
HOMEWORK 9, MATH 525

CHARLES REZK

Due Wednesday, May 6.

(1) Given a map f : X → Y , the mapping cylinder M(f) is the space Y q (X × I)/ ∼, where for each
x ∈ X we identify (x, 1) ∈ X×I with f(x) ∈ Y . (Equivalently, M(f) is the pushout of the diagram

Y
f←− X

i1−→ X × I.)
The mapping cone C(f) is the space M(f)/(X × 0), obtained by identifying the subspace X × 0

to a single point.
(a) Show that (M(f), X × 0) is a good pair, and construct an isomorphism H∗(M(f), X × 0) ≈

H̃∗(C(f)).
(b) Using only the Eilenberg-Steenrod axioms, show that there is a long exact sequence of the

form

· · · → H̃q+1C(f)→ HqX
f∗−→ HqY

(pj)∗−−−→ H̃qC(f)→ Hq−1X → · · ·
where j : Y →M(f) is the evident inclusion, and p : M(f)→ C(f) is the quotient map.

(2) Hatcher §2.2, #10. Let X be the quotient space of S2 under the identifications x ∼ −x for x in
the equator S1. Compute the homology groups Hi(X). Do the same for S3 with antipodal points
of the equatorial S2 ⊂ S3 identified.

(3) Hatcher §2.2, #11. In exercise §1.2, #14 we described a 3-dimensional CW complex obtained from
the cube I3 by identifying opposite faces by a one-quarter twist. Compute the homology groups of
this complex.

(4) Hatcher §2.2, #28. (a) Use the Mayer-Vietoris sequence to compute the homology groups of the
space obtained from a torus S1 × S1 by attaching a Möbius band via a homeomorphism from the
boundary circle of the Möbius band to the circle S1 × {x0} in the torus. (b) Do the same for the
space obtained by attaching a Möbius band to RP2 via a homeomorphism of its boundary circle to
the standard RP1 ⊂ RP2.

(5) Hatcher §2.B, #1. Compute Hi(S
n rX) when X is a subspace of Sn homeomorphic to Sk ∨ S` or

to Sk q S`.
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