
Math 424 Homework 4 Due Monday, September 30, 2019

Recall the instructions from the Course Organization and feel free to work together in
trying to understand the problems. I want you to write up the solutions individually, however
and do NOT work together on any extra credit problems. The symbol (E) indicates that a
problem is either an old test question or could easily have been on a test if it hadn’t been
an old homework problem. If you want to prepare your solution using TeX, please put your
name in your own handwriting. I never mind if you put equations in by hand.

I will answer questions about this homework in class on Wed. 9/15 and Fri. 9/27 and
by email, but only up to Noon, Sun. 9/29, so all students will have a chance to read the
comments on the website, which will be finalized by 3pm 9/29.

(ungraded) Rosenlicht §3 – #15, #28

1. (E) Give an example of a simple set S ⊂ R which is not connected, but has the property
that a, b ∈ S, a < b, implies there exists c ∈ S such that a < c < b. A well-explained picture
is helpful.

2. (E) a. Suppose (E, d) is a metric space and suppose Kn, 1 ≤ n ≤ N , is compact. Prove

from the definition of compactness that K =
⋃N

n=1Kn is compact. (Hint: we do not know
that E is a Euclidean space, so “closed and bounded” is not relevant here.)

b. Find an infinite family of compact subsets Kn ∈ R with the property that the union
K =

⋃∞
n=1Kn is not compact. There are many easy-to-state examples, and you can show

that K is not compact by any correct method.

3. (E) Suppose (E, d) is a metric space with at least two points. We say that p ∈ E is an
isolated point if there exists ε > 0 so that if q ∈ E, q 6= p, we have d(p, q) > ε. (Notice the
order of quantifiers; ε does not depend on q!) Prove from the definition that (E, d) is not
connected.

4. (E) Let (E, d) be a metric space and suppose S ⊂ E. Prove that p is a cluster point of S
if and only if inf{d(p, q) | q ∈ S, q 6= p} = 0.

5. (E) A set S in a metric space (E, d) is called 3-super-compact if, whenever

S ⊆
⋃
i∈I

Oi

for any collection of open sets Oi, then there exist three such subsets so that

S ⊆ Oi1 ∪ Oi2 ∪ Oi3 .

Prove that [0, 1] is not 3-super-compact by finding four open intervals Oj so that

[0, 1] ⊂ O1 ∪ O2 ∪ O3 ∪ O4,

and so that [0, 1] is not contained in the union of any three Oj’s. It is acceptable, and
perhaps preferable, to express the endpoints of the intervals in decimal form.


