
HOMEWORK 8, MATH 525

CHARLES REZK

Due Friday, Apr 17.

(1) Hatcher §2.1, # 11 (p. 132). Show that if A is a retract of X then the map Hn(A) → Hn(X)
induced by the inclusion A ⊆ X is injective.

(2) Hatcher §2.1, #12. Show that chain homotopy of chain maps is an equivalence relation (on the set
of chain maps C• → D•).

(3) Hatcher §2.1 # 14. Determine whether there exists a short exact sequence 0 → Z4 → Z8 ⊕
Z2 → Z4 → 0. More generally, determine which abelian groups A fit into a short exact sequence
0 → Zpm → A → Zpn → 0 with p prime. What about the case of short exact sequences 0 → Z →
A→ Zn → 0.

(4) Hatcher §2.1, # 16. (a) Show that H0(X,A) = 0 iff A meets each path component of X. (b) Show
that H1(X,A) = 0 iff H1(A) → H1(X) is surjective and each path-component of X contains at
most one path-component of A.

(5) Hatcher §2.1, # 18. Show that for the subspace Q ⊆ R, the relative homology group H1(R,Q) is
free abelian, and find a basis.

(6) This is a very important exercise in using the Eilenberg-Steenrod axioms for singular homology.
(a) Let X = [0, 3] and A = [0, 1] ∪ [2, 3] as subspaces of R. Compute the groups HqA and HqX

for all q, and compute the maps Hq(i) : HqA → HqX induced by inclusion i : A → X. (This
only requires the Dimension, Sum, and Homotopy axioms.)

(b) Use the Exact Sequence axiom and (a) to describe the the groups and homomorphisms which
appear in the long exact sequence in homology

· · · → HqA→ HqX → Hq(X,A)
d−→ Hq−1A→ · · ·

associated to the pair (X,A).
(c) Let X ′ = X r {0, 3} = (0, 3) and A′ = Ar {0, 3} = (0, 1]∪ [2, 3). Use the Excision axiom and

part (b) to compute the groups Hq(X
′, A′).

(d) Consider the quotient spaces Y = X/{0, 3} and B = A/{0, 3} Note that there is an isomor-
phism (Y r{∗}, Br{∗}) ≈ (X ′, A′) of pairs. Use Excision and part (c) to compute the groups
Hq(Y,B).

(e) Let j : B → Y be the inclusion map. Show that H0(j) : H0(B) → H0(Y ) is injective, using
only Dimension and Homotopy.

(f) Compute all the groups and homomorphisms which appear in the long exact sequence in
homology

· · · → HqB → HqY → Hq(Y,B)→ Hq−1B → · · ·
associated to the pair (Y,B). (This uses Dimension, Exactness, Homotopy, and (d) and (e).)

Note that Y ≈ S1; thus, you have now computed the (singular) homology of the circle, using only
the Eilenberg-Steenrod axioms.
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