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Finally, we note that the construction of left derived functors is itself functorial! If λ : F →
G is a natural transformation of functors, then there are natural maps Lqλ : LqF → LqG
defined in the “obvious” way.

Tor groups. Given a ring R, we define TorRq (−, N) : ModR → ModR to be the qth left

derived functor of the functor TN
def
= −⊗R N , defined by TN (M) = M ⊗R N . Observe that

TorR0 (M,N) ≈M ⊗R N , since tensoring is right exact.
By definition, if either M or N is free, then TorRq (M,N) = 0 for q > 0 (for different

reasons!)
Also note that TorRq is a functor of both variables. We have observed that LqTN =

TorRq (−, N) takes short exact sequences to long exact sequences. The same is true in the N
variable.

Lemma 0.1. For each short exact sequence 0→ N ′ → N → N ′′ → 0, there is a natural long
exact sequence

TorRq (M,N ′)→ TorRq (M,N)→ TorRq (M,N ′′)→ TorRq−1(M,N)

Proof. Fix a projective resolution P →M , and take homology of the short exact sequence
0→ P•⊗RN ′ → P•⊗RN → P•⊗RN ′′ → 0. The preceding relies on the fact that projective
modules are flat (because they are summands of free modules, which are flat). �

Balancing act. The fact that tensor product is a functor of two variables means that
there is another construction we could consider. Namely, let T ′M : ModR → ModR be the
functor defined by TM (N) = M ⊗R N . Then there are corresponding derived functors

LqT
′
M = Tor′

R
q (M,−). That is, we compute Tor by choosing a projective resolution of the

first variable, while we compute Tor′ by choosing a projective resolution of the second variable.
In fact, these two constructions give the same answer.

Lemma 0.2. We have TorR1 (M,N) ≈ Tor′
R
1 (M,N).

Proof. Fix a projective resolution Q• → N . Let K1 = Im(Q1 → Q0), and consider the short
exact sequence 0 → K1 → Q0 → N → 0. By the exact sequence associated to the second
variable in Tor, we have an exact sequence

0→ TorR1 (M,N)→M ⊗R K1 →M ⊗R Q0 →M ⊗R N → 0
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is exact. On the other hand, the exact sequence Q2 → Q1 → K1 → 0 gives us an exact
sequence M ⊗R Q2 →M ⊗R Q1 →M ⊗R K1 → 0. From this, you can see that TorR1 (M,N)
is isomorphic to the homology of

M ⊗R Q2 →M ⊗R Q1 →M ⊗R Q0,

which by definition is the same as Tor′
R
1 (N,M). �

As a consequence, we have TorRq (M,N) ≈ Tor′
R
q (N,M) for all q. This is because

TorRq (M,N) ≈ TorRq−1(M,K1) for q ≥ 2

Tor for abelian groups, and universal coefficient for homology.

Proposition 0.3. If R is a PID, then an R-module M is flat if and only if it is torsion free.

Proof. Same as for R = Z. �

In particular, we have Tor(M,N)
def
= TorZ1 (M,N) for abelian groups M , N . Check that

Tor(Z/n,M) = Ker(n : M →M)

for n 6= 0,
Exercise. What is Tor(Q/Z,M)?
We can now state and prove the universal coefficient sequence.

Theorem 0.4 (Universal Coefficient Theorem). Let X be a space, and let G be an abelian
group. Then there is a short exact sequence, natural in X and G, of the form

0→ HnX ⊗G→ HnX → TorZ1 (Hn−1X,G)→ 0.

The sequence splits non-naturally.

This is immediate from the following algebraic version of the theorem.

Theorem 0.5. Let C• be a chain complex of modules over a PID R, which is free in each
degree. Then there is a natural short exact sequence

0→ Hq(C•)⊗R N → Hq(C• ⊗N)→ TorR1 (Hq−1(C•), N)→ 0.

The sequence splits, but not naturally.

Proof. Let Zn = Ker(∂ : Cn → Cn−1) and Bn = Im(∂Cn+1 → Cn). The commutative
diagram

0 // Zn //

0
��

Cn //

∂
��

Bn−1 //

0
��

0

0 // Zn−1 // Cn−1 // Bn−2 // 0

means that we can think of 0→ Z• → C• → B•−1 → 0 as a short exact sequences of chain
complexes. (Question: what does the long exact sequence of homology look like?)

In each degree, there is a splitting Cn ≈ Zn ⊕Bn−1 (because Bn−1 ⊆ Cn−1 is a module of
a free module, so free; this uses the hypothesis that R is a PID). We tensor with N to get a
short exact sequence of complexes

0→ Z• ⊗R N → C• ⊗R N → B•−1 ⊗R N → 0
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and so a long exact sequence in homology,

→ Bn ⊗R N → Zn ⊗R N → Hn(C ⊗R N)→ Bn−1 ⊗R N → Zn−1 ⊗R N.
Check that the connecting map Bn ⊗R N → Zn ⊗R N is actually the map induced by the
inclusion Bn ⊆ Zn.

Now observe that 0→ Bn → Zn → Hn(C•)→ 0 is a projective resolution of Hn(C•). This
gives the desired exact sequence.

To prove that the sequence splits, it suffices to produce a retraction of the inclusion
Hn(C•)⊗RN → Hn(C•⊗RN) (which is really the Künneth map, defined by [x]⊗y 7→ [x⊗y]).

Recall that there exists a splitting Cn ≈ Zn⊕Bn−1 of the short exact sequence 0→ Zn →
Cn → Bn−1 → 0. This induces a splitting Cn/Bn ≈ Zn/Bn ⊕ Bn−1, and thus a retraction
r : Cn/Bn → Zn/Bn which restricts to the identity map on Zn/Bn ⊆ Cn/Bn.

Since tensoring is right exact, we have that

(Cn/Bn)⊗N ≈ Cok[Cn+1 ⊗N → Cn ⊗N ] ⊇ Hn(C• ⊗N).

The evident inclusion (Zn/Bn)⊗N → (Cn/Bn)⊗N has its image inside Hn(C• ⊗N), and
so coincides with the standard map (HnC•)⊗N → Hn(C• ⊗N). Since the inclusion is an
inclusion of a direct summand, there is a projection (Cn/Bn)⊗N → (Zn/Bn)⊗N , which
when restricted to Hn(C• ⊗N) gives the desired retraction. �
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Much of the time, one is interested in Hq(X,Z/p) where p is prime, and one knows that
H∗(X,Z) are finitely generated. By the structure theorem for finitely generated abelian
groups, we can write Hq(X,Z) as a direct sum of (i) free summands, and (ii) for various
primes `, and exponents r, cyclic summands Z/`r.

We see from

0→ HqX ⊗ Z/p→ Hq(X;Z/p)→ Tor(Hq−1X,Z/p)→ 0,

that Hq(X;Z/p) is a Z/p-vector space with

(1) a basis element for every free summand in HqX,
(2) a basis element for every summand of pth power order in Hq(X), and
(3) a basis element for every summand of pth power order in Hq−1(X).

The `th power order torsion, for ` 6= p, makes no contribution.
Exercise. H∗(RPn;Z/2) from the coefficient sequence.
Exercise. H∗(RP2 × RP2;Z/2) from the coefficient sequence.

Proof of the algebraic Künneth theorem.

Theorem 0.6. Suppose R is a PID, and C• and D• are chain complexs, and that C• is a
complex of free R-modules. Then there is natural short exact sequence

0→
⊕
i

HiC• ⊗R Hn−iD•
µ−→ Hn(C• ⊗R D•)→

⊕
i

TorR(HiC•, Hn−i−1D•)→ 0,

which admits a non-natural splitting.
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Proof. The proof is almost the same as the one for universal coefficients.
First, note that if C• has boundary map ∂ = 0, then µ is actually an isomorphism. This

is because in this case C• can be thought of as a direct sum of complexes
⊕

q Cq[q], and so

C• ⊗R D• ≈
⊕

q Cq ⊗R D• as chain complexes. Since Cq is free, the claim follows. Thus, for

such a complex, we will have C∗ ⊗R H∗D• ≈ H∗(C• ⊗R D•).
Consider the short exact sequence 0→ Z• → C• → B•−1 → 0 of chain complexes. Since

Bn−1 is a subgroup of a free module, it is free, so in each degree the sequence is split.
Tensor with D•; the resulting sequence is still exact, since the sequence is split in each

degree. Consider the resulting long exact sequence in homology. Since Z• and B•−1 have
trivial boundary map, we can directly identify the homology. �

Example 0.7. H∗(RP2 × RP2) again, using Künneth applied to cellular homology.

Künneth theorem with field coefficients. Let F be a field. Then C• ⊗ F is a chain
complex of F -vector spaces. It is straightforward to check that

(C• ⊗ F )⊗F (D• ⊗ F ) ≈ (C• ⊗Z D•)⊗ F.
It is clear that the algebraic Künneth theorem applies to chain complexes of F -vector spaces,
and we know that Tor1F = 0. Thus, we have an isomorphism

H∗(C• ⊗ F )⊗F H∗(D• ⊗ F ) ≈ H∗(C• ⊗D• ⊗ F ).

If we apply this to cellular homology, we get

H∗(X;F )⊗F H∗(Y ;F ) ≈ H∗(X × Y ;F ).

Example. H∗(RP2 × RP2,F2).
This is one very good reason for working with mod p coefficients: the Künneth theorem

becomes much simpler.

Introduction to singular cohomology. Cohomology was created in part to explain some
interesting features about the homology of manifolds.

(1) If X is a space whose homology groups are finitely generated, let bk = rankHkX
(“Betti numbers”). Poincare observed that if X is a compact oriented manifold of
dimension n, then

bk = bn−k.

(2) Suppose a ∈ Hn−pX and b ∈ Hn−qX are homology classes on a compact oriented
manifold X of dimension n. Then there is a way to define an “intersection product”
a a b ∈ Hn−(p+q)X. Roughly speaking, represent a and b by cycles

∑
aiσi and∑

bjτj , which are in “general position” to each other; i.e., so that each intersection
σi ∩ τj is a simplex of dimension n− (p+ q).

(3) If M is connected and p+q = n, then the intersection pairing HpX⊗HqX → H0X = Z
turns out to be non-degenerate, which explains Poincaré’s observation about Betti
numbers.

The solution was define something called cohomology. The cohomology groups Hq(X)
are defined much like the homology groups, but they determine a contravariant functor.

(1) They are closely related to homology groups; for instance, ifH∗X are finitely generated,
then rankHqX = rankHqX.
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(2) For any space X, the cohomology groups H∗X have a multiplication, called the cup
product.

(3) If X is a compact oriented n-manifold, then there is an isomorphism HqX ≈ Hn−qX.
This isomorphism identifies the cup product in cohomology with the intersection
product in the homology of the manifold.

Aside from its relation to the intersection of manifolds, the cup product is a very useful
structure in its own right. This is in part because it is defined for any space, and is natural
with respect to continuous maps.

This leaves the question: what other natural structure exists on the homology or cohomology
of a space? It turns out there is a rich structure of cohomology operations, the simplest to
describe being the Steenrod operations Sqk : Hn(X;F2) → Hn+k(X;F2) in cohomology
with mod 2-coefficients.

F 21 Sep

Singular cohomology. Define

Cq(X,A;G)
def
= Hom(Cq(X,A), G),

and define a coboundary map by

d : Cq(X,A;G)→ Cq+1(X,A;G)

by (df)(c) = f(∂c). Thus, C•(X,A;G) is a cochain complex. Define

Hq(X,A;G) = HqC•(X,A;G) =
Ker[d : Cq(X,A;G)→ Cq+1(X,A;G)]

Im[d : Cq−1(X,A;G)→ Cq(X,A;G)]
.

If G = Z we write C•(X,A), etc.
Remark. A cochain complex is just like a chain complex, except that the boundary

operator raises degree instead of lowering it. In fact, we can always convert a cochain complex
C• into a chain complex C• by setting Cq = C−q and ∂ = d.

Remark. The above is the coboundary map as defined in Hatcher, and many other places.
However, I reserve the right to introduce a sign into the coboundary map formula at a later
time; e.g., something like (df)(c) = −(−1)|f |f(∂c).

This sign makes no difference when computing the cohomology groups, but might make a
difference in the signs in some formula later on. In fact, when I do calculations, I’ll ignore
the sign in the definition. (But note that it does make a difference of sign in the definiton of
the connecting homomorphism Hq−1(A;G)→ Hq(X,A;G) associated to a pair (X,A).)

Why the sign should be this way is a very subtle issue, which we aren’t yet equipped to
deal with. The modified convention is the one used by Bredon. (For a explanation of why you
might need this convention, search for Tyler Lawson’s “long ramble about sign conventions”.)

Axioms for singular cohomology. Singular cohomology has five “axioms”: dimension,
product, exactness, homotopy, and excision.

Dimension. Hq(pt;G) = 0 if q 6= 0, and H0(pt;G) = G.
This is an easy calculation.
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Product. If X ≈
∐
αXα, then

(i∗α) : Hq(X;G)→
∏
α

Hq(Xα;G).

Exactness. If (X,A) is a pair, then there is a long exact sequence

Hq−1(A;G)
δ−→ Hq(X,A;G)→ Hq(X;G)→ Hq(A;G)→ Hq+1(X,A;G).

The observation is that applying Hom(−, G) to the usual short exact sequence of singular
chains gives a short exact sequence

0→ C•(X,A;G)→ C•(X;G)→ C•(A;G)→ 0.

This is not for free; the functor Hom(−, G) : Ab→ Ab is only left exact. That is, given an
exact sequence 0→ A→ B → C → 0, we generally only get an exact sequence

0→ Hom(C,G)→ Hom(B,G)→ Hom(A,G).

(Show example in which right exactness fails.) The observation we need is that the functor is
exact on split short exact sequences.

Homotopy. If f, g : X → Y are homotopic maps, then f∗ = g∗ as maps Hq(Y ;G) →
Hq(X;G).

Given by a chain homotopy of maps C•(X)→ C•(Y ), which is taken to a chain homotopy
by Hom(−, G).

Excision. If (X,A) is a pair, and if ClZ ⊆ IntA, then the map

Hq(X,A;G)→ Hq(X r Z,Ar Z;G)

is an isomorphism.
As with homology with coefficients, we can prove this by observing that D• =

C•(X,A)/C•(XrZ,ArZ) admits a contracting homotopy. Then when we apply Hom(−, G)
to the split exact sequence

0→ C•(X r Z,Ar Z)→ C•(X,A)→ D• → 0,

we get an exact sequence

0→ Hom(D•, G)→ C•(X r Z,Ar Z;G)→ C•(X,A;G)→ 0

in which Hom(D•, G) has a contracting homotopy.

Reduced cohomology. Reduced cohomology H̃q(X;G) is defined as the cohomology of the

chain complex C̃•(X;G) = Hom(C̃•(X), G). It satisfies properties analoguous to unreduced

cohomology. If (X,x0) is a pointed space, we can identify H̃q(X;G) ≈ H̃q(X,x0;G) ≈
Ker[Hq(X;G)→ G], and Hq(X;G) ≈ H̃q(X;G)⊕Hq(pt;G).

Example. Cohomology of suspension. Show that H̃q+1(S(X);G) ≈ Hq(X;G). This gives
cohomology of sphere.

Cellular cohomology. Defined using cellular cochains, C•CW(X;G)
def
= Hom(CCW

• (X), G).
Observe that CqCW(X;G) ≈ Hq(Xq, Xq−1;G).

Example. H∗(RPn;Z). The cellular cochain complex is

Z 0−→ Z 2−→ Z 0−→ Z 2−→ · · ·
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Kronecker pairing. The Kronecker pairing is a map

Hq(X;G)⊗Hq(X)→ G

[α]⊗ [c] 7→ α(c).

Check that this is well-defined. We can think of this as a map

Hq(X;G)→ Hom(HqX,G).

If R is a ring, then we obtain a pairing Hq(X;R) ⊗R Hq(X;R) → R, and adjoint map
Hq(X;R)→ HomR(Hq(X;R), R).

Proposition 0.8. If F is a field, then Hq(X;F )→ HomF (Hq(X;F ), F ) is an isomorphism.

Proof. The functor HomF (−, F ) : ModF → ModF is exact. �
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