
HOMEWORK 2, MATH 526

CHARLES REZK

Due M 24 Oct. Note revised due date, and that two new parts have been added to (8), as
well as a hint.

(1) (Hatcher, §3.1, #5 (p. 205).) Regarding a cochain ϕ ∈ C1(X;G) as a function from
paths in X to G, show that if ϕ is a cocycle then
(a) ϕ(f · g) = ϕ(f) + ϕ(g),
(b) ϕ takes the value 0 on constant paths,
(c) ϕ(f) = ϕ(g) if f ≃ g,
(d) ϕ is a coboundary iff ϕ(f) depends only on the endpoints of f .
[In particular, (a) and (c) give a map H1(X;G) → Hom(π1X,G), which the universal
coefficient theorem says is an isomorphism if X is path-connected.]

(2) For any space X, show that H0X, as a ring under cup product, is isomorphic to
the ring of set functions {π0X → Z}, where addition and multiplication are defined
point-wise.

(3) Let X = A ∨ B, the one point union (“wedge sum”) of pointed spaces (A, {a0})
and (B, {b0}). Assume that (A, {a0}) and (B, {b0}) are good pairs (in the sense of
Hatcher p. 114). Prove that the map HnX → HnA×HnB induced by inclusions is
an isomorphism for n ≥ 1. Furthermore, prove that with respect to this isomorphism,
the cup product on H∗X is given in positive dimensions by

(α1, β1) ⌣ (α2, β2) = (α1 ⌣ α2, β1 ⌣ β2).

Use this to describe the cup product structure on H∗(Sm ∨ Sn), where m,n ≥ 1.
(4) (Hatcher §3.2, #1 (p. 228).) Assuming as known the cup product structure on the

torus S1 × S1, compute the cup product structure in H∗(Mg) for Mg the closed
orientable surface of genus g by using the quotient map to a wedge sum of g tori (see
picture in book).

(5) (Hatcher §3.2, #7.) Use cup products to show that RP3 is not homotopy equivalent
to RP2 ∨ S3.

(6) (Hatcher §3.2, #8.) Let X be CP2 with a cell e3 attached by a a map S2 → CP1 ⊂
CP2 of degree p, and let Y = M(Z/p, 2)∨S4. Thus X and Y have the same 3-skeleton
but differ in the way their 4-cells are attached. Show that X and Y have isomorphic
cohomology rings with Z coefficients but not Z/p coefficients.

(7) (Hatcher §3.2, #12.) Show that the spaces (S1 × CP∞)/(S1 × {x0}) and S3 × CP∞

have isomorphic cohomology rings in Z or any other coefficients.
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(8) Given 0 → A → B → C → 0 a short exact sequence of abelian groups, the connecting
homomorphism

β : Hq(X;C) → Hq+1(X;A)

in the associated long exact sequence in cohomology is called a Bockstein operator.
(a) Show that β is natural with respect to continuous maps, i.e., that f ∗β = βf ∗

for all continous f : X → Y .
(δ) Show that the construction of β is “natural with respect to short exact se-

quences”, in the sense that given a commutative diagram

0 // A′ //

��

B′ //

��

C ′ //

��

0

0 // A // B // C // 0

of short exact sequences, you get a commutative square

Hq(X;C ′)
β′
//

��

Hq+1(X;A′)

��

Hq(X,C)
β
// Hq+1(X;A)

in which the horizontal maps are Bockstein operators.
(γ) Show that if C is a projective(=free) abelian group, then the associated Bock-

stein operator is trivial.
(b) Show that that if 0 → D → E → A → 0 is another short exact sequence with

Bockstein operator β′ : Hq+1(X;A) → Hq+2(X;D), show that β′β = 0.

(Hint: Construct short exact sequences 0 → D → Ẽ → Ã → 0 and 0 → Ã →
B̃ → C → 0 which “map to” the given ones, and in which B̃ is a free abelian

group. Then use the fact that Ã is also free.)
(c) Let βn : H

q(X;Z/n) → Hq+1(X;Z/n) be the Bockstein operator associated to

the extension 0 → Z/n i−→ Z/n2 j−→ Z/n → 0, where i is multipication by n and
j the obvious quotient map (which is a ring homomorphism). Prove the formula

βn(x ⌣ y) = βn(x) ⌣ y + (−1)|x|x ⌣ βn(y)

where x, y ∈ H∗(X;Z/n).
The following exercise is really a sequence of exercises: also, (a), (b), and (c) are really

a special case of (d), so just writing up (d) is fine. The exercise constructs an invariant of
3-dimensional lens spaces which can sometimes (though not always) distinguish them up to
homeomorphism, even when they have isomorphic cohomology rings.

(9) Consider the explicit triangulization of a 3-dimensional lens space built from n tetra-
hedra, given in exercise #8 in §2.1 of Hatcher (Chapter 2, p. 131).



(a) Use the associated complexes of simplicial chains/cochains to compute
H∗(X;Z/n), describing explicit representatives for generators of these groups.

(b) Explicitly compute the action of the Bockstein operators βn : H
i(X;Z/n) →

H i+1(X;Z/n).
(c) Explicitly compute the cup product in H∗(X;Z/n).
(d) Now do the same calculation as in (a),(b), and (c) above, but with a modified

lens space Xp, constructed as follows. For 0 < p < n an integer relatively prime
to n, form a complex as above, except that the bottom face of Ti is identified
with the top face of Ti+p for all i. (The original example was the case p = 1.)

(e) For each p relatively prime to n, construct an isomorphism of rings
H∗(X1;Z/p) → H∗(Xp;Z/p). Thus, all these spaces have the “same” coho-
mology with cup product.

In each of these examples, the class T =
∑

Tk ∈ ∆3(Xp,Z) gives a generator of
H3(Xp;Z), as does −T . We will refer to these two generators [T ],−[T ] ∈ H3(Xp;Z)
as fundamental classes of Xp. We will also refer to the images of [T ] and −[T ]
under the map H3(Xp;Z) → H3(Xp;Z/n) induced by reduction mod n as funda-
mental class(es). (The group H3(Xp;Z/n) may have other generators besides the
fundamental classes; the point is that the fundamental classes in H3(Xp;Z/n) are
special, because they “come from” generators of integral homology.)
(f) Let x ∈ H1(Xp;Z/n) be any element, and let βn(x) ∈ H2(Xp;Z/n) be the image

of x under the Bockstein. Compute

⟨x ⌣ βn(x),±[T ]⟩ ∈ Z/n
in each of the above examples. (Your answer should depend on the choice of
element x, the choice of fundamental class in {±[T ]}, and the integer p.) Show
that if x is a generator of H1, then the result is relatively prime to n.

(g) Let (Z/n)× be the abelian group of units in the ring Z/n; i.e., integers relatively
prime to n, considered modulo n, with group structure given by multiplication.
Let Gn be the quotient group of (Z/n)× by the subgroup generated by (i) squares
k2 for k ∈ (Z/n)×, and (ii) {±1}. Show that the equivalence class of ϕ(Xp) =
⟨x ⌣ βn(x),±[T ]⟩ ∈ (Z/n)× in Gn does not depend on the choice of generator
x of H1(Xp;Z/n) or fundamental class ±[T ] ∈ H3(Xp;Z). Conclude that ϕ(Xp)
is a homotopy invariant of the spaces Xp. Show that every element of Gn can
occur as the ϕ invariant of some Xp.

You can conclude from this that for n = 5 (for instance), X1 and X2 are not homo-
topy equivalent, and therefore not homeomorphic, even though they have isomorphic
cohomology rings.


