1, we get (2.17).

It is interesting to compare the identity (2.17) with the well-known product
formula

N−1∏
k=0

(1 + x2k

) =
1 − x2N

1 − x
(2.18)

(see, e.g., [19, p. 495]). This identity can also be obtained from Proposition 2.4
by setting x = 0 and using (2.5). Furthermore, both (2.18) (along with its obvious
infinite product analogue) and (2.9) can be interpreted in terms of binary partitions;
see [26].

We close this section with some further consequences of Lemma 2.1. It is worth
noting the particularly simple form of the case j = 1:

Corollary 2.1. For any m ≥ 0 we have

1 + xa(2m − 1; x) = a(2m + 1; x). (2.19)
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With this identity and other special cases of (2.12) we can now derive explicit
expansions for certain classes of Stern polynomials.

Corollary 2.2. For any m ≥ 1 we have

a(2m + 1; x) = 1 + x + x2 + x4 + · · · + x2m−1
; (2.20)

a(2m − 1; x) = 1 + x + x3 + x7 + · · · + x2m−1−1; (2.21)

a(2m + 2; x) = 1 + x2 + x4 + x8 + · · · + x2m−1
; (2.22)

a(2m − 2; x) = 1 + x2 + x6 + x14 + · · · + x2m−1−2 (m ≥ 2). (2.23)

Proof. We prove (2.20) by induction on m. The base case m = 1 is clear since
a(3; x) = 1+x (see Table 1). Now suppose that (2.20) holds for some m. Then from
(2.2) with n = 2m and with (2.6) we get

a(2m+1 + 1; x) = x + a(2m + 1; x2) = x + 1 + x2 + x4 + x8 + · · · + x2m

,

which completes the proof of (2.20).
The identity (2.21) follows immediately from (2.20) and (2.19). Next, (2.22)

follows from (2.1) and (2.20); finally, (2.23) is obtained by combining (2.12) for
j = 2 with (2.22).

Similar but increasingly complex explicit expressions can be obtained also for
a(2m ± k; x) for other values of k. Normally this would involve combining (2.1) and
(2.2) with previously obtained identities and with (2.12). It is also worth mentioning
that the zeros of the polynomials in (2.20) were studied by Mahler [25].

3. Interlude: Consequences for the Stern Sequence

In this brief section we discuss two corollaries that follow directly from results in
the previous section. The first is a recurrence relation for the terms of the Stern
sequence defined in (1.1). It is an immediate consequence of (2.12), using the fact
that a(n; 1) = a(n).

Corollary 3.1. Let a(n), n ≥ 0, be the terms of the Stern sequence. Then for all
m ≥ 0 and 0 ≤ j ≤ 2m we have

a(j) + a(2m − j) = a(2m + j). (3.1)

The identity (3.1) allows us to construct the Stern sequence by a process of
successive “foldings”, as shown in Table 2:

Table 2. Constructing the Stern sequence with (3.1).

0 1 0 1 1 0 1 1 2 1 0 1 1 2 1 3 2 3 1
1 1 0 1 0 1 2 1 1 0 1 3 2 3 1 2 1 1 0

1 1 1 2 1 1 3 2 3 1 1 4 3 5 2 5 3 4 1
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Here we begin with the string 0 1, consisting of a(0), a(1), and add to it the
reverse string 1 0 to obtain 1 1, which then corresponds to a(1), a(2). So line 1
followed by line 3 of the first block in Table 2 give us the string 01 1, with an
overlapping central term (in bold print). This will then be the first row in the
second block, where the process is repeated, giving us 0 11 2 1. After the fourth
iteration we already have the 24 + 1 = 17 terms 0 1 1 2 1 3 2 31 4 3 5 2 5 3 4 1. It is
important to note that the additions in these blocks must be done without carries.

Next, by setting x = 1 in (2.17) and using (2.3), we immediately get:

Corollary 3.2. The Stern sequence {a(n)} satisfies for each N ≥ 0

2N+1∑
n=2N+1

a(n) = 3N . (3.2)

This result is not new; in fact, it can be found in this form in [35, p. 189].
The identity (3.2) also means that the sum of all entries in the Nth row of Stern’s
diatomic array is 3N + 1. This was already obtained by Stern [31] himself; see also
[23] or [17]. Therefore (2.17) can be seen as a polynomial analogue to (3.2).

4. A Polynomial Analogue of Moshe Newman’s Iteration

It is the purpose of this section to derive an analogue, and in fact an extension to
Stern polynomials, of the iteration (1.2). We begin by defining, for all n ≥ 1, the
auxiliary polynomials

τ(n; x) :=
e(n)∑
j=0

x2j−1, (4.1)

where, as before, e(n) = ord2(n) denotes the highest power of 2 dividing n. Clearly,

τ(2n; x) = 1 + xτ(n; x2), (4.2)

and

τ(2n + 1; x) = 1. (4.3)

Next we turn to define an analogue of the greatest integer function for quotients of
polynomials. If h1(x) and h2(x) are monic polynomials and if

h1(x) = b(x)h2(x) + r(x), deg r < deg h2, (4.4)

for polynomials b and r, then we write⌊
h1(x)
h2(x)

⌋
= b(x). (4.5)

This may be viewed as an extension of the greatest integer function from rational
numbers to rational functions as arguments.

A connection between the objects defined in (4.5) and (4.1) and the Stern poly-
nomials is now given by the following result.
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Proposition 4.1. For all k ≥ 1 we have⌊
a(2k − 1; x)

a(2k; x)

⌋
= τ(k; x). (4.6)

Proof. From (2.4) with n = k − 1 we have

a(2k − 1; x) = 1 · a(2k; x) + xa(2k − 2; x). (4.7)

When k is odd, k = 2m + 1 say, then with (2.7) we have

deg a(2k; x) = deg a(4m + 2; x) =
(4m + 2) − 2

2
= 2m,

deg a(2k − 2; x) = deg a(4m; x) ≤ 4m − 4
2

= 2m − 2.

This means that the conditions in (4.4) are satisfied with b(x) = 1 and (4.7) implies⌊
a(2k − 1; x)

a(2k; x)

⌋
= 1 = τ(2m + 1; x) = τ(k; x).

Now let k be even and rewrite (4.7) as

a(2k − 1; x)
a(2k; x)

= 1 + x
a(k − 1; x2)

a(k; x2)
, (4.8)

where we have used (2.1). Comparing (4.8) with (4.2) we see that the left-hand
quotient in (4.8) and the polynomial τ(2k; x) satisfy the same recurrence, and for
both after a sufficient number of iterations the first argument becomes an odd
integer. Hence the result follows by an induction argument.

We are now ready to prove the main result of this section, namely an extension
of Moshe Newman’s iteration x1 = 1 and

xn :=
1

1 + 2�xn−1� − xn−1
(n ≥ 2)

which produces the ratios of successive terms of the Stern sequence.

Proposition 4.2. For any n ≥ 1 we have

a(n; x)
a(n + 1; x)

=
1

1 + 2x

⌊
a(n − 1; x)

a(n; x)

⌋
− x

a(n − 1; x)
a(n; x)

. (4.9)

Proof. We begin with the case n odd, say n = 2k − 1. From (2.4) (or (4.7)) we
have

a(2k; x) = a(2k − 1; x) − xa(2k − 2; x).
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Taking the reciprocals of both sides and multiplying both sides by a(2k − 1; x), we
obtain

a(2k − 1; x)
a(2k; x)

=
1

1 − x
a(2k − 2; x)
a(2k − 1; x)

. (4.10)

Now

deg a(2k − 1; x) =
(2k − 1) − 1

2
= k − 1,

deg a(2k − 2; x) ≤ (2k − 2) − 2
2

= k − 2,

and therefore by (4.5) we have ⌊
a(2k − 2; x)
a(2k − 1; x)

⌋
= 0.

This means that (4.10) agrees with (4.9), which proves the result for odd n.
For the case n even, n = 2k, it is clear from (4.9) (by multiplying by both

denominators) and by using (4.6) that we need to show

a(2k + 1; x) = a(2k; x) − xa(2k − 1; x) + 2xa(2k; x)τ(k; x). (4.11)

We distinguish between two cases. If k is odd then by (4.3) we have τ(k; x) = 1; so
it suffices to show that

a(2k + 1; x) = a(2k; x) − xa(2k − 1; x) + 2xa(2k; x).

Equating the right-hand side of this identity with the right-hand side of (2.4) and
simplifying, we see that we are done if

a(2k + 2; x) − a(2k; x) = x
(
a(2k; x) − a(2k − 1; x)

)
= −x2a(2k − 2; x),

where in the last step we have used (2.4) again. Now by (2.1) this is equivalent to

a(k; x2) = x2a(k − 1; x2) + a(k + 1; x2).

Since k is odd, this holds once again by (2.4), with x replaced by x2.
Finally, we prove (4.11) for even integers k. By rewriting (4.11) we see that we

are done if we can show that if

1 + 2xτ(β; x) =
xa(2β − 1; x)

a(2β; x)
+

a(2β + 1; x)
a(2β; x)

(4.12)

is true for some integer β ≥ 1, then it is true for 2β. Since we just showed that
(4.11), and thus (4.12), are true for odd β, this would establish it for all β.

Replacing x by x2 in (4.12) and adding 2x to both sides, we get

1 + 2x
(
1 + xτ(β; x2)

)
=

2xa(2β; x2) + x2a(2β − 1; x2) + a(2β + 1; x2)
a(2β; x2)

,
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and using (4.2) on the left and rearranging the right-hand side,

1 + 2xτ(2β; x) =
xa(2β; x2) + a(2β + 1; x2) + x

(
xa(2β − 1; x2) + a(2β; x2)

)
a(2β; x2)

=
a(4β + 1; x) + xa(4β − 1; x)

a(4β; x)
,

where in the last step we have used (2.2) twice in the numerator and (2.1) once in
the denominator. But this last identity is just (4.12) with β replaced by 2β, and we
are done.

5. Stirling Numbers

In [10, 11, 12] Carlitz studied the polynomials

An(x) :=
n∑

j=0

S(n, j)xj , (5.1)

where S(n, k) are the Stirling numbers of the second kind; see, e.g., [28] or [13]. The
combinatorial significance of these polynomials is explained in [28, p. 76]. From a
table of coefficients (mod 2) of the An(x) in [10, p. 15] we were led to conjecture
that for n ≥ 0 the polynomials

an(x) :=
1
x

An+1(x) (5.2)

are (mod 2) the same as our Stern polynomials a(2n − 1; x). The proof of this fact
will be the main purpose of this section. Note that an(x) is always a polynomial
since S(n, 0) = 0 for n ≥ 1.

We first require some recurrences modulo 2:

Lemma 5.1. For all n ≥ 1 we have

a(n + 1; x) ≡ a(n; x) + xa(n − 1; x) (mod 2), (5.3)

and for all n ≥ 2,

a(n + 2; x) ≡ a(n; x) + x2a(n − 2; x) (mod 2). (5.4)

Proof. When n is odd, the congruence (5.3) follows from (2.4) taken modulo 2.
So let n = 2k be even; we prove this case by induction on k. When k = 1 then
(5.3) is certainly true. Suppose now that it holds up to a certain k − 1 (i.e. up to
n = 2k − 2). By the induction hypothesis (when k is even) or by the previous case
(when k is odd) we have

a(k + 1; x2) ≡ a(k; x2) + x2a(k − 1; x2) (mod 2),
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and thus by (2.1),

a(2k + 2; x) ≡ a(2k; x) + x2a(2k − 2; x) (mod 2). (5.5)

On the other hand, the identity (2.4) gives

a(2k + 2; x) = a(2k + 1; x) − xa(2k; x)

and

xa(2k − 2; x) = a(2k − 1; x) − a(2k; x).

Substituting this into (5.5), we get

a(2k + 1; x) − xa(2k; x) ≡ a(2k; x) + xa(2k − 1; x) − xa(2k; x) (mod 2),

which gives (5.3) for n = 2k. This completes the proof by induction.
To prove (5.4), we replace n by n+1 in (5.3), and then we substitute (5.3) with

n replaced by n − 1 in this, to obtain

a(n + 2; x) ≡ a(n + 1; x) + x(a(n − 1; x) + xa(n − 2; x)) (mod 2). (5.6)

Again by (5.3) we have

a(n + 1; x) + xa(n − 1; x) ≡ a(n; x) (mod 2),

and this combined with (5.6) proves (5.4).

We return now to the polynomials in (5.1) and (5.2) and list the first few of
them:

a0(x) = 1,

a1(x) = 1 + x,

a2(x) = 1 + 3x + x2 ≡ 1 + x + x2 (mod 2),

a3(x) = 1 + 7x + 6x2 + x3 ≡ 1 + x + x3 (mod 2).

The following lemma is a special case of a result of Touchard [34]; see also [10,12]
or [28, p. 81]. For the sake of completeness, we provide a proof of this special case.

Lemma 5.2. For n ≥ 1 we have

an+1(x) ≡ an(x) + x2an−1(x) (mod 2). (5.7)

Proof. Given a polynomial p, let E(p) be the “even part”, i.e.,

E


 n∑

j=0

ajx
j


 =

�n/2�∑
j=0

a2jx
2j .
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Since the Stirling numbers S(n, k) satisfy the triangular recurrence relation

S(n, j) = S(n − 1, j − 1) + jS(n − 1, j), (5.8)

we see that the polynomials

an(x) =
n+1∑
j=0

S(n + 1, j)xj−1 =
n∑

j=0

S(n + 1, j + 1)xj

satisfy (mod 2) the recurrence relation a0(x) = 1, a1(x) = 1 + x, and

an+1(x) ≡ xan(x) + E(an(x)) (mod 2). (5.9)

Now consider the polynomials bn(x) given by b0(x) = 1, b1(x) = 1 + x, and

bn+1(x) = bn(x) + x2bn−1(x). (5.10)

Now by linearity both E(bn(x)) and x2bn−1(x) − (x − 1)bn(x) satisfy the same
recursion as bn(x), and by checking the initial conditions (for n = 1, 2), we see that
they are equal, and thus we have

xbn(x) + E(bn(x)) = bn(x) + x2bn−1(x) = bn+1(x). (5.11)

Finally, we prove by induction that an(x) ≡ bn(x)(mod 2); with (5.10) this would
establish the lemma. Indeed, the initial conditions obviously agree, and if we suppose
that the congruence holds for all k ≤ n then with (5.9) and (5.11) we have

an+1(x) ≡ xan(x) + E(an(x)) ≡ xbn(x) + E(bn(x)) = bn+1(x),

and we are done.

Now we note that

a0(x) = 1 = a(1, x), a1(x) = 1 + x = a(3, x);

furthermore, comparing (5.4) with (5.7) we see that a(2k + 1; x) and ak(x) satisfy
the same recurrence relation (mod 2). Hence we have

Proposition 5.1. For all k ≥ 0,

1
x

Ak+1(x) = ak(x) ≡ a(2k + 1; x) (mod 2). (5.12)

As an immediate consequence we get

Corollary 5.1. For a fixed k ≥ 1 the number of odd Stirling numbers S(k, j) of the
second kind, 0 ≤ j ≤ k, is equal to the term a(2k − 1) in the Stern sequence.

Although the Stirling numbers S(k, j) (mod 2) have been studied before (see [12,
13, 33]), it appears that this connection with the Stern sequence is only mentioned
in [30, A002487]. Proposition 5.1 now allows us to obtain the coefficients of the Stern
polynomials a(2k + 1; x) by a very easy “Pascal-like” scheme. Indeed, we arrange
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Table 3. Coefficients of a(2k + 1; x), 0 ≤ k ≤ 8.

1
1 1

1 1 1
1 1 0 1

1 1 1 0 1
1 1 0 1 1 1

1 1 1 0 0 1 1
1 1 0 1 0 0 0 1

1 1 1 0 1 0 0 0 1

the coefficients of a(2k + 1; x), and thus the Stirling numbers S(k + 1, j) (mod 2),
in a triangular array beginning with a single entry 1 in row k = 0; see Table 3.

Then with (5.8) we see that each new row is obtained from the previous one
as follows: Start with the left-most entry and add, “Pascal-like”, the upper left
(a “0”, by default) and the upper right elements. Then move one space to the right
and copy only the upper left element. Then move another space to the right and add
(modulo 2) the upper left and upper right elements, and then again only the upper
left, etc., until one reaches the right-hand edge of the array which will always be a “1”.

The geometrical structure of this triangle was studied by Sved [33]. In fact,
she identified a “somewhat lopsided cell-zero-hole-cluster structure” and provided
partial explanations for this. The beginnings of this structure are already visible in
Table 3. For a larger picture, see [33, p. 61].

6. Chebyshev Polynomials and Final Remarks

In this final section we show that the Chebyshev polynomials of both kinds are just as
closely related to the Stern polynomials as are the polynomials An(x) of the previous
section. In fact, in this case the a(n; x) are involved for all positive integers n.

Carlitz [10] established a connection (modulo 2) between the polynomials An(x)
and Un(x/2), where Un(x) is the nth Chebyshev polynomial of the second kind,
defined by U0(x) = 1, U1(x) = 2x, and

Un(x) = 2xUn−1(x) − Un−2(x). (6.1)

This means that there will also be a close relationship between Un(x/2) and the
Stern polynomials a(n; x), which is in fact easy to prove directly. It turns out that
there is also a similar relationship (modulo 2) to the Chebyshev polynomials of the
first kind, Tn(x). They are defined by T0(x) = 1, T1(x) = x, and by the recurrence
relation (6.1) (with U replaced by T ); see, e.g., [29] or [1, Chap. 22]. Table 4 may
serve to illustrate the next result.

Proposition 6.1. For all n ≥ 0 we have

xn/2Un

(
1

2
√

x

)
≡ a(n + 1; x) (mod 2), (6.2)

2xn/2Tn

(
1

2
√

x

)
≡ a(n; x) (mod 2). (6.3)
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Table 4. Scaled Chebyshev polynomials.

n Un(x/2) (mod 2) 2 Tn(x/2) (mod 2)

0 1 1 2 0
1 x x x x
2 −1 + x2 1 + x2 −2 + x2 x2

3 −2x + x3 x3 −3x + x3 x + x3

4 1 − 3x2 + x4 1 + x2 + x4 2 − 4x2 + x4 x4

5 3x − 4x3 + x5 x + x5 5x − 5x3 + x5 x + x3 + x5

6 −1 + 6x2 − 5x4 + x6 1 + x4 + x6 −2 + 9x2 − 6x4 + x6 x2 + x6

7 −4x + 10x3 − 6x5 + x7 x7 −7x + 14x3 − 7x5 + x7 x + x5 + x7

Proof. Denote the left-hand sides of (6.2) and (6.3) by Ũn(x), respectively T̃n(x).
Then the recurrence (6.1) gives immediately

Ũn(x) ≡ Ũn−1(x) + xŨn−2(x) (mod 2), (6.4)

with the same recurrence congruence also satisfied by T̃n(x). Now note that

Ũ0(x) = 1 = a(1, x), Ũ1(x) = 1 = a(2, x);

hence comparing (6.4) with (5.3) gives (6.2). Similarly, if we note that

T̃0(x) = 0 = a(0, x), T̃1(x) = 1 = a(1, x),

then (6.4) (for T̃n(x)) compared with (5.3) gives (6.3).

In analogy to Corollary 5.1 we immediately obtain from Proposition 6.1 the
following result.

Corollary 6.1. For n ≥ 1 the number of odd coefficients of the scaled Chebyshev
polynomials Un−1(x/2) and 2Tn−1(x/2) are both equal to the term a(n) in the Stern
sequence.

Without going into details we mention two further sets of results that can be
obtained from Carlitz’s paper [10], via our results in the last two sections. First,
since the Chebyshev polynomials of both kinds have explicit expressions in terms
of binomial coefficients (see, e.g., [1, p. 775]), (6.2) and (6.3) will lead to congru-
ences (modulo 2) for the coefficients of the Stern polynomials in terms of binomial
coefficients. A number of such congruences were in fact obtained in [10] for the
coefficients of the polynomials An(x). Corollary 6.1 also gives the following result
mentioned in [30, A002487].

Corollary 6.2. For a fixed n ≥ 1 the number of odd binomial coefficients
“ n − k

k

”

is given by a(n).

Next we note that Carlitz obtained a number of divisibility and irreducibility
results modulo 2 for what amounts to a(2k + 1; x). One such result (see [10, p. 22])
can be stated as follows.
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Corollary 6.3. If p is prime and 2 is a primitive root modulo p, then a(p; x) is an
irreducible polynomial over the rationals.

Finally, a connection between Stern polynomials and convergents of “folded
continued fractions” can be found in [3]. In fact, the four sequences of polynomials
listed in [3, p. 84] appear to be, modulo 2, reciprocal to a(n; x) or of a(n; x2). A
connection with our Corollary 6.2 is then given in [3, p. 88].
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