
Math 424 Homework 3 Due Monday, September 23, 2019

Recall the instructions from the Course Organization and feel free to work together in trying
to understand the problems. I want you to write up the solutions individually, however
and do NOT work together on any extra credit problems. The symbol (E) indicates that a
problem is either an old test question or could easily have been on a test if it hadn’t been
an old homework problem. If you want to prepare your solution using TeX, please put your
name in your own handwriting. I never mind if you put equations in by hand.

I will answer questions about this homework in class on Wed. 9/18 and Fri. 9/20 and
by email, but only up to Noon, Sun. 9/22, so all students will have a chance to read the
comments on the website, which will be finalized by 3pm 9/22.

(ungraded) Rosenlicht §3 – #11, #26.

1. (E) Show that there exists a strictly increasing sequence of positive integers (nk) with the
property that

lim
k→∞

sin(nk) and lim
k→∞

sin(n4
k)

both exist. Do not try to determine the nk’s!

2. (E) Suppose f is a bijection of {0, 1, 2, . . . } to itself. Suppose (an) is a sequence in a
metric space (E, d). We define the rearrangement of an by f to be the sequence (bn) where

bn = af(n).

One example of a rearrangement of (an) is a1, a0, a3, a2, a5, a4 . . . . If (an) is convergent in a
metric space (E, d) and an → L, prove carefully that (bn) is convergent in (E, d) and bn → L.

3. (E) Suppose S is a closed set contained in the square with vertices (±100,±100) in the
Euclidean space E2. Show that there exist finitely many points x1, . . . , xn ∈ S so that, for
any point x ∈ S, there exists at least one xk such that d(xk, x) < 1

2
. (Hints: you do not have

to compute n; don’t forget that the points have to be in S.)

4. Suppose (E, d) is a metric space. We say that (a, b, c), a triple of points in (E, d), is
line-like if d(a, b) + d(b, c) = d(a, c). Order counts!

a. Show that if (E, d) = E1 = (R, d2), then the triple (a, b, c) is line-like if and only if
a ≤ b ≤ c or a ≥ b ≥ c.

b. Let (E, d) = E2 = (R2, d2) be the usual Euclidean plane. Give a geometric condition
that determines whether the triple (a, b, c) is line-like. Here is a hint which you don’t have to
prove. The distance d2 is preserved by rotation and translation, so we may assume without
loss of generality that a = (0, 0) and b = (t, 0) for some t > 0. You are looking for conditions
on c = (x, y). Be careful!

Please turn over!
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5. (E) This is a “give some examples” problem of the type which sometimes shows up on
exams. The parts are unrelated.

a. Give an example of a Cauchy sequence (an) of real numbers so that (an) is not monotone,
but (a2n) is increasing and (a2n+1) is decreasing.

b. Give an example of a set S ⊂ R with the property that 0 ∈ S, 424 /∈ S, 0 is not a cluster
point of S and 424 is a cluster point of S, and explain why no S with these properties could
be an open set.

6. Extra credit (1/2 point) A rephrasing of Rosenlicht #13. Define a sequence (an) by a0 = 1
2

and an+1 = f(an) for

f(x) =
1

2 + x
,

so, e.g. a1 = 1
2+ 1

2

, a2 = 1
2+ 1

2+1
2

, etc.

Compute ∣∣∣∣an+2 − an+1

an+1 − an

∣∣∣∣ ,
and show that this implies that (an) is convergent. (You may assume that an > 0 for
all n without proving it!). Then, using the basic properties on p.48, and the fact that
lim an+1 = lim an, compute the value of the limit.


